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Under investigation in this paper is an inhomogeneous nonlinear Schrodinger—-Maxwell-Bloch sys-
tem with variable dispersion and nonlinear effects, which describes the propagation of optical pulses
in an inhomogeneous erbium-doped fiber. Under certain coefficient constraints, multi-soliton solu-
tions are obtained by the Hirota method and symbolic computation. Evolution and interaction of the
solitons are plotted, and the self-induced transparency effect caused by the doped erbium atoms is
found to lead to the change of the soliton velocity and phase. Overall phase shift can be observed
when the parameter accounting for the interaction between the silica and doped erbium atoms is

taken as a constant.
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1. Introduction

Propagation of the optical solitons in nonlinear
fibers has its potential applications in communication
systems [1]. Optical solitons, arisen as a result of the
balance between the group velocity dispersion (GVD)
and the nonlinear effect, have been regarded as an al-
ternative for the next generation of ultralong distance,
large capacity, and high-bit-rate communication sys-
tems [2]. The nonlinear Schrodinger (NLS) equation
has been used to describe the optical-soliton propaga-
tion in homogeneous optical fibers [3], while in real
fibers, there exist a number of factors which affect the
generation and dynamics of the optical solitons [4].
Correspondingly, inhomogeneous NLS (INLS) equa-
tions have been thought to be more realistic [5].
Another model is the Maxwell-Bloch (MB) system,
which describes the propagation of the self-induced
transparency (SIT) soliton in a resonant medium [6].
SIT solitons are coherent optical pulses propagating
through a resonant medium without any loss or distor-
tion [7]. The MB system takes the form of [8]

qZ:pa
ey

p—2ikp=gqn, n, = —E(q p+pq),

where ¢ and z are the normalized time and distance
along the direction of propagation, k measures the
frequency shift from the resonance, and the asterisk
denotes the complex conjugate, g(z,¢) is the slowly-
varying-envelope axial field, p(z,7) and m(z,¢) are
respectively given by 2viv,* and |v2|> — |vi|> with
Vi(z,t) and v»(z,t) being the wave functions of two
energy levels of the resonant atoms and obeying the
Zakharov—Shabat equations [3]

P)
% —ikvy = qw, (2a)
P)
% Fikva = —q'vi, (2b)

which are equivalent to (1.13) and (1.14) in [8].

Some researchers have devoted their attention to the
applications of fibers doped with two-level resonant
atoms, such as the erbium-doped fiber, which can in-
duce the pulse amplification [9]. In the erbium-doped
fibers, the optical pulse propagation is described by
the following nonlinear Schrodinger—Maxwell-Bloch
(NLS-MB) system [10]:

. 1 .
ig:+ 5qu + lq*q = 2ip, 3
pi—2ikp=2qn, n,=—(q"p+p*q).
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In such system, the SIT soliton can coexist with the
NLS soliton, and this mixed state has been called the
SIT-NLS soliton [11]. Since the presentation by [12],
the coexistence of SIT soliton and NLS soliton in the
erbium-doped fibers has attracted some interest in op-
tical communications [10, 13].

Considering the effects of the inhomogeneities on
the propagation of SIT-NLS solitons in the erbium-
doped fibers, we will investigate an INLS-MB sys-
tem [14, 15],

ig:+a(2)qn + B(2)|g* g +i8(z)g = —iy(z)p, (4a)
pi—2ikp =21(z)qn, n =—-1(z)(¢"p+p*q), (4b)

where o(z), B(z) are the variable dispersion and non-
linearity parameters, and &(z) represents the gain or
loss of the optical signal, 7(z) describes the interac-
tion between the propagating field and erbium atoms,
and ¥(z) is the parameter accounting for the interaction
between silica and doped erbium atoms. Integrability
of System (4) has been reported in [14], where certain
constraints for the variable dispersion and nonlinear-
ity parameters have been derived through the Painlevé
analysis.

With p and 1 defined above and through the trans-
formations

k ki

vi=e¥a;,  w=ea, 5

System (4) can be written as [16]

ig. +a(z)qn + B(2)|gl*g+18(2)q
+2iy(z)a1a* =0,
ay, = 1(z)qaz, az,+2ika, = —1(z)q*a;.

(6a)
(6b)

Accordingly, solutions for System (4) can be given
when those for System (6) are obtained. It has been
shown that System (6) is Painlevé integrable and has
the Lax pair [17] when 20(z) = (z) = constant,
7(z) = constant, 7(z) = 1, and 6(z) = 0. To our knowl-
edge, only one-soliton solutions for System (4) have
been given [15].

