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In this paper, we utilize the Lie symmetry analysis method to calculate new solutions for the
Fornberg–Whitham equation (FWE). Applying a reduction method introduced by M. C. Nucci, ex-
act solutions and first integrals of reduced ordinary differential equations (ODEs) are considered.
Nonlinear self-adjointness of the FWE is proved and conserved vectors are computed.

Key words: Lie Symmetry; First Integral; Nonlinear Self-Adjointness; Conservation Law.
PACS numbers: 02.20.-a; 02.20.Sr; 02.30.Jr; 11.30.-j
Mathematics Subject Classification 2010: 58J70, 76M60, 70H33, 70S10

1. Introduction

The reduction procedure for solving partial differen-
tial equations (PDEs) generates a similarity representa-
tion of the equations which has some merits compared
to the original one. It is interesting that this procedure
does not depend on the nature of the PDE, linearity
or nonlinearity and order of the PDEs. Also, this pro-
cedure does not have any dependency on boundary or
initial conditions, in general.

The Fornberg–Whitham equation (FWE) [1]

ut −uxxt +ux +uux = 3uxuxx +uuxxx , (1)

appears in the study of qualitative behaviors of
wave breaking, which is a nonlinear dispersive wave
equation. In 1978, Fornberg and Whitham obtained
a peaked solution of the form u(x, t) = Aexp{−1

2 |x−
4
3 t|}, where A is an arbitrary constant. Zhou and
Tian [2] have found the implicit form of a type of trav-
eling wave solutions called kink-like wave solutions
and antikink-like wave solutions. After that, they found
the explicit expressions for the exact traveling wave so-
lutions, peakons and periodic cusp wave solutions for
the FWE [3]. Tian and Gao [4] have studied the global
existence of solutions to the viscous FWE in L2 under
periodic boundary conditions. The limit behavior of all

periodic solutions as the parameters trend to some spe-
cial values have been studied in [5]. Abidi and Om-
rani [6] have successfully applied the homotopy analy-
sis method to obtain approximate solutions of the FWE
and compared those to the solutions obtained by the
Adomian decomposition method. Single peak solitary
wave and traveling wave solutions of (1) are computed
in [7] and [8].

Clarkson et al. [9] studied the symmetry reductions
of the third nonlinear equation of the form

ut − εutxx−uuxxx−βuxuxx−αuux−κux = 0 , (2)

with arbitrary parameters ε , β , α , and κ using the
classical and nonclassical method. Equation (2) not
only contains the Camassa–Holm equation as a par-
ticular case, but also other interesting nonlinear equa-
tions, e. g. the underlying equation, the FWE, and the
Rosenau–Hyman equation. However, they didn’t con-
sider the optimal system of Lie algebras, solutions of
reduced ordinary differential equations (ODEs), and
related first integrals.

Ibragimov in [10] has proved a general theorem on
conservation laws without the requirement of exis-
tence of Lagrangians. The foundation of this new the-
orem is based on adjoint equations and symmetries.
On the other hand, the resulting conservation laws in-
volve the solutions of the original equations and the
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so-called nonlocal variables, namely, solutions of the
adjoint equation. Ibragimov’s approach provides the
construction of nonlocal conserved quantities, namely,
conserved vectors involve the nonphysical variable v.
However, for some special classes of equations, the
obtained conserved vectors can be transformed in lo-
cal conserved quantities. For the self-adjoint equations,
one can set v = u (v is the nonlocal variable) [11].
But, there are many equations which are not self-
adjoint. Thus, it is not possible to eliminate the non-
local variables from conservation laws for these equa-
tions. In [12], Ibragimov generalized the concept of
self-adjointness by introducing the definition of quasi
self-adjointness. The concept of weak self-adjointness
has been introduced by Gandarias in [13] for equations
that are neither self-adjoint nor quasi self-adjoint. Then
Gandarias et al. [14] applied this concept to construct
the conservation laws of an equation arising from fi-
nancial mathematics and a forced Korteweg–de Vries
(KdV) equation [15].

