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We construct four types of analytical soliton solutions for the higher-order nonlinear Schrödinger
equation with distributed coefficients. These solutions include bright solitons, dark solitons, com-
bined solitons, and M-shaped solitons. Moreover, the explicit functions which describe the evolution
of the width, peak, and phase are discussed exactly. We finally discuss the nonlinear soliton tunnelling
effect for four types of femtosecond solitons.
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1. Introduction

During the past few decades, terrestrial and sub-
marine communication systems have scored an in-
credible growth of their transmission capacity. Op-
tical solitons have been witnessed as good informa-
tion carriers for long distance communication and all-
optical ultrafast switching devices. The standard non-
linear Schrödinger equation (NLSE), as an important
physical model, describes the dynamics of picosec-
ond optical soliton propagation in nonlinear optical
fibers [1], where soliton formation is an interplay be-
tween group-velocity dispersion (GVD) and self-phase
modulation (SPM). When short pulses are considered
(to nearly 50 fs), we should consider the third-order
dispersion (TOD) which will produce an asymmetri-
cal broadening in the time domain for the ultrashort
soliton pulses [2]. Moreover, the higher-order nonlin-
ear effects such as the self-steepening (SS) and self-
frequency shift (SFS) etc. cannot be neglected. The SS,
otherwise called the Kerr dispersion, is due to the in-
tensity dependence of the group velocity. This forces
the peak of the pulse to travel slower than the wings,
which causes an asymmetrical spectral broadening of
the pulse [3]. The SFS due to stimulated Raman scat-

tering results in an increasing redshift in the pulse spec-
trum, in which the long wavelength components expe-
rience Raman gain at the expense of the short wave-
length components [4]. It has been recognized that the
SFS is a potentially detrimental effect in soliton com-
munication systems [5]. Thus the propagation of fem-
tosecond optical pulses can be described by the higher-
order nonlinear Schrödinger equation (HNLSE) [6].

In a real fiber, the core medium is inhomoge-
neous [7]. There will always be some nonunifor-
mity due to many factors and important among them
are (i) that which arises from a variation in the lat-
tice parameters of the fiber medium, so that the dis-
tance between two neighbouring atoms is not con-
stant throughout the fiber, (ii) that which arises due to
the variation of the fiber geometry (diameter fluctua-
tions, and so on). These nonuniformities influence var-
ious effects such as loss (or gain), dispersion, phase
modulation, SS and SFS etc. and lead to the vari-
able coefficients in the NLSE. Moreover, the variable-
coefficient NLSEs have attracted a great deal of inter-
est in dispersion-managed optical fibers [8 – 17]. Pi-
cosecond soliton control, described by the variable-
coefficient (vc) NLSE, has been extensively studied
theoretically [8 – 13]. More recently, studies of fem-
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tosecond soliton control, described by the vcHNLSE,
have been developed [14 – 17].

From the canonical presentation of quantum tun-
nelling, when the maximum of the potential barrier
is larger than the energy of the point-like particle, the
Schrödinger equation allows non-vanishing wave func-
tions in the classically forbidden region on the other
side of the barrier. Similarly, when a soliton (as a quasi-
particle) propagates towards a finite potential barrier
(depending only on the spatial coordinate), the soli-
ton can tunnel through the barrier in a lossless man-
ner [18]. Historically, the study of soliton tunnelling
effects governed by the vcNLSE began with the pio-
neering work of Serkin and Belyaeva [19] since Newell
predicted the tunnelling effect in 1978 [18] which ex-
ists in nonlinear media. Subsequently, the tunnelling
effects of solitons governed by various vcNLSE were
extensively discussed. For instance, Wang et al. [20]
discussed the tunnelling effects of spatial similari-
tons passing through a nonlinear barrier (or well). Dai
et al. [21, 22] studied the tunnelling effects of bright
and dark similaritons in the birefringent fiber. Recently,
Segev and collaborators [23] discovered experimen-
tally the nonlinear spatial soliton tunnelling effects
of a paraxial Gaussian beam launched in a trap po-
tential. By increasing the power levels, the dynamics
transformed from linear tunnelling to nonlinear tun-
nelling, and then to a narrow spatial soliton ejection.
More recently, enigmas of optical and matter-wave
soliton nonlinear tunnelling has also been uncovered
in [24].

