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No doubt, the exact solution of any physical system is considered optimal when it is available.
Such exact solution is of great importance not only in validating the accuracy of the approximate
solution obtained for the same problem but also to derive the correct physical interpretation of the
involved physical phenomena. In this paper, the system of linear and nonlinear partial differential
equations describing the peristaltic flow of a nanofluid in a channel with compliant walls has been
solved exactly. These exact solutions have been implemented to explore the exact effects of Prandtl
number Pr, thermophoresis parameter NT, Brownian motion parameter NB, and Eckert number Ec
on the temperature, the nanoparticle concentration profiles, and the heat transfer coefficient Z(x). In
addition, the exact results have been compared with a very recent work via the homotopy analysis
method for the same problem. Although these comparisons showed that the published approximate
results coincide with the current exact analysis, a few remarkable differences have been detected for
the behaviour of the heat transfer coefficient.

Key words: Peristaltic Flow; Wall Properties; Nanofluid; Exact Solution; Homotopy Analysis
Method.

1. Introduction

During the past decades, the subject of peristaltic
flow of classical newtonian and non-newtonian fluids
have been discussed by many authors [1 – 30] for its
important applications in medicine and biology. For
examples, peristaltic flow occurs widely in the func-
tioning of the ureter, chyme movement in the intestine,
movement of eggs in the fallopian tube, the transport of
the spermatozoa in cervical canal, transport of bile in
the bile duct, transport of cilia, circulation of blood in
small blood vessels, and the transport of intra-uterine
fluid within the cavity of the uterus. For application in
biology, Mekheimer and Abd elmaboud [25] showed
that the peristaltic flow of blood with bio-heat trans-
fer is of great importance in destroying undesirable tis-
sues, such as cancer. It was also clarified in [31] that in
the case of hyperthermia, the tissue can be destroyed
when heated to 42 – 45 ◦C.

However, very little efforts are devoted to exam-
ining peristaltic flow of nanofluids. Nano-scale parti-

cle added fluids are called as nanofluid. Normally, if
the particle sizes are in the 1 – 100 nm ranges, they
are generally called nano-particles, 1 nm (nano-meter)
= 10−9 m. The term nanofluid may be first used by
Choi [32] to describe a fluid in which nanometer-sized
particles are suspended in conventional heat transfer
basic fluids. Fluids such as oil, water and ethylene gly-
col mixture are poor heat transfer fluids, since the ther-
mal conductivity of these fluids play important role
on the heat transfer coefficient between the heat trans-
fer medium and the heat transfer surface. Numerous
methods have been taken to improve the thermal con-
ductivity of these fluids by suspending nano/micro
or larger-sized particle materials in liquids. An inno-
vative technique to improve heat transfer is by us-
ing nano-scale particles in the base fluid [32]. Choi
et al. [33] showed that the addition of a small amount
(less than 1% by volume) of nanoparticles to conven-
tional heat transfer liquids increased the thermal con-
ductivity of the fluid up to approximately two times.
This phenomenon suggests the possibility of using
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nanofluids in advanced nuclear systems (Buongiorno
and Hu [34]).

Although thousands of papers are available for the
peristaltic transport of classical fluids, a few stud-
ies were presented for peristaltic flow of nanoflu-
ids [35 – 39] since the first investigation of Akbar and
Nadeem [35]. In [35], the authors discussed the endo-
scopic effects on the peristaltic flow of a nanofluid in
a uniform tube. One year after, Akbar et al. [36] have
analyzed the peristaltic flow of a nanofluid in a non-
uniform tube. Moreover, Akbar and Nadeem [37] in-
vestigated the peristaltic flow of a Phan-Thien–Tanner
nanofluid in a diverging tube. In addition, the influence
of wall properties on the peristaltic flow of a nanofluid
has been discussed very recently by Mustafa et al. [38].
Besides, the effect of the slip conditions on the peri-
staltic flow of a nanofluid in an asymmetric chan-
nel has been also analyzed by Akbar et al. [39] and
Ebaid and Aly [40]. The main notice here is about
the approximate solution method that has been used
by the authors in [35], [36], and [39]. In these just
mentioned studies, the authors used the homotopy per-
turbation method (HPM) to obtain the analytical ap-
proximate solutions for the governing system. How-
ever, their approximate solutions did not give the cor-
rect behaviour of the physical quantities as clarified
very recently by Ebaid and Aly [40]. For more il-
lustrations, Ebaid and Aly [40] re-investigated the
problem of Akbar and Nadeem [35]. They have ob-
tained the exact solutions of the system of linear
and nonlinear partial differential equations describ-
ing the flow. These exact solutions have been used
to show that the physical discussion provided by Ak-
bar and Nadeem [35] for the temperature distribu-
tion and the nanoparticle concentration were incorrect
when compared with those exactly obtained by Ebaid
and Aly [40]. In [41 – 43], some other useful works on
nanofluid flow are listed.