This paper will be arranged as follows. In Section 2,
for System (6), the bilinear form will be derived, and
the N-soliton solutions will be deduced through the
formal parameter expansion, under certain parametric
constraints. N-soliton solutions for System (4) will be
derived through the relation between System (4) and
System (6). All solutions are obtained by symbolic

computation [18—20]. In Section 2, figures for Sys-
tem (4) will be plotted to graphically show the evo-
lution and interaction of the SIT-NLS solitons, and
the SIT effect will be found to be responsible for the
change of the soliton velocity and phase. Section 4 will
be our conclusion.

2. Bilinear Form and Soliton Solutions

In the following, we will use Hirota’s bilinear
method [21, 22] to construct the multi-soliton solutions
for System (4).

To solve System (4), we consider the following
Painlevé integrable constraints [14]:

_ o(2)B:(2) — B(2) () and

4(z) 20(z)B(z) (7
B(z)
(2) = 20(z)’

and can obtain the variable-coefficient bilinear form of
System (6) as

(iD.+a(x)D7) (g ) = —2ini(g)mh*,  (8a)
Di(f-f) =28, (8b)
Di(m-f) = gh, (8¢
Di(h- f)+2ikhf = —g"m, (8d)
with the dependent variable transformations
200(z) g m h

= s = ) == > 9

NGB TR )

where g, h, and m are the complex functions of z and

t, f is the real one, and ¥ (z) = 2/1‘((1)) ¥(z). D; and D,

2
are the bilinear differential operators [21] defined by

a a2\
DID}(f-g) = <8z - 81’)
0 a\"
(5= 30) a0l

Expand g, h, m, and f with respect to a formal expan-
sion parameter € as below:

(10)

g=eg1+€g+eg+...,
m=1+¢emr+e*ms+emg+ ...,
h=¢eh +€eh3+hs+...,
f=14+efH+e*fu+elfs+...,

an
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where g;, hj,andm, (j=1,3,5,...;n=2,4,6,...) are
the complex functions of zand ¢, and f,, (n =2,4,6,...)
are the real ones, which will be determined.

2.1. One-Soliton Solutions

In order to obtain one-soliton solutions for Sys-
tem (6), we choose

g=E&Eg|, m= 1—|—82m2,

12
h=eh), f=1+¢f. (12)

Substituting (12) into (8a)—(8d) and collecting the
terms with the same power of €, we have the following
solutions:

) 6,467
gr=e", my=d e’

. (13)
h=be, h=cre

0, +91*
)
with

2i
_ )
6, —k1t+1k1/a(z)dz+2k+ikl /71(Z)dz+§1,
i 1
2k — k*’ (k1—+-ki‘)27
(Zk—‘rlkl)
(2k —iky) (k1 + &)

by =

dy =

where &;, ki are all arbitrary complex constants. One-
soliton solutions for System (6) can be explicitly ex-
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pressed as
a(z) 1 eif1 —i¢
sechy, a) = e “sechy,
2B() Ver 2/
1 1 14)
a =5 e'? (1 +tanhy) + (1ftanhx)
with
— _iln 2k+1k1 o 91+9f+1]’1€1
T T AT 2
(Pl = Im(Gl).

Then, the one-soliton expressions for System (4) are
given as follows:

e'?sechy,
= / \/»

e'sechy [e'? (1+tanhy)

s)

2 (16)
+ (1 —tanhy)],

b? 1o ;
n=—Lsech’y — —[(e'” —1)tanhy + (e'? +1)]
4C| 4
- - 17
[(e7' —1)tanhy + (' +1)]. a7
2.2. Two-Soliton Solutions
Employing the following expansions
3 2 4
=¢eg1+€g3, m=1+&m+€my,
8 81 83 2 4 (18)

h=¢eh +&h3, f=1+e"fr+efy,

we obtain the two-soliton solutions for System (6) as

_|20(z) ¥ + e% 4 ngy 0010 4 gy 011046 (19)
q= B(z) 1+cp ef1+6; +621692+9'* +61266]+92* +C22€92+92* Ty 0110/ +6,+65"
1+dy 70 +dy 210 4 dypef 0 4 dyy 8210 4 gy 01701 1010 (20)
ar =
1 1+C1] 691+9]* + o1 692+9|* +C12691+92* +cm 692+92* +cu 691+9]*+92+95‘ )
b1e® +bye®% + b3 W00 4 pyyeftOi 6 1)
a2 - * * * *
1+ecq eel+el* +coy e62+91 +C12661+92 +c2 e92+62 +ey 691+9f+92+92 ’
with
b i 0 kt+'k2/()d+ 2 )it & for j=1,2
= i=kjt+ik; | a(z)dz+ ——F%(z)dz+¢&; for j=
I i T 2k+ik; " oI = 55
(kl 7/(2)2 i(2k+ ikl)(kT —k;)z
n3p = b3 =