Recently, many authors discussed (1+1)-dimensio-
nal [25 – 28], (2 + 1)-dimensional [29], and (3 + 1)-
dimensional [30] vcNLSEs. However, the nonlinear
tunnelling effects for femtosecond solitons have been
hardly investigated until now except that Porsezian
et al. [31] discussed the in-phase injection interac-
tion through a dispersion barrier (DB). Thus, some
interesting issues arise: Whether can optical solitons
be controlled in the femtosecond regime? What does
happen when femtosecond solitons, such as bright soli-
tons, dark solitons, and combined W-shaped and M-
shaped solitons, pass through a DB/dispersion well
(DW) or TOD barrier (TODB)/well (TODW)? To an-
swer these problems, we consider the vcHNLSE as
follows [17]:

iuz +a(z)utt +b(z)|u|2u+ ic(z)uttt + id(z)(|u|2u)t

+ ie(z)u(|u|2)t + i f (z)ut +[g(z)+ yh(z)]u = 0 ,
(1)

where u(z, t) is the complex envelope of the electri-
cal field, z and t, respectively, represent the propa-
gation distance and retarded time, while all the vari-
able coefficients are real analytical functions. a(z)
and c(z) represent group-velocity dispersion and TOD,
respectively. b(z) is the nonlinearity parameter in-
duced SPM, the parameters d(z) and e(z) are, re-
spectively, related to SS and SFS. The term propor-
tional to f (z) results from the group velocity, g(z)
denotes the external electro-optic phase modulation,
and h(z) represents the attenuation or absorption co-
efficient. When f (z) = g(z) = 0, (1) can be exten-
sively used to describe the telecommunication and
ultrafast signal-routing systems in the weakly disper-
sive and nonlinear dielectrics with distributed parame-
ters [12, 14, 16, 17]. If the higher-order terms are ne-
glected [i.e. c(z) = d(z) = e(z) = 0], (1) degenerates
to the vcNLSE [32]. If c(z) = e(z) = 0, (1) reduces to
the derivative vcNLSE [33], which describes the opti-
cal soliton propagation in the presence of Kerr disper-
sion.

2. Reduction Procedure

In order to get the exact analytical solutions for (1),
we construct the mapping transformation

u(z, t) = A(z)E[T (z, t),Z(z)]exp[iφ(z, t)] , (2)

where the amplitude A(z) and the phase φ(z, t) are
real functions, E ≡ E(T,Z),T ≡ T (z, t), and Z ≡
Z(z) are two real functions to be determined. Then
the vcHNLSE (1) is transformed into the constant-
coefficient (cc) HNLSE [5, 34 – 36]

EZ = i(α1ET T +α2|E|2E)+α3ET T T

+α4(|E|2E)T +α5E(|E|2)T = 0 .
(3)

The substitution of (2) into (1) leads to (3), but now we
must have

Az +hA−3cAφtφtt +aAφtt = 0 , (4)

Tz +2aTtφt −3cTtφ
2
t + f Tt = 0 , (5)

φz +aφ
2
t + cφttt − cφ

3
t + f φt +g = 0 , (6)

cTtφtt = 0 , Ttt = 0 , (7)

(b−dφt)A2 = α2Zz , (a−3cφt)T 2
t = α1Zz ,

(8)

cT 3
t +α3Zz = 0 , eA2Tt +α5Zz = 0,

dA2Tt +α4Zz = 0 .
(9)
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Solving the set of partial differential equations
(4) – (9), we obtain the mapping variable T , the effec-
tive propagation distance Z, the amplitude A, and the
phase φ of the pulse as

T = k

[
t + p

(
2kα1

α3
−3p

)∫ z

0
c(s)ds−

∫ z

0
f (s)ds

]
+ t0 , (10)

Z =− k3

α3

∫ z

0
c(s)ds , (11)

A = A0 exp

[
−
∫ z

0
h(s)ds

]
, (12)

φ = p

[
t + p

(
kα1

α3
−2py

)∫ z

0
c(s)ds−

∫ z

0
f (s)ds

]
+
∫ z

0
g(s)ds+φ0 . (13)

Note that the parameters k and p are related to pulse
width and phase shift, respectively. The TOD parame-
ter c(z) influences the form of the phase and the effec-
tive propagation distance. Also note that the mapping
transformation (3) has been applied to the vcNLSE
in [37, 38]; however, its application to the vcHNLSE
is relatively less reported. Compared with the corre-
sponding solutions in [39], a control parameter f (z) is
added in our solutions (10) and (13), which make our
results more coincident with the real situation. Also
note that the added parameter f (z) in solutions (10)
and (13) can not be transformed by t = t− f z, which
used to change (1) with constant coefficients into the
corresponding equation in [39] with constant coeffi-
cients.

