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The present paper deals with eigenvalue problems for the Schrodinger equation with energy-
dependent potential and some separated boundary conditions. Using the method of contour inte-
gration, we obtain some new regularized traces for this class of Schrodinger operators.
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1. Introduction

The problem of describing interactions between col-
liding particles is of fundamental interest in physics.
One is interested in collisions of two spinless parti-
cles, and it is supposed that the s-wave scattering ma-
trix and the s-wave binding energies are exactly known
from collision experiments. With a radial static poten-
tial V (x) the s-wave Schrodinger equation is written as

Y'(x)+[E = V(E,x)]y(x) =0,

where V (E,x) = 2VEP(x) + Q(x).

In particular, with an additional condition Q(x) =
—P?(x) the above equation reduces to the Klein—
Gordon s-wave equation for a particle of zero mass and
energy VE [1].

In this paper, we consider the boundary-value prob-
lems generated by the differential equation

Lu(x) S (x) + [A2 =22 p(x) — g(x)]u(x) =0,

1
x€(0,m), W

where A is a spectral parameter and the functions
q(x) € W) [0,7] and p(x) € WZ[0, 7]. Equation (1) is
respectively endowed with boundary conditions

u(0) =0,

(BC1) u(r) =0 2)
u(0) =0,

BED - (7) + Hu(x) = 05 ©)

and

W' (0) — hu(0) =0,

®c3) g 4)

The trace identity of a differential operator deeply
reveals the spectral structure of the differential oper-
ator and has important applications in the numerical
calculation of eigenvalues. Here we refer to the ref-
erences [2—11], with which the author became ac-
quainted while doing research on the present paper.
In [12], we obtained regularized trace formula for (1)
with the boundary condition

' (0) —hu(0) =0,

)
BCH v(m)+ Hu(m) =0, h, Her, ©

However, the boundary condition in (5) does not in-
clude boundary conditions (2), (3), and (4). In this
paper, we try to obtain some new regularized traces
for this class of Schrodinger equation with boundary
conditions (2), (3), and (4), respectively.

2. Results
Problem 1. Let A,, n € Z\ {0}, be the eigenvalues

of (1) and (2). Then the sequence {4, :n=+1,£2,...}
satisfies the following asymptotic form:

b I
An=n+co+1+ﬁ2+o(2), (©)
nw  4n°w n
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where
1 T
=— dx
c=— [ b
1 (7 2
b=~ / () +q(x)] dx, %
2
B = O (m+2 [ () —collp(x)+(x)) .
It is seen from (6) that the series
& 4b
sldéfz [(?Ln—co)z—l-(l_n—co)z —2n? — 71 (8)
n=1

is absolutely convergent.

Problem 2. Let {,, n € Z, be the eigenvalues of (1)
and (3). We can prove that the sequence {, : n =

0,£1,+2,...} satisfies the following asymptotic ex-
pression:
1 bi+H V4
=n+z+co+
o 2" i D A+ D
) )
“o(7).
where
y=p O +7 (0 +2 [ 1) —aollp) + ()]s
+H [p(fr) —co.
It is seen from (9) that the series
oo 2
def 1 2(by+H
$H= S [(Cn_cO)Z_ (n+2) _%
n=0 (10)

3

n=1

(§n—co)?— (n—;>2_2(bln+H)

is absolutely convergent.

Problem 3. Let u,, n € Z, be the eigenvalues of (1)
and (4). Then the sequence {u, : n =0,%+1,£2,...}
satisfies the following asymptotic form:

bi+h i 2]
4(n+1)2r

A +1+ +
n =Nn-T 5 1TC)
2 (n+H)m

e
Onz,

(1)
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where

6=—p'(0

+2/
+h[()—Cd~

It is seen from (11) that the series

e 2
] (e

n=0
o (w I\ 2140
#— 0 ) p

2(x)+q(x)]dx

(12)
Z

is absolutely convergent.

In this work, we shall derive the sums of the series
in (8), (10), and (12) in an explicit form, which are so-
called regularized traces.

Theorem 2.1. We have the trace formulae
1= 22— () = p(0) + () + p(O)]co
13
. gm+g0) (4
0 2 ’
s2=p* (1) = p*(0) + [p(0) — p(m)]co
L 4™ =4(0) _ o (14)
2 b
and
53 = p*(0) = p*(m) + [p(m) — p(0)]co
L0 —g(m) 3
2 )

where by and cq are defined by (7).