(ky + K02 (k1 +K7)2 (2k— ik}) (2k — ik3) (ky +K5)2 (ki + k)2
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(ki — ka)? 1(2k + ko) (K — k3)?

= b =
T ) ) TR T =ik (2k— 1K) (1K )2k K5
1 1 1
Cll—m7 CIZ_W, Czl—ma
1 (2k + iky) (2k + iky)
n="7—""r5, du= — 5 du= — 3
(k2 +k3) (2k — iky) (k1 +&7) (2k —ik}) (k2 +k7)
diy — (2k—|—ik1) s — |k1—k2|4
2Tk + k)2 T (k) (e 4 kg K
(2k + ko) (2k +iky ) (2k + ikp) [ky — ko |*
dyp = dy =

k= i)k + 2 T (k= iky) 2k — iky) (k k)2 (ka1 k32 lla + K

715

where ki, kp, &1, & are all arbitrary complex constants. Similarly, the two-soliton solutions for System (4) can

be expressed as

206(1) e91 + e@z —|—I’l31 eel+92+9|* +n32691+92+92*
B(@) 14ci1e® O + 0y e®00 4 c1pe®10 4 cpp 070 ¢y b HOT 02167

q:

* *
by e® + by e + by e 000 4 pr Ot 0146,
1+ep e0116; +0o o0 1+6] +612€91+92* +c 02163 JrC4661+91*+92+92*
1+cqy eel+91* +ca1 eez+91* +Clzeel+92* +cm eez+eg +ca eel+91*+62+92* ’

p=2

(bl eel* +by 692* +by; ee|+92*+91* +by 692+91*+92*)(bT e +b; eb2 +b§l eG]+92+91* +b§2 691+92+92*)

(22)

(23)

(1+c11e® PO 431 %2700 4 01p 070 4 02y 0105 4 ¢y 01 TOH02767 )2
1+dp, 691+9f‘ +dyy 662+91* +d12691+92* +dn erJer* +dy 691+91*+92+62*
1+d;, 0167 +d5, 201165 +di, et t6; +d3, 02165 +d; 0116/ +6:+67
1+C11 691+91* + 1 692+9]* +C12€91+9§ +cm 692+92* +cu 691+91*+92+9§ .

(24)

With (7), the N-soliton solutions for System (6) in ¢ (z1)

the sense of [23] can be expressed as

u=0,1 =1 I<j

2
20:(z) g(z,1) m(z,1) m(z,t) = z /exp {ENM(G, + (1))

10 =\ feay (5) W

ar(z,t) = h(z’tg, +l§,j€0(l,j)llzﬂj

2N
where (e = 3 exp | 3 u(6 - vi0)
1=0,1 =1

, 2N 2N ) 2N
fen=3% eXP(ZMGIJrZ(P(M)MM)’ +Z(P(l»j)/ill~lj]>

u=0,1 =1 1<j i<j

oo
—
N
~
~—
Il

" w 0 w I 2N
u=0,1 exp(Zul r+ 20 ’])m”j) h(z,t) =1 eXP{ZN1(91+W(l))

I=1 I<j e &

" 2N 2N
= eXP(Zu191+Z<p(l7j)uzuj

)