Further, the constraints of system parameters are
given as

c(z) : a(z) : b(z) : d(z) : e(z) = (14)

1 :

(
3p− kα1

α3

)
:

k2(pα4− kα2)
α3A2

0

exp

[
2
∫ z

0
h(s)ds

]
:

k2α4

A2
0α3

exp

[
2
∫ z

0
h(s)ds

]
:

k2α5

A2
0α3

exp

[
2
∫ z

0
h(s)ds

]
.

Thus, the substitution

u = A0E

{
k

[
t + p

(
2kα1

α3
−3p

)∫ z

0
c(s)ds−

∫ z

0
f (s)ds

]
+ t0, −

k3

α3

∫ z

0
c(s)ds

}
exp

[
−
∫ z

0
h(s)ds+ iφ

]
, (15)

where φ satisfies (13), leads to (2) with the condi-
tion (14). The solutions of (1) can be obtained from
those of (2) via the transformation (15).

The one-to-one correspondence (15) admits us to
obtain abundant solutions, such as bright and dark soli-
ton solutions, W-shaped and M-shaped soliton solu-
tions, and so on.

3. Tunnelling Effects of Bright and Dark Solitons

Employing the transformation (15) and the Dar-
boux transformation (DT) method [16], and when
α4 =−α5,3α2α3 = α1α4, one can obtain bright multi-
solitons for (1):

u = A(z)eiφ(z,t) (16)

·
[

u0 +2

√
2α1

α2

n

∑
m=1

(λm +λ ∗m)ϕ1,m(λm)ϕ∗2,m(λm)
Am

]
,

with

ϕ j,m+1(λm+1) =
(
λm+1 +λ

∗
m

)
ϕ j,m(λm+1)

− Bm

Am

(
λm +λ

∗
m

)
ϕ j,m(λm) ,

Am = |ϕ1,m(λm)|2 + |ϕ2,m(λm)|2,
Bm = ϕ1,m(λm+1)ϕ∗1,m(λm)+ϕ2,m(λm+1)ϕ∗2,m(λm) ,

(17)

where DT times m = 1, . . . ,n, j = 1,2, complex spec-
tral parameters λm = 1

2 (ηm + iξm), λ ∗m is the com-
plex conjugate of λm, T,Z,A(z), and φ(z, t) sat-
isfy (10) – (13). (ϕ1,1(λ1),ϕ2,1(λ1))T is the eigenfunc-

tion corresponding to λ1 for u0, and ϕ j,1 = exp
( δ j

2 +
i

κ j
2

)
with

δ j = η j
[
T +

(
η

2
j −3ξ

2
j

)
α3Z−2ξ jα1Z

]
−δ j0 , (18)

κ j = ξ jT +ξ j
(
3η

2
j −ξ

2
j

)
α3Z +

(
η

2
j −ξ

2
j

)
α1Z−κ j0 .

Inserting the zero seeding solution of (1) as u0 = 0
into (16), one can obtain a one-soliton solution for (2).
Using that one-soliton solution as the seed solution
in (16), we can obtain two-soliton solutions. Thus in
recursion, one can generate up to n-solitons solutions.
Here we present bright one- and two-solitons in ex-
plicit forms. The one-soliton reads

u =
√

2α1/α2η1A(z)sechδ1

· exp{i[φ(z, t)+κ1(Z,T )]} ,
(19)
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where δ1 and κ1 are given by (12). The analytical
bright soliton pairs reads

u =
√

2α1/α2A(z)eiφ(z,t)G1/F1 , (20)

where G1 = a1 coshδ2 eiκ1 + a2 coshδ1 eiκ2 +
ia3(sinhδ2 eiκ1 − sinhδ1 eiκ2), F1 = b1 cosh(δ1 +δ2)+
b2 cosh(δ1 − δ2) + b3 cos(κ2 − κ1), a j = η j