Of course, the exact solution of any physical system
is not always available, however, when it is obtained
we can highly trust with the physical interpretation de-
rived from such exact solution. Due to the detected
remarkable differences between the approximate re-
sults obtained by the series solution method (HPM)
and those exactly provided in [40], we may conclude
that much effort should be first spent for searching for
the exact solution before attacking the problem via any
of the approximate series solution. In addition, if it is
impossible to obtain the exact solution of the consid-

ered problem, we can instead use any of the approx-
imate solution methods [44 – 50] and in this case the
issue of convergence should be addressed to ensure the
accuracy. Accordingly, we aim in this paper to report
new exact analytical results for the influence of the wall
properties on the peristaltic flow of a nanofluid [38].
Therefore, this problem will be re-investigated in the
current paper and our objectives can be summarized as
follows:

• The first task is to obtain the exact solutions for the
system of partial differential equations governing
the flow.

• The obtained exact solutions shall be used to
introduce various plots for the exact curves of the
temperature distribution, the nanoparticle concen-
tration, and the heat transfer coefficient.

• The final task is to check whether there are dif-
ferences between the approximate results reported
in [38] by using the homotopy analysis method
(HAM) and those exactly obtained in the current
paper.

2. The Physical Problem

Mustafa et al. [38] considered the peristaltic flow of
an incompressible nanofluid in a channel of uniform
thickness. The axial and the transverse directions are
denoted by x and y. They have found that under the as-
sumptions of long wavelength and low Reynolds num-
ber approximation the flow is governed by the fol-
lowing system of partial differential equations in non-
dimensional form [38]:

∂ 4ψ

∂y4 = 0 , (1)

1
Pr

∂ 2θ

∂y2 +NB
∂θ

∂y
∂φ

∂y
+NT

(
∂θ

∂y

)2

+Ec

(
∂ 2ψ

∂y2

)2

= 0 ,

(2)

∂ 2φ

∂y2 +
NT

NB

∂ 2θ

∂y2 = 0 , (3)

where Pr, NT, NB, and Ec are respectively Prandtl num-
ber, the thermophoresis parameter, the Brownian mo-
tion parameter, and Eckert number. The flow was sub-
jected to the boundary conditions
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∂ψ

∂y
= 0 at y =±η ,

∂ 3ψ

∂y3 =
[
E1

∂ 3

∂x3 +E2
∂ 3

∂x∂ t2 +E3
∂ 2

∂ t∂x

]
η

at y =±η ,

θ = 0 , φ = 0 at y =−η ,

θ = 1 , φ = 1 at y = +η ,

η = 1+ ε sin[2π(x− t)] .

(4)

The system (1) – (4) has been approximately solved
in [38] by using the homotopy analysis method. The
approximate series solution obtained in [38] was used
to discuss various physical phenomena such as temper-
ature profile, nanoparticle concentration, and the heat
transfer coefficient. However, the exact solutions of the
above system can be obtained and this is the subject of
the next section.

3. The Exact Solutions

It is observed from (3) that it can be easily integrated
w. r. t. y to give

∂φ

∂y
=−

(
NT

NB

)
∂θ

∂y
+ f1(x) , (5)

where f1(x) is an unknown function. Further integra-
tion of (5) w. r. t y leads to the following exact relation
between the temperature and the nanoparticle concen-
tration:

φ(x,y) =−
(

NT

NB

)
θ(x,y)+ f1(x)y+ f2(x) , (6)

where f2(x) is a further unknown function. On apply-
ing the boundary conditions in (4), we have

f1(x) =
1

2η

(
1+

NT

NB

)
,

f2(x) =
1
2

(
1+

NT

NB

)
.

(7)

Therefore, we obtain φ(x,y) in terms of θ(x,y) in the
following exact form:

φ(x,y) =
1
2

(
1+

NT

NB

)(
1+

y
η

)
−
(

NT

NB

)
θ(x,y) . (8)

On substituting (5) into (2) yields a partial differential
equation in only θ :

∂ 2θ

∂y2 +
[
NBPr f1(x)

]∂θ

∂y
=−PrEc

(
∂ 2ψ

∂y2

)2

, (9)

which can be solved exactly to give

θ(x,y) = θ(x,0)− 1
NBPr f1(x)

[
e−NBPr f1(x)y−1

]
·θy(x,0)−PrEc I(y) ,

(10)

where I(y) is given as

I(y) =
∫ y

0
e−NBPr f1(x)µ

∫
µ

0
eNBPr f1(x)σ

·

[(
∂ 2ψ

∂y2

)2
]

y=σ

dσ dµ .
(11)

Applying the boundary conditions on θ as given in (4),
we obtain

θ(x,0) = PrEcI(−η)+
1
2

[
eNBPr f1(x)η −1

]
· csch

(
NBPr f1(x)η

)
·
[
1−PrEc(I(−η)− I(η))

]
,

θy(x,0) =
1
2

NBPr f1(x)
[
1−PrEc(I(−η)− I(η))

]
· csch

(
NbPr f1(x)η

)
.