(26)
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2N
+Z¢%ﬁmw}

I<j
. ' . 2N
W =—i Y W{Zm@—w@)
1=0,1 =
2N
+Z¢@ﬁmw}
I<j
with
, 2i
6 :klt+1k12/a(z)dz+2k+ik{%(z)dz+§;

for [=1,2,...,2N,

61+N:9[*, k1+N:k7 for l:1,27...,1\/7
1

Lj)=ln———

o= G

and j=N+1,...,2N,

for I=1,2,...,N

1
o(l,j) = _lnm for [=1,2,...,N
L—Rj

and j=1,2,...,N,

or [=N+1,...,2N and j=N+1,...,2N,

vw(l) =In(2k+ik) for [=1,2,...,N,

v(l) = —In(2k—ik;) for [I=N+1,...,2N,

where k; and & are all complex constants related to

the amplitude and phase of the /th soliton, 2121<V j in-
dicates the summation over all possible combinations
taken from 2N elements with the condition [ < j, and
Su—o0.1> Zu—o.1> and X" o indicate the summations
over all possible cases of y; =0,1 for / =1,2,...,N
under the conditions

N N N N
=Y tan, Y =1+ Y"1y,
=1 =1 =1 =1

N N
L= " n-
=1 =1

Then, the N-soliton solutions for System (4) can be
given in the form of

g=gq, p=2aiay*, and N = |az|* — |a1]>. (27)
3. Results and Discussions
Based on the solutions for System (4) involving two

arbitrary functions o/(z) and §(z), whose different val-
ues correspond to various physical systems, we will
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consider some special cases in the literature. In this
paper, we choose a periodic distributed amplification
with the varying GVD and nonlinear parameters in the
following form [24]:

a@:gfmwmmx
B(z) = Ry + Ry sin(p2),

(28)

where Ry, R;, and p are the parameters describing Kerr
nonlinearity and Dy is the parameter related to the ini-
tial peak power in the system. For the sake of conve-
nience, we assume the parameters as Ry =0, Ry =1,
and Dy = 1.

The soliton velocity via (15) can be given as

v 12k + ky |2
a i(k]—kT)|2k+k1|2OC(Z)+2’}/1(Z)

(29)
with 1) = | 3o 5702

With suitable choice of the parameters in (15), (16),
and (17), we will give Figures 1 and 2. It should be
noted that in Figure 1, ¢ = 0 corresponds to the case
of the fibers without any loss or gain. In such case, the
pulse does not suffer any broadening or compression
except the possible phase shift induced by the SIT
effect. To study the influence of the SIT effect to the
solitons, we choose y(z) = 0 in Figure 2, which illus-
trates the soliton propagation without the SIT effect.
For comparison, ki, &1, a(z), and B(z) are of the same
values in Figures 1 and 2. As shown in Figure 1, the
solitons propagate along the z-axis with the periodic
oscillation, as a result of periodic distributed amplifica-
tion (28). However, Figure 2 illustrates that the solitons
oscillate periodically in a fixed area. From the compar-
ison between Figures 1 and 2, one can find that the SIT
effect is responsible for introducing the change of soli-
ton velocity and phase. In addition, one can observe
the bright and dark two-peak solitons in Figure 1b
and c, respectively, as well as in Figure 2b and c.
Above analysis and plots are based on the considera-
tion y(z) = constant. Next, we analyze the optical pulse
propagation for other forms of y(z). Without loss of
generality, we assume ¥(z) = 0.1z and y(z) = sinz and
respectively plot Figures 3 and 4 with the same param-
eter values as those in Figure 1. From these two figures
we can notice that the profile of the soliton changes
compared with Figure 2. The corresponding evolution
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(@) (b)
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(©)

Fig. 8 (colour online). Same as Figure 5 except for p =0.8, k; =1.1+1.31,kp = 1.1 —-1.3i,and 0 = —0.1.

This phenomenon is owing to the choice of o > 0,
which corresponds to the dispersion-increasing fiber.

Similarly, the case of 0 = —0.1 is also consid-
ered, and the periodic interaction is shown by Fig-
ure 8. Unlike that shown in Figure 7a, the amplitudes
of the two solitons decrease while propagating in the
fibers, which can be seen in Figure 8a, as a result
of the negative value of o. In this case, it represents
the dispersion-decreasing fiber. Relevant issues can be
seen in e.g. [25-27].

4. Conclusions

In this paper, we have investigated an INLS-MB sys-
tem, namely System (4), which describes the optical
pulse propagation in the erbium-doped fiber with the
variable dispersion, nonlinearity, and gain/loss param-
eters. Wave functions v; and v, and transformations
in (5) have been introduced, so as to generate Sys-
tem (6). By way of the bilinear form (8a)—(8d) for
System (6) and with the constraints of (7), we have
derived the one-soliton solutions (15)—(17), the two-
soliton solutions (22)—(24,) and the N-soliton solu-
tions (25)—(27) for System (4), through the relation
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