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This paper outlines a comprehensive study of the two dimensional flow of an incompressible vis-
coelastic fluid over a shrinking/stretching sheet with temperature dependent viscosity. The govern-
ing coupled nonlinear differential equations are solved by means of the homotopy analysis method
(HAM). The results are presented graphically to interpret various physical parameters appearing in
the problem. The solution procedure explicitly elucidates the remarkable accuracy of the proposed
algorithm.

Key words: Homotopy Analysis Method; Variable Viscosity.

1. Introduction

Abundance of literature deals with the flows of
viscous fluids by employing Navier–Stokes equa-
tions [1 – 6]. But there are many fluids with complex
microstructure that cannot be described by these equa-
tions. These fluids which exhibit a nonlinear relation-
ship between the stresses and the rate of strain are
called non-Newtonian fluids. They are increasingly be-
ing recognized as more appropriate in modern tech-
nological applications in comparison with Newtonian
fluids. The constitutive equations of these fluids lead
to flow problems in which the order of the differential
equations exceeds the number of available conditions.
The solutions of resulting problems for non-Newtonian
fluids are in general more difficult to obtain. This is not
only true for exact analytic solutions but even for nu-
merical solutions.

In recent years, the rate type fluid models have re-
ceived special attention. The first viscoelastic rate type
model, which is still used widely, is due to Maxwell.
Maxwell himself recognized that some liquids have
a trend for storing energy and a means for dissipating
energy, the storing of energy characterizing the fluid’s
elastic response and the dissipation of energy charac-
terizing its viscous nature. The Maxwell model [7 – 12]
is the simplest subclass of rate type fluids which takes
into consideration the stress relaxation effects. Exten-
sive analytical and numerical studies have been under-

taken which involve such fluids. Important studies to
the topic include the works in [7 – 15].

Flow of a fluid is also of great importance, and
flow inside the thin film is another rich area which
has attracted the attention of many researchers. This
is due to their several applications in engineering such
as wire and fiber coating reactor fluidization, polymer
processing, foodstuff processing, transpiration cooling,
and gaseous diffusion. In open literature, there are dif-
ferent methods by which one can tackle the nonlin-
ear problems related to fluid phenomena such as the
variational iteration method [16], the homotopy pertur-
bation transform method [17], the trigonometric func-
tion series method [18], the mapping method [19], the
modified trigonometric function series method [20],

the bifurcation method [21], the

(
G′

G

)
-expansion

method [22], dynamical systems approach [23], and
the homotopy analysis method [24 – 26].

Thin film flow due to stretching or shrinking phe-
nomena has been discussed by a number of work-
ers such as Wang and Pop [27], Liu and Ander-
son [28], Dandapat et. al [29], Nadeem and Awais [30],
Nadeem and Faraz [31], Raftari et al. [32], Yıldırım
and Sezer [33], and Khan et al. [34, 35]. Nadeem and
Awais [30] discussed the thin film flow of an unsteady
shrinking sheet through the porous medium with vari-
able viscosity and further extended this analysis for
a second-grade fluid [31]. The aim of the present at-
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tempt is to venture further in this regime [30, 31] for
a rate type fluid. Also the main motivation is to work
out analytical solutions for the steady thin film flow
of a rate type fluid over a shrinking/stretching sheet
with variable viscosity together with heat transfer anal-
ysis via homotopy analysis method. The developed an-
alytical solution by the homotopy analysis method is
sketched and discussed.

2. Problem Formulation

Consider an incompressible two-dimensional
Maxwell fluid lying in a thin liquid film of uniform
thickness h(x) on a horizontal elastic sheet which
converges to a narrow slot at the origin of a Cartesian
coordinate system, see Figure 1. The fluid motion
within the film arises due to stretching/shrinking of
a porous elastic sheet. The flow and heat transfer char-
acteristics are governed by the following equations.
The x-axis is taken along the surface, and the y-axis
is normal to it. The velocity and temperature fields
in the thin liquid films are governed by the following
boundary layer equations:

∂u
∂x

+
∂v
∂y

= 0 , (1)

u
∂u
∂x

+ v
∂u
∂y

+λ1

(
u2 ∂ 2u

∂x2 + v2 ∂ 2u
∂y2 +2uv

∂ 2u
∂x∂y

)
=

1
ρ0

∂

∂y

(
µ

∂u
∂y

)
,

(2)

u
∂T
∂x

+ v
∂T
∂y

=
1

ρ0Cp

∂

∂y

(
k

∂T
∂y

)
, (3)

Fig. 1. Schematic diagram of thin film flow problem.

where u and v are the velocity components along x- and
y-axis, respectively, T is the temperature, ρ0 the den-
sity, µ the viscosity, k the thermal conductivity, and Cp
the specific heat. The associated boundary conditions
for the thin flow are

u = U(x) , v =−V0 , T = Ts at y = 0 , (4)[
1+λ1

(
u

∂

∂x
+ v

∂

∂y
− ∂u

∂x
− ∂v

∂y

)]
Sxy

= µ
∂u
∂y

,
∂T
∂y

= 0 , v = u
dh
dx

at y = h .