2[
η2

j −η2
3− j +(ξ1− ξ2)2

]
, b j = 1

4

{[
η1 +(−1) jη2

]2 +
(ξ1 − ξ2)2

}
, a3 = η1η2(ξ1 − ξ2), and b3 = −η1η2,

j = 1,2. δ j and κ j are given by (18).
Similarly, based on solutions of the ccHNLSE [33],

one can also derive dark (grey) multi-solitons for (1).
For simplicity, here we only present dark (grey) one-
and two-soliton solutions in explicit forms. The exact
grey soliton pairs read

u = µ
√
−2α1/α2A(z)ei[φ(z,t)+ϕ(Z,T )]

· (1+G2/F2) ,
(21)

where G2 = 4µ(ω1 + ω2 − 2µ) − 4i λ1+λ2
η1+η2

ρ , F2 =

4µ2 +
(

λ1+λ2
η1+η2

)2
ρ , ρ = (ω1−µ)(ω2−µ), ω j = (ξ j−

iη j)[ξ j + iη j tanh(δ j)]/µ , δ j = η j
[
T − Tj0−

(
2η2

j +
3ξ j
)
α3Z + 2ξ jα1Z

]
, ϕ(Z,T ) = ξ jT − ξ j

(
6η2

j +
ξ 2

j

)
α3Z +

(
2η2

j + ξ 2
j

)
α1Z − ϕ0, λ j = ξ j + iη j, and

µ = |λ j|, j = 1,2. And the exact dark one soliton
reads

u =
√
−2α1

α2

ξ1− iη1

µ
A(z)[ξ1 + iη1 tanh(δ1)]

· ei[φ(z,t)+ϕ(Z,T )]. (22)

From the relation (14), if h = 0, then b(z) : a(z) =
k2(pα4−kα2) : A2

0(3α3 p−kα1) = const. If h is a func-
tion of z, then h = (bza−azb)/(2ab), which is identical
with the condition expressed as (7) in [17, 31]. Under
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Fig. 1 (colour online). Separated bright
soliton pairs going through TODB
with (a) f = 0 and (b) f = 1 +
5sech2[3(z− z0)]. The parameters are
A0 = t0 = k =−p = 1, δ = 0.5, σ = 2,
z0 = 5, α1 = α3 = 2, α2 = 1, α4 = 3,
ξ1 = η2 = 1.4, ξ2 = η1 = 1.5, δ10 =
−δ20 = 2, κ10 = κ20 = 1.

this constraint some properties such as the multi-
soliton solutions have been discussed by the auto-
Bäcklund transformation and Darboux transformation
method [17, 31]. To our knowledge, the investigation
of (1) under constraints (14) has not been widespread.

Note that soliton-pairs through DB have been dis-
cussed under the integrable condition h = (bza −
azb)/(2ab) [31], where the pulses are amplified and
form the peaks, then attenuate and recover their origi-
nal shape. Similar to picosecond pulses [21, 22], when
femtosecond pulses pass through DW, the pulses’ am-
plitudes diminish, form the dips, then attenuate and in-
crease their amplitudes. For the limit of length, we omit
these discussions. Here we focus on two other interest-
ing cases as follows.

Firstly, due to the existence of function f (z), we can
modulate the behaviours of solitons passing through
TODB or TODW with c(z) = 1 + δ sech2[σ(z− z0)],
where δ represents the barrier’s amplitude, whose pos-
itive or negative sign denotes the barrier or the well. As
c(z) > 0, we assume δ >−1, where δ > 1 indicates the
TODB, and−1 < δ < 0 represents the TODW. σ is the
parameter relating to the barrier’s width, and z0 repre-
sents the longitudinal coordinate indicating the loca-
tion of barrier (or well). From Figures 1 and 2, when
bright soliton pairs going through TODB and TODW,
peaks and dips are formed, respectively. Moreover,
function f (z) adds the appearance domain of TODB
or TODW seen from Figures 1b, 2b, and 2d. Specially,
if the emerging distance of the well coincides with that
of interaction, the wells in Figures 2c and 2d decrease
the level of interaction comparing with the case in Fig-
ures 2a and 2b. This presents a potentially important
method for fading the hazard of soliton interaction in
optical fiber, and it is also significant to increase the
information bit rate or decrease the bit-error-rate in
the optical soliton communications. Figure 3 displays
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Fig. 2 (colour online). Interacting
bright soliton pairs going through
TODW with (a),(c) f = 0 and
(b),(d) f = 1+5sech2[3(z−z0)]. The
parameters are A0 = t0 = k =−p = 1,
δ = −0.9, σ = 1.6, α1 = α3 = 2,
α2 = 1, α4 = 3, η1 = 0.5, η2 = 0.8,
ξ1 = −ξ2 = −1, δ10 = −δ20 = −3,
κ10 = κ20 = 1 with (a),(b) z0 = 8
and (c),(d) z0 = 3.
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Fig. 3 (colour online). Interacting
dark soliton pairs going through
TODB with (a) f = 0 and (b) f =
1 + 5sech2[3(z− z0)]. The parame-
ters are A0 = t0 = k = −p = 1, δ =
0.8, σ = 3, z0 = 3, α1 = α3 = −2,
α2 = 1, α4 = 3, T10 =−T20 =−2.5,
η1 = η2 = 1, ξ1 =−ξ2 =−0.8.