(12)

Therefore

θ(x,y) = PrEc
[
I(−η)− I(y)

]
+

1
2

[
1−PrEc(I(−η)

− I(η))
]
·
[

eNBPr f1(x)η − e−NBPr f1(x)y
]

· csch
(
NBPr f1(x)η

)
.

(13)

Here, it should be noted that the exact analytical so-
lutions for the temperature distribution θ and the con-
centration function φ are expressed in terms of the in-
tegration I(y). However, I(y) which is defined by (11)
depends on the stream function ψ . The exact solution
of this stream function has been already obtained by
Mustafa et al. [38] and is given as

ψ = Ω(x, t)
(

y3−3η
2y
)

, (14)

where

Ω(x, t) =
4π3ε

3

[
E3

2π
sin2π(x− t)

− (E1 +E2)cos2π(x− t)
]
.

(15)
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The substitution of (14) into (11) leads to the following
explicit form for I(y):

I(y) =
12Ω 2(x, t)

(NBPr f1(x))4

[
6
(

e−NBPr f1(x)y−1
)

+6
(
NBPr f1(x)y

)
−3
(
NBPr f1(x)y

)2 +
(
NBPr f1(x)y

)3
]
.

(16)

4. Numerical Results

In the previous section, the exact solutions for the
temperature and the nanoparticle concentration have
been obtained. Really, such exact solutions are of great
importance and certainly would lead to a better under-
standing of the physical aspects of the model. Here, the
obtained exact solutions are used to explore the actual
effects of various parameters on the temperature dis-
tribution, the nanoparticle concentration, and the coef-
ficient of heat transfer. In Figures 1 – 5, we have cho-

T

B

(a)

(b)

B

T

Fig. 1. (a) Exact influence of NB on the temperature distribu-
tion. (b) Exact influence of NT on the concentration.

sen t = 0.1, x = 0.2, ε = 0.2, E1 = 0.01, E2 = 0.02,
and E3 = 0.01. Figure 1a depicts the effect of Brow-
nian motion parameter NB on the temperature pro-
files at NT = 0.1, Pr = Ec = 1.0. Figure 1b indicates
the effects of the thermophoresis parameter NT on the

B T

Fig. 2. Exact influence of NB and NT on the temperature dis-
tribution.

T

B

Fig. 3. Exact influence of Pr on the temperature distribution.

B

T

Fig. 4. Exact influence of Ec on the temperature distribution.
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T

B

Fig. 5. Exact influence of NB on the nanoparticle concentra-
tion.

Fig. 6. Exact influence of E1, E2, and E3 on the temperature
distribution.

Fig. 7. Exact influence of E1, E2, and E3 on the nanoparticle
concentration.

nanoparticle concentration at NB = 0.1, Pr = Ec = 1.0.
The results displayed in Figures 1a and 1b agree with
the corresponding results in Figures 2a and 2b in [38]
which have been obtained by both the numerical solu-
tion (using NDSolve command in MATHEMATICA 8)

and the series solution using the homotopy analysis
method.

The exact influence of Brownian motion and ther-
mophoresis parameters on the temperature θ is shown
in Figure 2. It can be seen from Figure 2 of the cur-
rent paper and Figure 3 in [38] that the approximate
numerical results in [38] are very close to the present
exact results. As commented by Mustafa et al. [38], it
is observed from Figure 2 that there is a substantial in-
crease in the temperature with an increase in NB and
NT. As the Brownian motion and thermophoretic ef-
fects strengthen this corresponds to the effective move-
ment of the nanoparticles from the wall to the fluid
which results in the significant increase in the tem-
perature θ . Figures 3 and 4 depict the exact effects of
Prandtl number Pr and Eckert number Ec on the tem-
perature θ . It is also observed from these figures that
the current exact results coincide with those approxi-
mately obtained via the homotopy analysis method by

(a)

(b)

TB

T

B

Fig. 8. (a) Influence of Pr on Z(x) when Ec = 0. (b) Influence
of NB and NT on Z(x) when Ec = 0.
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(a)

(b)

T

B

TB

Fig. 9. (a) Influence of Pr on Z(x) when Ec = 1. (b) Influence
of NB and NT on Z(x) when Ec = 1.