Remark 2.2. For a special case p(x) =0 in (1), the
trace formula (13) implies

q(0) +4(r)

Z[&%—nz—;/;q(x)dx} —_1Of
+£i[ﬂﬂ

Here 2 are eigenvalues of the well-known Sturm-
Liouville problem with the Dirichlet boundary condi-
tion of (2). This result was previously obtained in [6].

3. Solutions to the Schrodinger Equation

In this section, we recall a refined estimate for a fun-
damental pair of solutions to the equation I, u(x,A)
= (0, which will be used in Section 3.
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Lemma 3.1. [13] Ler w(x,A) and ¢(x,A) be the solu-
tions to [yu(x,A) = 0 with the initial conditions

(V/(O,l), W(Ql)) = (0’ 1) = ((9(0’2')7 (p/(07z’))’
then the following representations hold:

 sin[Ax — a(x)] cos[Ax — o(x)]

px ) = SOOI () SO

ta(v) s1n[7tx):2 o(x)] () cos[?Lx)L; o(x)]
in[Ax—a(x ™

ra) R (1)

cos[Ax — ot(x)]

A
cos[Ax — ot(x)]
22

y(x,A) = cos[Ax — ot (x)] — ¢1 (x)

+bmnsmmxg*“”]+dx@

+dﬂ@ﬂﬂkaza@”+o(i?>,

where T = |ImA|, and

() =~ 317/ (3)+ P/ (O)] + 31 () [p(x) ~ p(0)]

5 | PP (1) +q(0)]dr.
0

It is easy to obtain asymptotic expressions of the
functions ¥'(x,A) and ¢'(x, ).

Corollary 3.2. [13] Ler w(x,A) and @(x,A) be the so-
lutions to I u(x,A) = 0 with the initial conditions

(V/(Ovz’)’ W(Ovz’)) = (07 1) = ((P(O,)L),(PI(O,A)),

then the solutions have the following representations:

o' (x,A) = cos[Ax — a(x)] +ci (X)M

o) sin[Ax — ot(x)]

tes() sin[lx)t—2 o(x)] o ((;;" 7
Y/ (x,A) = —Asin[Ax — a(x)]
+b;(x) cos[Ax — ot(x)] 4+ a; (x) sin[Ax — ot(x)]

cos[Ax — or(x)] sin[Ax — ot(x)]

+e1(x) +e2(x) 1
eT)C
+o0 (l) ,
where
c2(x) = =2 [3p%(x) +2p(0)p(x) — 5p*(0) +24(x)
~24(0)] - 3510,
e3(x) = 5[0+ P ()]~ 501 (Dlp(x) — p(0)]
+3 [ P00 +q)a,
e1(x) = 517/~ ()]~ 561 (lp(x) + p(0)]
3 [ P06 + g,
0
ex(x) = £39°() ~ 2p(0)p() +39°(0) + 24(x)

4. Proof of Theorem 2.1
For convenience, we now set

ai :al(n), azzaz(ﬂ), by :bl(n), b2:b2(7t).

We only present the proof of the identity in (13).
The proofs of identities (14) and (15) are similar to the
proof of the identity (13), thus we omit them. First,
we shall prove that (13) is true under the assumption
co = 0.
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Fig. 1. Contour Iy, in
a A-complex plane.

From Lemma 3.1 and Corollary 3.2, we see that the
characteristic equation in (1) and (2) can be reduced to
¢(A) =0, where

o(A) = sin()iLn) B lcos}(ﬁn) Lay sin)(;ur)
: my  (16)
+bzcos(ﬂ,ﬂ:) n sin(A ) +o<e > '

23 a2 13

and denote by A, n € Z\ {0}, zeros (simple) of the
function @p(A), then

0 __
A, =n.

Let C, be circles of radii r (r small enough) with the
centers at the points n. For an integer n, let I'y, be the
counterclockwise square contours ABCD as in Figure 1
with

A<No+;)(1i)73 (No ;>(1+l>
C= (N0+;)(1+i), D= (N0+;> (=1—1).