As mentioned in [16], (1) does not have a usual
Lagrangian. Hence, the classical Noether theorem is
not applicable here to construct the conservation laws
of (1) using symmetries. Ibragimov et al. [16] have
studied the conservation laws of the Camassa–Holm
and the Rosenau–Hyman equations (from quasi self-
adjoint point of view). Recently, Ibragimov [17] intro-
duced the new concept of nonlinear self-adjointness
which enables us to construct the conservation laws
of a large variety of equations, e. g. (1). Also, Naz
et al. [18] obtained the conservation laws of the
Camassa–Holm and some other equations with vari-
ational derivative approach. Another approach which
is well-known in finding of conservation laws is the
double reduction method. Morris et al. recently applied
this method to a class of nonlinear wave equations
in [19].

In this paper, we exhibited that the FWE is not
a quasi self-adjoint equation, but it is nonlinearly self-
adjoint and thus conservation laws are constructed.
Some interesting papers in self-adjoint equations can
be found in [20 – 28].

The outline of this paper is as follows. In Section 2,
we present the Lie symmetry analysis and optimal sys-
tem of subalgebras of (1). In Section 3, similarity re-
ductions and exact solutions of (1) are presented. Non-
linear self-adjointness and conservation laws are con-
sidered in Section 4. The last section contains the final
remarks of the paper.

2. Lie Symmetry Analysis and Optimal System for
the Fornberg–Whitham equation

The symmetry groups of the FWE will be generated
by a vector field of the form

X = ξ1(t,x,u)∂t +ξ2(t,x,u)∂x +φ(t,x,u)∂u . (3)

The result shows that the symmetry of (1) is expressed
by a finite three-dimensional point group containing
translations in the independent variables and scaling
transformations. The group parameters are denoted by
ki for i = 1,2,3 and characterize the symmetry of the
equation. Actually, we find that (1) admits a three-
dimensional Lie algebra L3 of its classical infinitesi-
mal point symmetries generated by the following vec-
tor fields:

X1 = ∂t , X2 = ∂x , X3 = t∂x +∂u .

Obviously, the Lie algebra of (1) is solvable and from
the adjoint representation of the symmetry Lie alge-
bra. The optimal system of one-dimensional subalge-
bras corresponds to (1) can be expressed by

X1 , X2 , αX1 +X3 ,

where α ∈ {−1,0,1}.

3. Similarity Reductions and Exact Solutions

In order to reduce PDE (1) to a system of ODEs
with one independent variable, we construct similarity
variables and similarity forms of field variables. Using
a straightforward analysis, the characteristic equations
used to find similarity variables are

dt
ξ1

=
dx
ξ2

=
du
φ

. (4)

Integration of the first-order differential equations cor-
responding to pairs of equations involving only inde-
pendent variables of (4) leads to similarity variables.
We distinguish three cases:

Case 1. For the generator X1, we have

u(t,x) = S(ζ ) , ζ = x ,

where S(ζ ) satisfies the ODE

S′+SS′−3S′S′′−SS(3) = 0 , (5)
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that admits the only Lie symmetry operator ∂

∂ζ
. In-

stead of using the usual method based on invariants,
we apply a more direct method namely the reduction
method [29 – 34]. Obtaining the first integrals of ODEs
is often sophisticated work [35]. However, using the
mentioned reduction method, first integrals of the re-
duced ODEs are easily obtained. Equation (5) can be
written as an autonomous system of three ODEs of first
order, i. e.,

w′1 = w2 , w′2 = w3 , w′3 =
w2 +w1w2−3w2w3

w1
, (6)

using the obvious change of dependent variables

w1(ζ ) = S(ζ ) , w2(ζ ) = S′(ζ ) , w3(ζ ) = S′′(ζ ) .

Since this system is autonomous, we can choose w1 as
a new independent variable. Then system (6) becomes
the following nonautonomous system of two ODEs of
first order:

dw2

dw1
=

w3

w2
,

dw3

dw1
=

1+w1−3w3

w1
. (7)

We can integrate the second equation:

w3 =
12a1 +3w4

1 +4w3
1

12w3
1

, (8)

with a1 an arbitrary constant. This solution obviously
corresponds to the following first integral of (5):

S(ζ )3

12

(
12S′′(ζ )−3S(ζ )−4

)
= a1 .