interacting dark soliton pairs passing through TODB.
When a dark soliton pair passes through the barrier,
a wall appears near z = z0 in Figure 3. Similarly, com-
paring Figure 3a with Figure 3b, we find that function
f (z) adds the appearance domain of TODB and pro-
duces a position shift after passing the barrier for the
dark soliton case.

As second example, we discuss soliton behaviours
for h = 0 and b(z) satisfying the expression of DB or
DW with b(z) = 1+δ sech2[σ(z− z0)]. An interesting
phenomenon is shown in Figure 4a. A tunnelling ef-
fect between separated soliton pairs going through the
DB is found, and the energy of the two solitons ex-
changes at the location of the barrier with z = z0 = 5.
The energy of the left soliton changes from small to

large after passing through the DB, and the opposite
case appears in the right soliton. From Figure 4b, we
have not found the tunnelling effect between separated
soliton pairs.

Historically, the first demonstration that the soliton
is a composite particle possessing an inner degree of
freedom was found by Kosevich [40]. This physical
mechanism of the soliton decay during its scattering
is hereafter referred to as the Kosevich mechanism of
soliton decay. Nonlinear soliton behaviour differs es-
sentially from quantum mechanical linear tunnelling,
and in particular, from Figures 1 – 4, we have found the
possibility for solitons to propagate with sudden and
full transmission corresponding to the observed soliton
ejection in [41]. This phenomenon is similar to the cor-
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Fig. 4 (colour online). Tunneling ef-
fect between separated bright soliton
pairs going through (a) DB with δ =
8, σ = 5 and (b) DW with δ = −3,
σ = 0.8 under system parameter f =
0.2, h = 0. Other parameters are the
same as that in Figure 1.

responding case in [24], where authors have reported
that increasing of the soliton binding energy (simi-
lar to the nuclear binding energy) enables the testing
of a long-standing theoretical result that predicts that
an optical soliton can tunnel between two regions of
anomalous dispersion across a forbidden region of nor-
mal dispersion (enhanced soliton spectral tunnelling
effect).

4. Tunnelling Effects of Combined Solitons

By assuming an imaginary amplitude for the
ccHNLSE in [35, 36], W-shaped solitons and M-
shaped solitons are discussed. Moreover, we also in-
vestigated W-shaped and M-shaped solitons for the
vcHNLSE [42] by imaginary amplitude. Here we
obtain combined bright and dark solitons, W-shaped
solitons, and M-shaped solitons by assuming a real
amplitude based on the direct ansatz method. It is
worthwhile to note that we here derive these solitary
wave solutions, including bright and dark combined
solitons, W-shaped and M-shaped solitons, by assum-
ing a real amplitude instead of assuming an imagi-
nary amplitude in [42, 43]. We make the ansatz for (1)
as u(z, t) = v(z, t)exp[iϕ(z, t)] with the real func-
tion v(z, t) = a0(z)+ a1(z)sech(ξ )+ b1(z) tanh(ξ ), or
v(z, t) = a0(z)+a1(z)sech(ξ ) tanh(ζ ), where ξ (z, t) =
p(z)t +q(z), ζ = m(z)t +q(z), ϕ(z, t) = Γ (z)t +Ω(z),
and then substituting them into (1). When a(z) =
c(z) = 0, 3d(z)+ 2e(z) = 0, b(z) = Γ0d(z), we derive
bright and dark combined solitons and M-shaped soli-
tons in the forms

u(z, t) = {A1 +A2sech[Pθ(z, t)]+B1tanh[Pθ(z, t)]}

· exp

[
iϕ(z, t)−

∫ z

0
h(z)dz

]
(23)

and
u(z, t) = A3 tanh[Pθ(z, t)]sech[Qθ(z, t)]