Figures 4 and 5 in [38], where the physical description
of these figures has been also introduced.

Regarding the effects of NB on the nanoparticles
concentration φ , Figure 5 shows the exact variation of
φ against y at the same values of the physical parame-

TB

Fig. 10. Influence of large values of NB and NT on Z(x) when
Ec = 1.

ters taken by Mustafa et al. [38]. Figure 5 indicates that
the nanoparticles concentration increases (it was men-
tioned decreases in [38]) as the Brownian motion effect
intensifies [38]. As pointed out in [38], it is interesting
to see that the smaller values of NB strongly affect the
concentration function φ . However the nanoparticles
concentration is negligibly affected for values of NB
beyond 2. For more illustration of this point, we can
easily see from Figure 5 that φ behaves as a straight
line against y when NB = 2. This certain behaviour
of the concentration function φ occurs for any values
of NB ≥ 2. Our exact results in Figure 6 declares that
the temperature increases with an increase in E2 while
it decreases with an increase in E3. Such behaviour
for the temperature is identical to the results depicted
in Figure 7 by the authors [38]. Figure 7 shows that
the exact nanoparticles concentration φ is a decreasing
function in E2. In this case, the results given by [38]
in Figure 8 need revision, where it was mentioned that
φ is an increasing function in E2. However, Figure 7 of
the current paper shows that there is a slight decrease
in the nanoparticles concentration when there is an in-
crease in E3 and this agrees with the conclusion made
about the upper two curves in Figure 8 given by [38].

Figures 8 and 9 show the impacts of various pa-
rameters on the heat transfer coefficient. In these fig-
ures, the same data considered in [38] have been se-
lected, where t = 0.1, ε = 0.2, E1 = 0.1, E2 = 0.1, and
E3 = 0.01. The coefficient of heat transfer at the wall
is defined by Z(x) = ηxθy(η), where it gives the rate
of heat transfer (or equivalently heat flux) at the upper
wall. It can be seen from Figures 8a and 8b that when
the viscous dissipation effect vanishes, i. e., (Ec = 0),
the heat flux Z(x) has an oscillatory behaviour which is
expected in view of peristalsis. Figures 8a and 8b show
that the absolute value of the heat transfer coefficient
decreases upon increasing the values of NB, NT, and
Pr. The current exact numerical results obtained in Fig-
ures 8a and 8b are in full agreement with those approx-
imately obtained by Mustafa et al. [38] in Figures 9a
and 9b. Similar to the observations noted by Mustafa
et al. [38], the absolute value of the heat transfer co-
efficient increases with an increase in Pr when the vis-
cous dissipation effect is significantly large (Ec = 1) as
shown in Figure 9a. However, a remarkable difference
is found between the current exact range in which Z(x)
varies and the approximate one obtained by Figure 10a
in [38]. In addition, great remarkable differences have
been detected between the current numerical results
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(Fig. 9b) and those obtained in [38] (Fig. 10b) regard-
ing the effects of NB and NT on the heat transfer co-
efficient. Our exact results presented in Figure 9b re-
veal that the absolute value of heat transfer coefficient
decreases upon increasing the values of NB and NT.
However, the situation was completely different in Fig-
ure 10b [38]. In order to confirm our point of view, ad-
ditional plots are presented in Figure 10 to show that
the absolute value of heat transfer coefficient decreases
upon increasing the values of NB and NT.

5. Conclusion

In this paper, the system of partial differential equa-
tions describing the influence of wall properties on
peristaltic flow of a nanofluid has been solved exactly.
The obtained exact solutions have been used to study
the effects of the Prandtl number Pr, thermophoresis
parameter NT, the Brownian motion parameter NB, and

Eckert number Ec on the temperature, the nanoparticle
concentration profiles, and the heat transfer coefficient
Z(x). The obtained exact results have been compared
with approximate analytical results obtained very re-
cently via the homotopy analysis method in [38]. Al-
though these comparisons clarified the high accuracy
of the approximate results obtained in [38], little re-
markable differences have been detected for the be-
haviour of the heat transfer coefficient. These accurate
numerical results [38] comes back to the convergence
control of the homotopy analysis method if compared
with the incorrect results derived from the homotopy
perturbation method [35] in which the convergence is-
sue was not addressed. A final note on the current com-
parative study is that when it is difficult to achieve the
exact solutions of the considered physical problem, we
instead search for the approximate solutions by using
any of the series method in which the convergence is-
sue must be addressed.
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