Substituting (8) into (7) yields

dw2

dw1
=

12a1 +3w4
1 +4w3

1

12w3
1w2

,

that is a separable first-order equation, too. Therefore
the general solution is

w2 =

√
−12a1 +12a2w2

1 +3w4
1 +8w3

1

18w2
1

, (9)

with a2 an arbitrary constant. Replacing a1 in this ex-
pression in terms of the original variables S and ζ

yields another first integral of (5):

2S(ζ )S′′(ζ )+2
(
S′(ζ )

)2−S2(ζ )−2S(ζ )
2

= a2 .

Finally, we replace (9) from (6) in the first equation of
system (6) that becomes the separable first-order equa-
tion

w′1 = p

√
−2a1 +a2(p+q−2a1)w1− (p+q)w2

1

pw1
,

and its general solution is implicitly expressed by

∫ √ 18w2
1

−12a1 +12a2w2
1 +3w4

1 +8w3
1

dw1 = ζ +a3 .

Replacing w1 with S(ζ ) yields the general solution
of (5).

An explicit subclass of solutions can be obtained if
one assumes a1 = 0. Thus

u1(t,x) =
16−36a2 + ex+a3 −8e

x+a3
2

6e
x+a3

2

and

u2(t,x) =
16−36a2 + e−(x+a3)−8e−( x+a3

2 )

6e−( x+a3
2 )

.

Case 2. The solution obtained from generator X2 is
trivial. Thus we find the traveling wave solution which
is achievable from generator X1 + X2. The invariance
surface condition related to X1 +X2 is ut +ux = 0. Thus

u(t,x) = S(ζ ) , ζ = x− t ,

where S(ζ ) satisfies the equation

(1−S)S′′′+SS′−3S′S′′ = 0 . (10)

Equation (10) admits the only generator ∂

∂ζ
. There-

fore it is not possible to solve it by current Lie symme-
try methods, and we apply the reduction method. This
equation transforms into the following autonomous
system of first-order equations, i. e.,

w′1 = w2 , w′2 = w3 , w′3 =
(3w3−w1)w2

1−w1
, (11)

by the change of dependent variables

w1(ζ ) = S(ζ ) , w2(ζ ) = S′(ζ ) , w3(ζ ) = S′′(ζ ) .

Let us choose w1 as the new independent variable.
Then (11) yields
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dw2

dw1
=

w3

w2
,

dw3

dw1
=

(3w3−w1)
1−w1

. (12)

The second equation of (12) is linear, and therefore we
have

w3 =
12a1 +3w4

1−8w8
1 +6w2

1

12w3
1−36w2

1 +36w1−12
. (13)

Substituting in the other equation of (12) yields

dw2

dw1
=

12a1 +3w4
1−8w3

1 +6w2
1

12w2(w3
1−3w2

1 +3w1−1)
. (14)

Replacing a1 in this expression in terms of the original
variables S and ζ yields a first integral of (10) as

S′′(12S3−36S2 +36S−12)−3S4 +8S3−6S2

12
= a1 .

Equation (14) is separable and the solution is given by

w2 =
((
−12a1+12a2w2

1−24a2w1+12a2+3w4
1

−4w3
1−w2

1 +2w1−1
)(

12(w1−1)2
)−1

) 1
2

,

(15)

where a2 is another first integral of (10) as following:

SS′′−S′′+(S′)2 +
1−6S2

12
= a2 .

An implicit solution of (10) can be obtain from substi-
tuting (15) into the first equation of (11) and one time
integration. However, in the special case taking a1 = 0
and a2 = 1

12 , we have

S
[√

3(4−3S)+4
√

S(3S−4) ln
(
6
√

S +2
√

9S−12
)]√

S3(3S−4)
= ζ +a3 .

Back substitution of variables yields another solution
of (1) .