· exp

[
iϕ(z, t)−

∫ z

0
h(z)dz

]
,

(24)

where

θ(z, t) = t−
∫ z

0
f (z)dz,ϕ(z, t)

= Γ0

{
t−
∫ z

0
[g(z)+Γ0 f (z)]dz

}
,

(25)

with real constants A1, A2, B1, A3, P, Q, and Γ0.
Note that the term proportional to f (z) resulting from
the group velocity is very important because it deter-
mines the group velocity and the phase shift of these
solitons.

Next we discuss tunnelling effects of combined soli-
tons. From solutions (23) – (25), one knows that the
group velocity and the phase shift are decided by f (z),
and the amplitude of the solitary wave depends on
the gain or loss coefficient h(z). This combined soli-
ton (23) can describe the properties of both bright
and dark solitons, and its amplitude does not approach
zero when the time variable approaches infinity unless
it changes into the kink solitary wave. This solitary
wave depends on its coefficient A2 and B1 relations.
Especially, if B1 = 0 and A1A2 < 0, |A2| > |A1|, we
can obtain a W-shaped soliton, which might be one
of the possible explanations for a single soliton-like
pulse shape with a pronounced platform underneath it
as commented by Bullough attached to [43]. From Fig-
ures 5 and 6, when combined solitons and W-shaped
solitons go through TODB and TODW, the walls and
channels appear, respectively. Obviously, the propaga-
tion characteristic of these combined solitons passing
through TODB and TODW is similar to that of the
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Fig. 5 (colour online). Combined soli-
tons passing through TODB with δ =
1.5, σ = 2 and through TODW with
δ =−0.5, σ = 1. The parameters are
A1 = 0.5, A2 = 1.5, B1 = 2.5, P = 1,
Q = 2, z0 = 5.
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Fig. 6 (colour online). W-shaped
solitons passing through TODB
with δ = 1.5, σ = 2 and through
TODW with δ = −0.5, σ = 1. The
parameters are A1 = 1, A2 = −2,
B1 = 0, P = 1, Q = 2, z0 = 5.
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Fig. 7 (colour online). M-shaped
solitons passing through TODB
with δ = 1.5, σ = 2 and through
TODW with δ = −0.5, σ = 1. The
parameters are A2 = P = 1, z0 = 5.

dark soliton pairs shown in Figure 3. It is well known
that a M-shaped soliton might be one of the possible
models for a femtosecond dark pulse transmission with
finite width background bright pulse. Therefore, it is
significant that the investigation to M-shaped solitons
has a share in understanding femtosecond dark pulse
transmission. As shown in Figure 7, when a M-shaped
soliton passes through TODB and TODW, the peaks
and dips are produced, respectively, which is not sim-
ilar to the corresponding case of dark soliton pairs in

Figure 3, but that of bright soliton pairs in Figures 1
and 2.

5. Conclusions

In conclusion, we have constructed the relation be-
tween the vcHNLSE describing the femtosecond pulse
propagation and the ccHNLSE via a transformation.
Based on this transformation, we analytically obtained
bright and dark solitons for the vcHNLSE. More-



C.-Q. Dai et al. · Tunnelling Effects of Solitons in Optical Fibers with Higher-Order Effects 345

over, we obtain combined bright and dark solitons, W-
shaped solitons, and M-shaped solitons by assuming
a real amplitude based on the direct ansatz method.
Then based on these solutions, we discuss tunnelling
effects for four types of femtosecond solitons. When
bright solitons, combined solitons, and W-shaped soli-
tons pass through the barrier and well, peaks and dips
are form, respectively. When dark solitons and M-
shaped solitons go through the barrier and well, walls
and channels appear, respectively. Moreover, we dis-
cuss the role of the term proportional to f (z) from the
group velocity for tunnelling effect. The tunnelling ef-
fect between separated bright soliton pairs is also stud-
ied. Of course, due to the lack of an experimental and

designed basis related to these theoretical results, we
could not give further details about the real physical
application. We expect that these results for femtosec-
ond soliton tunnelling would inaugurate a new and ex-
citing area in the application of optical solitons.
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