(5)

In the above equations, U(x) = bx is the stretching ve-
locity (b > 0) corresponding to stretching and (b < 0)
corresponding to the shrinking, λ1 is the relaxation
time, Ts the surface temperature, V0 the suction veloc-
ity, and h the thickness of the film. We introduce the
nondimensional variables f (η) and θ(η) as well as
similarity variables like η and variation of the viscosity
and thermal conductivity with temperature etc.:

η =
(

b
v0

)1/2

y , (6)

T = T0 +Tref

[
bx2

2v0

]
θ(η) , (7)

µ = µ0 exp[−ζ (T −T0)] , (8)

k = k0[1+C(T −T0)] , (9)

Ts = T0 +Tref

[
bx2

2v0

]
, (10)

where T0 and Tref are the constant temperatures, k0 is
the constant of the thermal conductivity, and v0 is the
constant viscosity, C > 0 for fluids such as water and
air, while C < 0 for fluids such as lubrication oils. ψ is
the stream function which automatically assures mass
conservation in (1). The velocity components in terms
of the stream function can be written as

u =
∂ψ

∂y
= bx

∂ f (η)
∂η

, (11)

v =−∂ψ

∂x
=−(bv0)1/2 f (η) . (12)

Making use of (11) and (12), (2) and (3) yield

f
∂ 2 f
∂η2 −

(
∂ f
∂η

)2

−λ

(
f 2 ∂ 3 f

∂η3 −2 f
∂ f
∂η

∂ 2 f
∂η2

)
= (1−Aθ)

[
A

∂θ

∂η

∂ 2 f
∂η2 −

∂ 3 f
∂η3

]
,

(13)
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Pr

[
2

∂ f
∂η

θ − f
∂θ

∂η

]
= (1−δθ)

∂ 2θ

∂η2

−δ

(
∂θ

∂η

)2

,

(14)

where

δ =−C[Ts−T0] , A =−ζ (Ts−T0) , S =
(

bv0

V 2
0

)−1/2

,

λ = λ1b , Pr =
ρ0Cpv0

K0
, and θ =

T −T0

Ts−T0
.

(15)

The associative boundary conditions are for stretching

f ′ = 1 , f = S , θ = 1 at y = 0 (16)

f = 0 , f ′′ = 0 , θ
′ = 0 at y = β . (17)

3. Solution by Homotopy Analysis Method for
Stretching

For homotopy analysis method (HAM) solution, we
select following initial approximations and auxiliary
linear operators

f0(η) = S +η +
(

η3

β
−3η

2
)[

S
2β 2 +

1
2β

]
, (18)

θ0(η) =
1
2

η
2−βη +1 , (19)

Lv( f ) =
d4 f
dη4 (η) ,

Lv(θ) =
d2

θ

dη2 (η) ,
(20)

and the properties satisfied by the auxiliary linear op-
erators are

Lv
[
C1 +C2η +C3η

2 +C4η
4]= 0 ,

Lθ [C5 +C6η ] ,
(21)

in which Ci(i = 1− 6) are arbitrary. If P ∈ [0,1] is an
embedding parameter and hi(i = 1− 2) are non-zero
auxiliary parameters then the zeroth- and mth-order
deformation problems are as follows:

i) Zeroth-order deformation problems for stretching

(1− p)Lv
[

f̂ (η , p)− f0(η)
]

= ph̄vHvNv[ f̂ (η , p)] ,
(22)

(1− p)Lθ

[
θ̂(η , p)−θ0(η)

]
= ph̄θ Hθ Nθ

[
θ(η , p)

]
,

(23)

f̂ ′(0, p) = 1 , f̂ (0, p) = S , f̂ (β , p) = 0 ,

f̂ ′′(β , p) = 0 ,
(24)

θ̂(0, p) = 1 , θ̂ ′(β , p) = 0 , (25)