Case 3. For the linear combination X = αX1 +X3, we
are just able to find the invariant solution with respect
to α = 0. Similarity variables of X3 are

u(t,x) =
x
t

+S(ζ ) , ζ = t , (16)

where S(ζ ) admits the following equation:

ζ S′+S +1 = 0 . (17)

Therefore,

S(ζ ) =−1+
c
ζ

,

and thus, we get

u(t,x) =
x− t + c

t
. (18)

4. Nonlinear Self-Adjointness and Construction of
Conservation Laws

Consider a kth-order PDE of n independent vari-
ables x = (x1,x2, . . . ,xn) and dependent variable u, viz.,

F(x,u,u(1), . . . ,u(k)) = 0 , (19)

where u(1) = {ui}, u(2) = {ui j}, . . ., and ui = Di(u),
ui j =D jDi(u), such that

Di =
∂

∂xi +ui
∂

∂u
+ui j

∂

∂u j
+ · · · , i = 1,2, . . . ,n ,

are the total derivative operators with respect to xi.
The Euler–Lagrange operator is given by the formal

sum

δ

δu
=

∂

∂u
+ ∑

s≥1
(−1)sDi1 · · ·Dis

∂

∂ui1···is
. (20)

Also, if A is the set of all differential functions of all
finite orders, and ξ i,η ∈A, then the Lie–Bäcklund op-
erator is

X = ξ
i ∂

∂xi +η
∂

∂u
+ζi

∂

∂ui
+ζi1i2

∂

∂ui1i2
+ · · · , (21)

where

ζi =Di(η)−u jDi
(
ξ

j) ,
ζi1...is =Dis

(
ζi1...is−1

)
−u ji1...is−1Dis

(
ξ

j) , s > 1 .

One can write the Lie–Bäcklund operator (21) in the
characteristic form

X = ξ
iDi +W

∂

∂u
+ ∑

s≥1
Di1 · · ·Dis(W )

∂

∂ui1i2...is
,

where W = η−ξ ju j is the characteristic function.
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The Euler–Lagrange operators with respect to
derivatives of u are obtained by replacing u and the
corresponding derivatives in (20), e. g.,

δ

δui
=

∂

∂ui
+ ∑

s≥1
(−1)sD j1 · · ·D js

∂

∂ui j1··· js
. (22)

There is a relation among the Euler–Lagrange, Lie–
Bäcklund, and the associated operators by the identity

X +Di(ξ i) = W
δ

δu
+DiNi ,

where

Ni = ξ
i +W

δ

δui
+ ∑

s≥1
Di1 · · ·Dis(W )

δ

δuii1···is
,

i = 1, . . . ,n ,

are the Noether operators associated with a Lie–
Bäcklund symmetry operator.

The n-tuple vector T = (T 1,T 2, . . . ,T n), T i ∈A, i =
1, . . . ,n, is a conserved vector of (19) if

D(T ) =Di(T i)

=D1(T 1)+D2(T 2)+ · · ·+Dn(T n) = 0
(23)

on the solution space of (19). The expression (23) is
a local conservation law of (19) and T i ∈ A are called
the fluxes of the conservation law.

Definition 1. A local conservation law (23) of the
PDE (19) is trivial if its fluxes are of the form T i =
Mi + H i, where Mi and H i are functions of x, u, and
derivatives of u such that Mi vanishes on the solu-
tions of the system (19), and DiH i = 0 is identically
divergence-free.

In particular, a trivial conservation law contains no
information about a given PDE (19) and arises in two
cases:

(i) Each of its fluxes vanishes identically on the solu-
tions of the given PDE.

(ii) The conservation law vanishes identically as a dif-
ferential identity. In particular, this second type of
trivial conservation law is simply an identity hold-
ing for arbitrary fluxes. These T = (T 1,T 2, ...,T n)
are called null divergences.

The adjoint equation to the kth-order differen-
tial (19) is defined by

F∗(x,u,v,u(1),v(1), . . . ,u(k),v(k)) = 0 , (24)

where

F∗(x,u,v,u(1),v(1), . . . ,u(k),v(k)) =
δ (vF)

δu
,

and v is a new dependent variable.

Definition 2. Equation (19) is said to be self-adjoint
if the substitution of v = u into adjoint (24) yields the
same (19).

Definition 3. Equation (19) is said to be quasi self-
adjoint if the equation obtained from the adjoint (24)
by the substitution v = h(u), with a certain function
h(u) such that h′(u) 6= 0, is identical to the original
equation.

Definition 4. Equation (19) is said to be weak self-
adjoint if the equation obtained from the adjoint (24)
by substitution v = h(t,x,u), with a certain function
h(t,x,u) such that ht(t,x,u) 6= 0, (or hx(t,x,u) 6= 0) and
hu(t,x,u) 6= 0 is identical to the original equation.

Definition 5. Equation (19) is said to be nonlin-
early self-adjoint if the equation obtained from the ad-
joint (24) by substitution v = h(t,x,u), with a certain
function h(t,x,u) such that h(t,x,u) 6= 0 is identical to
the original (19).

The following theorem is used to construct the con-
servation laws of the underlying equation.

Theorem 1. Every Lie point, Lie–Bäcklund, and non-
local symmetry admitted by (19) gives rise to a con-
servation law for the system consisting of (19) and the
adjoint (24) where the components T i of the conserved
vector T = (T 1, . . . ,T n) are determined by

T i = ξ
iL+W

δL
δui

+ ∑
s≥1
Di1 · · ·Dis(W )

δL
δuii1i2...is

,

i = 1, . . .n ,

(25)

with Lagrangian given by

L= vF(x,u, . . . ,u(k)) . (26)

In order to apply correctly Theorem 1, it is necessary
to write the formal Lagrangian (26) in the symmetrized
form
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L= v

[
ut −

1
3
(utxx +uxtx +uxxt)+ux

+uux−3uxuxx−uuxxx

]
.

(27)

The adjoint equation for (1) is as follows:

F∗ =
δ (L)
δu

=

{
δ

(
v

[
ut −

1
3
(utxx +uxtx +uxxt)+ux

+uux−3uxuxx−uuxxx

])}(
δu
)−1

By some simplifications, we get

F∗ =−vt − vx−uvx +uvxxx + vtxx = 0 . (28)

Now, we discuss about self-adjointness of (1) by the
following theorem.

Theorem 2. Equation (1) is neither quasi self-adjoint
nor weak self-adjoint, however (1) is nonlinearly self-
adjoint with h = χ ∈ R.

Proof. A straightforward computations shows that (1)
is neither quasi self-adjoint nor weak self-adjoint. In
order to demonstrate the nonlinear self-adjointness, by
setting v = h(t,x,u) in (28), we get

−uthu−uxhu+uhxxx+2utuxhxuu+utu
2
xhuuu+utuxxhuu

+3uuxhxxu +3uu2
xhxuu +uu3

xhuuu−uhx−ht −hx

−uuxhu +3uuxxhxu +uuxxxhu +3uuxuxxhuu +htxx

+2uxhtxu +uthxxu +2uxutxhuu +huutxx

+2utxhxu +htuuu2
x +htuuxx = 0,

which yields

F∗−λ (ut −uxxt +ux +uux−3uxuxx−uuxxx) =
−uthu−uxhu +uhxxx−λut +λutxx−λux+2utuxhxuu

+utu
2
xhuuu +utuxxhuu−λuux +λuuxxx +3λuxuxx

+3uuxhxxu +3uu2
xhxuu +uu3

xhuuu−uhx−ht (29)

−hx−uuxhu +3uuxxhxu +uuxxxhu +3uuxuxxhuu +htxx

+2uxhtxu +uthxxu +2uxutxhuu +huutxx +2utxhxu

+u2
xhtuu +htuuxx = 0 .

Comparing the coefficients for the different derivatives
of u, we obtain some conditions which one of them is
λ +hu = 0. Thus by setting λ =−hu in (29), we get

htuuxx +2htxuux +htuuu2
x +uthxxu +2hxuutx−hxu

+hxxxu−3huuxuxx +2hxuuutux +huuuutu
2
x +huuutuxx

+2huuuxutx+3hxxuuux+3hxuuuu2
x+3hxuuuxx+huuuuu3

x

−ht −hx +htxx +3huuuuxuxx = 0 . (30)

From the coefficient of uxuxx, we have hu = 0, which
concludes that the function h is independent of u, in
other word h = h(t,x). Also, comparing the coefficients
for the different derivatives of u in (30), we get the fol-
lowing conditions:

hxxx−hx = 0 , −ht −hx +htxx = 0 .

By solving them, we have h = χ ∈ R.

4.1. Construction of Conservation Laws for (1)

Setting t = x1 and x = x2, the conservation law will
be written as

Dt(T t
i )+Dx(T x

i ) = 0 , i = 1,2,3 .