Nv[ f̂ (η ,ξ , p)] = f̂
∂ 2 f̂
∂η2 −

(
∂ f̂
∂η

)2

−λ

(
f̂ 2 ∂ 3 f̂

∂η3

−2 f
∂ f̂
∂η

∂ 2 f̂
∂η2

)
− (1−Aθ̂)

[
A

∂ θ̂

∂η

∂ 2 f̂
∂η2 −

∂ 3 f̂
∂η3

]
,

(26)

Nθ [θ̂(η ,ξ , p)] = Pr

[
2

∂ f̂
∂η

θ̂ − f̂
∂ θ̂

∂η

]
− (1−δ θ̂)

∂ 2θ̂

∂η2 −δ

(
∂ θ̂

∂η

)2

.

(27)

ii) mth-order deformation problems for stretching

Lv[ fm(η)−χm fm−1(η)] = h̄vRv(η) , (28)

Lθ [θm(η)−χmθm−1(η)] = h̄θ Rθ (η) , (29)

f̂ ′m(0) = 1 , f̂m(0) = S , f̂m(β ) = 0 , f̂ ′′m(β ) = 0 ,
(30)

θm(0) = 1 , θ
′
m(β ) = 0 . (31)

Rv(η) =
m−1

∑
k=0

[
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∂ 2 fk
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∂η
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]
−λ
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( k

∑
l=0

fk−l
∂ 3 fl

∂η3
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+λ

[m−1

∑
k=0

fm−1−k

·
( k

∑
l=0

∂ fl

∂η

∂ 2 fl

∂η2

)][
A

m−1

∑
k=0

∂θm−1−k

∂η

∂ 2 fk

∂η2 −
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]
−
[

A2
m−1

∑
k=0

θm−1−k

( k

∑
l=0

∂θk−l

∂η

∂ 2 fk

∂η2

)
(32)

−
m−1

∑
k=0

θk
∂ 3 fm−1−k

∂η3

]
,

Rθ (η) = Pr

[
2

m−1

∑
k=0

θm−1−k
∂ fk

∂η
−

m−1

∑
k=0

∂θm−1−k

∂η
fk

]
− ∂ 2θm−1

∂η2

+δ

[m−1

∑
k=0

θm−1−k
∂ 2θk

∂η2 +
m−1

∑
k=0

∂θm−1−k

∂η

∂θk

∂η

]
,

(33)

χm =

{
0, m≤ 1 ,

1, m > 1 .
(34)

The symbolic software Mathematica is used to get the
solutions of (28) and (29) up to the first few orders of
approximation. It finds that the solution for f and θ are

f (η) =
∞

∑
m=0

fm(η) =
7m+3

∑
n=0

am,nη
n , (35)
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θ(η) =
∞

∑
m=0

θm(η) =
7m+1

∑
n=0

bm,nη
n , (36)

in which the coefficients aq
m,n and bq

m,n of fm(η) and
θm(η) can be determined by using the given boundary
conditions and by initial guess approximations in (18)
and (19). The numerical data of the above mentioned
solutions have been presented through graphs.

3.1. Shrinking Sheet Problem

For shrinking phenomena, the governing equations
are (13) and (14), however, the boundary conditions for
shrinking case are as follows:

f̂ ′(0) =−1 , f̂ (0) = S , f̂ (β ) = 0 , f̂ ′′ (β ) = 0 , (37)

θ̂(0) = 1 , θ̂
′(β ) = 0 . (38)

The solution of the above boundary value problem has
been calculated using the procedure discussed in the
previous section of stretching. To avoid the repetition,
the complete solution is not defined here but some nec-
essary things are as follows:

f0(η) = S−η +
(

η3

β
−3η

2
)[

S
2β 2 −

1
2β

]
, (39)

θ0(η) =
1
2

η
2−βη +1 . (40)

4. Results and Discussion

The analytic solutions of the problem defined
by (13) and (14) have been computed by HAM. The

Fig. 2. h̄ curve for the velocity field for stretching.

solutions (35) and (36) contain non-zero auxiliary pa-
rameters h̄i (i = 1− 2) which can adjust and control
the convergence of the solutions. The h̄-curve are dis-
played to ensure the convergence of the solutions in
the admissible range of the values of the auxiliary pa-
rameters h̄i. In the present cases, the 20th and 16th or-
der of h̄i-curves are plotted in Figures 1 – 4. It is seen
from these figures that the ranges for the admissible
values of h̄i are 0 ≤ h̄1 ≤ 3.5 and 0.6 ≤ h̄2 ≤ 1.5 for
both stretching and shrinking phenomena.