We recall that (1) admits a three-dimensional Lie alge-
bras, thus we consider the following three cases:

Case 1. We first consider the Lie point symmetry gen-
erator X1 = ∂

∂ t . By using (25), the components of the
conserved vector are given by

T t
1 =−2

3
vutxx + vux + vuux−3vuxuxx− vuuxxx

+
1
3
(utvxx−utxvx) ,

T x
1 =−vut − vuut + vutuxx− vxutux + vxxuut

+
2
3
(utvtx + vuttx)−

1
3
(vxutt + vtutx)+2vuxutx

− vxuutx + vuutxx .

By using Theorem 2, we have

T t
1 |v=1 =Dx

(
1
2
(u2−u2

x)−
2
3

utx +u−uuxx

)
,

T x
1 |v=1 =−Dt

(
1
2
(u2−u2

x)−
2
3

utx +u−uuxx

)
.

Then transferring the terms Dx(· · ·) from T t
1 to T x

1 pro-
vides the null divergence T1 = (T t

1 ,T x
1 ) = (0,0).

Case 2. Using Lie point symmetry generator X2 = ∂

∂x
and (25), the components of the conserved vector are
given by
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T t
2 =−vux +

1
3
(uxvxx− vxuxx + vuxxx) ,

T x
2 = vut −

1
3
(vutxx + vxutx + vtuxx)− vxu2

x

+ vxxuux− vxuuxx +
2
3

vtxux .

(31)

Setting v = 1 in (31) and after calculation, we have

T t
2 |v=1 =Dx

(
−u+

1
3

uxx

)
,

T x
2 |v=1 =−Dt

(
−u+

1
3

uxx

)
,

from where we can obtain the conserved current T2 =
(T t

2 ,T x
2 ) = (0,0).

Case 3. Using Lie point symmetry generator X3 =
t ∂

∂x + ∂

∂u and (25), one can obtain the conserved vector
whose components are

T t
3 = v− tuxv− 1

3
(vxx− tvxxux + tvxuxx− tvuxxx) ,

T x
3 = v+ vu−uvxx + tuuxvxx− tuvxuxx− tvxu2

x + tvut

− 1
3
(vuxx + tvutxx + tvxutx + tvtuxx)

+
2
3
(vxux− vtx + tuxvtx) .

Substituting v = 1 into the components above, we ob-
tain

T t
3 |v=1 =Dx

(
x− tu+

1
3

tuxx

)
,

T x
3 |v=1 = 1−Dt

(
x− tu+

1
3

tuxx

)
,

which then provides the trivial components T t
3 = 0 and

T x
3 = 1.

5. Conclusion

The method of Lie group analysis is successfully
applied to the investigation of symmetry properties
and exact solutions of the Fornberg–Whitham Equa-
tion. Moreover, we have arrived to the last quadratures
and first integrals thanks to the application of the re-
duction method. Finally we investigated the nonlinear
self-adjointness of FWE, and we exhibited that only
the trivial conservation laws are extractable, using the
Ibragimov’s conservation theorem.

Acknowledgements

The authors would appreciate the anonymous refer-
ees’ comments, careful reading of the manuscript, and
excellent suggestions to improve the quality of this pa-
per.

[1] B. Fornberg and G. B. Whitham, Philos. Trans. R. Soc.
Lond. Ser. A 289, 373 (1978).

[2] J. Zhou and L. Tian, J. Math. Anal. Appl. 346, 255
(2008).

[3] J. Zhou and L. Tian, Nonlin. Anal.: Real World Appl.
11, 356 (2010).

[4] L. Tian and Y. Gao, Nonlin. Anal.: Theor. Meth. Appl.
71, 5176 (2009).

[5] J. Yin, L. Tian, and X. Fan, J. Math. Anal. Appl. 368,
133 (2010).

[6] F. Abidi and K. Omrani, Comput. Math. Appl. 59, 2743
(2010).

[7] A. Chen, J. Li, and W. Huang, Appl. Anal. 91, 587
(2012).

[8] A. Chen, J. Li, X. Dend, and W. Huang, Appl. Math.
Comput. 215, 3068 (2009).

[9] P. A. Clarkson, E. L. Mansfield, and T. J. Priestley,
Math. Comput. Model. 25, 195 (1997).

[10] N. H. Ibragimov, J. Math. Anal. Appl. 333, 311 (2007).
[11] I. L. Freire, Appl. Math. Comput. 217, 9467 (2011).
[12] N. H. Ibragimov, Arch. ALGA 4, 55 (2007).
[13] M. L. Gandarias, J. Phys A: Math. Theor. 44, 262001

(2011).

[14] M. L. Gandarias, M. Redondo, and M. S. Bruzon, Non-
lin. Anal.: Real World Appl. 13, 340 (2012).

[15] M. L. Gandarias and M. S. Bruzon, Nonlin. Anal.: Real
World Appl. 13, 2692 (2012).

[16] N. H. Ibragimov, R. S. Khamitova, and A. Valenti,
Appl. Math. Comput. 218, 2579 (2011).

[17] N. H. Ibragimov, J. Phys. A: Math. Theor. 44, 432002
(2011).

[18] R. Naz, I. Naeem, and S. Abelman, Nonlin. Anal.: Real
World Appl. 10, 3466 (2009).

[19] R. Morris, A. H. Kara, A. Chowdhury, and A. Biswas,
Z. Naturforsch. 67a, 613 (2012).

[20] K. R. Adem and C. M. Khalique, Nonlin. Anal.: Real
World Appl. 13, 1692 (2012).

[21] A. G. Johnpillai, A. H. Kara, and A. Biswas, Appl.
Math. Lett. 26, 376 (2013).

[22] Li-Hua Zhang, Commun. Nonlin. Sci. Numer. Simul.
18, 453 (2013).

[23] M. L. Gandarias, M. S. Bruzon, and M. Rosa, Com-
mun. Nonlin. Sci. Numer. Simul. 18, 1600 (2013).

[24] I. L. Freire, Commun. Nonlin. Sci. Numer. Simul. 18,
493 (2013).

http://dx.doi.org/10.1098/rsta.1978.0064
http://dx.doi.org/10.1098/rsta.1978.0064
http://dx.doi.org/10.1016/j.jmaa.2008.05.055
http://dx.doi.org/10.1016/j.jmaa.2008.05.055
http://dx.doi.org/10.1016/j.nonrwa.2008.11.014
http://dx.doi.org/10.1016/j.nonrwa.2008.11.014
http://dx.doi.org/10.1016/j.na.2009.04.004
http://dx.doi.org/10.1016/j.na.2009.04.004
http://dx.doi.org/10.1016/j.jmaa.2010.03.037
http://dx.doi.org/10.1016/j.jmaa.2010.03.037
http://dx.doi.org/10.1016/j.camwa.2010.01.042
http://dx.doi.org/10.1016/j.camwa.2010.01.042
http://dx.doi.org/10.1080/00036811.2010.550577
http://dx.doi.org/10.1080/00036811.2010.550577
http://dx.doi.org/10.1016/j.amc.2009.09.057
http://dx.doi.org/10.1016/j.amc.2009.09.057
http://dx.doi.org/10.1016/S0895-7177(97)00069-1
http://dx.doi.org/10.1016/S0895-7177(97)00069-1
http://dx.doi.org/10.1016/j.jmaa.2006.10.078
http://dx.doi.org/10.1016/j.amc.2011.04.041
http://dx.doi.org/10.1088/1751-8113/44/26/262001
http://dx.doi.org/10.1088/1751-8113/44/26/262001
http://dx.doi.org/10.1016/j.nonrwa.2011.07.041
http://dx.doi.org/10.1016/j.nonrwa.2011.07.041
http://dx.doi.org/10.1016/j.nonrwa.2012.03.013
http://dx.doi.org/10.1016/j.nonrwa.2012.03.013
http://dx.doi.org/10.1016/j.amc.2011.07.074
http://dx.doi.org/10.1016/j.amc.2011.07.074
http://dx.doi.org/10.1088/1751-8113/44/43/432002
http://dx.doi.org/10.1088/1751-8113/44/43/432002
http://dx.doi.org/10.1016/j.nonrwa.2008.09.028
http://dx.doi.org/10.1016/j.nonrwa.2008.09.028
http://dx.doi.org/10.5560/ZNA.2012-0071
http://dx.doi.org/10.5560/ZNA.2012-0071
http://dx.doi.org/10.1016/j.nonrwa.2011.12.001
http://dx.doi.org/10.1016/j.nonrwa.2011.12.001
http://dx.doi.org/10.1016/j.aml.2012.10.012
http://dx.doi.org/10.1016/j.aml.2012.10.012
http://dx.doi.org/10.1016/j.cnsns.2012.08.002
http://dx.doi.org/10.1016/j.cnsns.2012.08.002
http://dx.doi.org/10.1016/j.cnsns.2012.11.023
http://dx.doi.org/10.1016/j.cnsns.2012.11.023
http://dx.doi.org/10.1016/j.cnsns.2012.08.022
http://dx.doi.org/10.1016/j.cnsns.2012.08.022
http://dx.doi.org/10.1016/j.cnsns.2012.08.022