4.1. Graphical Behaviour of the Physical Parameters

The velocity field f ′ and the temperature field θ are
plotted in Figures 6 – 25 for some values of parameter
A (variable viscosity), δ (thermal conductivity param-
eter), β (height of fluid film), S (suction velocity), and
Pr (Prandtl number). The nondimensional velocity f ′

is plotted against η for different values of β both for
stretching and shrinking phenomena (see Figs. 6 – 7).
It is seen that with the increase in β the velocity field
decreases for the stretching case and increases for the
shrinking case. The variation of β on temperature pro-
file is shown in Figures 8 – 9. It is observed from these
figures that with the increase in β the temperature pro-
file decreases for the stretching case and increases for
the shrinking case. The velocity field f ′ for different
values of λ is plotted in Figures 10 – 11. It is observed
that with the increase in λ in the stretching case f ′ de-
creases near the plate but away from the plate the re-

Fig. 3. h̄ curve for the temperature field for stretching.
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Fig. 4. h̄ curve for the velocity field for shrinking.

Fig. 5. h̄ curve for the temperature field for shrinking.

Fig. 6. Velocity field for different values of β for the stretch-
ing case.

Fig. 7. Velocity field for different values of β for the shrink-
ing case.

Fig. 8. Temperature field for different values of β for the
stretching case.

Fig. 9. Temperature field for different values of β for the
shrinking case.
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Fig. 10. Velocity field for different values of λ for the stretch-
ing case.

Fig. 11. Velocity field for different values of λ for the shrink-
ing case.

Fig. 12. Temperature field for different values of λ for the
stretching case.

Fig. 13. Temperature field for different values of λ for the
shrinking case.

Fig. 14. Velocity field for different values of P for the stretch-
ing case.

Fig. 15. Velocity field for different values of P for the shrink-
ing case.
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Fig. 16. Temperature field for the different values of P for the
stretching case.

Fig. 17. Temperature field for the different values of P for the
shrinking case.

Fig. 18. Velocity field for the different values of S for the
stretching case.

Fig. 19. Velocity field for the different values of S for the
shrinking case.

Fig. 20. Temperature field for the different values of S for the
stretching case.

Fig. 21. Temperature field for the different values of S for the
shrinking case.
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Fig. 22. Velocity field for the different values of A for the
stretching case.

Fig. 23. Velocity field for the different values of A for the
shrinking case.

sults are quite opposite, however, for the shrinking case
the variation is not very prominent but the behaviour
of the velocity is reversed as compared to stretching.
Figures 12 – 13 are prepared for temperature field vari-
ation with λ . It is depicted that the temperature field
decreases with the increase in λ for the stretching case
while increases with the increase in λ for the shrinking
case. There is very slight variation in velocity with the
variation of the Prandtl number Pr (see Figs. 14 – 15).
The temperature profile is showing very prominent re-
sults with the variation of the Prandtl number Pr, which
are shown in Figures 16 – 17. It is observed that with
the increase of Pr, θ decreases in the stretching case

Fig. 24. Temperature field for the different values of A for the
stretching case.

Fig. 25. Temperature field for the different values of A for the
shrinking case.

and increases in the shrinking case. The variation of S
on the velocity field is almost similar as discussed for
the case of variation of β (see Figs. 18 – 19). The ef-
fect of S on the temperature profile is almost negligible
which is shown in Figures 20 – 21. The velocity field f ′

for different values of A is shown in Figures 22 – 25. It
is observed that these results are almost similar as we
have already discussed for the case of variation of λ .
The temperature profile decreases with the increase of
A for stretching while the results are quite opposite for
the shrinking phenomena.
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5. Conclusion

The visco–elastic fluid flow equations in the pres-
ence of temperature dependent viscosity over a shrink-
ing/stretching sheet are derived in this paper. The non-
linear problem of velocity is solved by HAM. Using
this velocity, the energy equation is also solved analyt-
ically. The variations of various emerging parameters
such as β , λ , P, S, and A on the velocity and tempera-

ture are discussed through graphs. The convergence of
the results is shown in Figures 1 – 4. The main results
of the present analysis are as follows:

• The effects of S and β are same on the velocity field.
• The influence of A and λ is identical on the velocity

field.
• The behaviour of all parameters is quite opposite for

the two cases named shrinking and stretching.
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