496 M. S. Hashemi et al. · Group Invariant Solutions and Conservation Laws of the Fornberg–Whitham Equation

[25] Y. Bozhkov and K. A. A. Silva, Nonlin. Anal. 75, 5069
(2012).

[26] I. L. Freire and J. C. S. Sampaio, J. Phys. A: Math.
Theor. 45, 32001 (2012).

[27] I. L. Freire and J. C. S. Sampaio, J. Phys. A: Math.
Theor. 45, 119502 (2012).

[28] I. L. Freire and J. C. S. Sampaio, Commun. Nonlin. Sci.
Numer. Simul. 19, 350 (2014).

[29] M. C. Nucci, J. Phys. A: Math. Gen. 29, 8117 (1996).
[30] M. C. Nucci, J. Math. Phys. 37, 1772 (1996).

[31] M. C. Nucci, J. Nonlin. Math. Phys. 15, 205 (2008).
[32] M. C. Nucci and P. G. L. Leach, J. Math. Anal. Appl.

251, 871 (2000).
[33] M. Marcelli and M. C. Nucci, J. Math. Phys. 44, 2111

(2003).
[34] M. S. Hashemi, M. C. Nucci, and S. Abbasbandy, Com-

mun. Nonlin. Sci. Numer. Simul. 18, 867 (2013).
[35] B. Muatjetjeja and C. M. Khalique, Nonlin. Anal.: Real

World Appl. 12, 1202 (2011).

http://dx.doi.org/10.1016/j.na.2012.04.023
http://dx.doi.org/10.1016/j.na.2012.04.023
http://dx.doi.org/10.1088/1751-8113/45/3/032001
http://dx.doi.org/10.1088/1751-8113/45/3/032001
http://dx.doi.org/10.1088/1751-8113/45/11/119502
http://dx.doi.org/10.1088/1751-8113/45/11/119502
http://dx.doi.org/10.1016/j.cnsns.2013.06.010
http://dx.doi.org/10.1016/j.cnsns.2013.06.010
http://dx.doi.org/10.1088/0305-4470/29/24/032
http://dx.doi.org/10.1063/1.531496
http://dx.doi.org/10.2991/jnmp.2008.15.2.7
http://dx.doi.org/10.1006/jmaa.2000.7141
http://dx.doi.org/10.1006/jmaa.2000.7141
http://dx.doi.org/10.1063/1.1561157
http://dx.doi.org/10.1063/1.1561157
http://dx.doi.org/10.1016/j.cnsns.2012.09.004
http://dx.doi.org/10.1016/j.cnsns.2012.09.004
http://dx.doi.org/10.1016/j.nonrwa.2010.09.013
http://dx.doi.org/10.1016/j.nonrwa.2010.09.013
http://dx.doi.org/10.1016/j.nonrwa.2010.09.013

	Group Invariant Solutions and Conservation Laws of the Fornberg--Whitham Equation
	1 Introduction
	2 Lie Symmetry Analysis and Optimal System for the Fornberg--Whitham equation
	3 Similarity Reductions and Exact Solutions
	4 Nonlinear Self-Adjointness and Construction of Conservation Laws
	4.1 Construction of Conservation Laws for(1)

	5 Conclusion