For Ny large enough, on the contour I,, for ¢t €
[0, 7], there hold uniformly (see [12]: Lemma 3.1)

sin(At) cos(At)
sin(A ) sin(A )
Combining (16) and arranging the terms on the

right-hand side in decreasing order of powers of A, we
have

¢(4)

N —bicot(Am) ax+bycot(Am)
(1) A A2

<4 and

<4. (17)
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on the contour Iy, or C,. Expanding log (( )> by the
Maclaurin formula, we find

¢(A)  aj—bjcot(Ar)

F o) A
(ay— 3a?) + (ba+aiby) cot(Am) — cotz(ln)
+ 22
+o (;) (18)

on the contour I'y, or G,.
By the residue calculation [14], the following iden-
tities are true:

1 cot(Am) 1
. A = —,
2ni.}€n A nw’
1 cot(Am) 1
e A e
1 t?
7?{ co ()Ln)d/'L:— 2 '
2niJe, A? n3m?
Using the residue formula
1 ¢(4)
P :——]fl O 4
" o Je, P o)
we obtain
by —by —a1by 1
l_n+7+ 4n’r Jr0<nz)’ 19
where
2/
by+arby = 2/ +q(0)]dx.

Thus, we have the asymptotic formula of the eigenval-
ues for (1) and (2) with ¢y = 0.

The asymptotic formula (19) implies that, for all
sufficiently large Ny, the numbers A, which are the
zeros of the function @(A), with |n| < Ny, are inside
Iy, and the number A, with |n| > N, are outside Iy, .
Obviously, l,?, which are the zeros of the function
©o(A), don’t lie on the contour Iy,.
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By residue theorem, we obtain that

— 2n2)

“zih, Lo o #

_ b 201, 9(4)
=50 f;N A“dlog )

_ b p(A)
=~z . klog(po(/l)dk.

Using the well-known formulae

(20)

- 1

& 1
2
-5, CSC"Z=

1
cotz=—+42z 7
z 2 2 W (24 nm)?

we get

1 2 1
—7{ cot(Am)dA = NO7+7
27l T, T

1 n
77{ cot(Am) A =0,
2mi Jry, A

X

1 cot“(Am) 1
m?ngOA = —1+0<N0)

From (18), by calculating residues, we have

1 ()
- — 2Alog ——=<dA
2mi Ji, % o(A)
1

= _zmﬁ% [Z(al —bjcot(Am))
(2ay —a?) +2(by +aby) cot(Am) —
' A

b?cot?(Ar) "

+o(1)
1

:2b17,% cot(?Ln:)dl+a?—2a2—2(b2+a1b1)
27 T,

cot(Am)

1
'27:1?{% )

2
2i7{ AT 43 +o(1)
FN(J

dA

b
toog A
2No+1

:2b1 +a1 Zaz—bl +0( )
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From (20), we get

No 2Ny +1
22422 —op?) =2p, 0T
n;( " " ) T Q1
—2ay — bt +o(1).

Passing to the limit as Ny — < in (21), we find that

2 ‘”’1> _ 2
T T (22)

oo

3 </1,,2+)L2n2

n=1
— 2a2 — b% .
From Lemma 3.1 and Corollary 3.2, a direct computa-
tion yields
—2ay — b% =

_4q(0)+4(m)
e

Substituting (23) into (22), we see that the regularized
trace 51 with ¢g = 0 has the following form:

> 4 2
v (zl,%+/12,,—2n2—b'> _2h
=1 T T

_pZ(ﬂ:) _p2(0) _ C](O) 42—q(7r) ]

Now we consider the case cg # 0. By a direct calcu-
lation, we note that the equation

—u" (x) + [q(x) + 24 p(x)]u(x) =

—p*(m) = p*(0)
(23)

(24)

A%u(x)

is equivalent to

—u" (%) + [g(x) +2pco — €5 +2 (A — o) (p(x) — co)]
u(x) = (A —co) u(x).
Let
/)\vn = )vn — €0, /q\(x) = Q(x) + 2])6‘0 - C(z)
and

plx) = p(x) —co = p(x

-1 [ e

then in this case we have [ p(x)dx = 0 and

=g

Substituting the expressions for g(x), p(x), and o
into (19), we find that the eigenvalues A, satisfy the
following asymptotic formula as |n| — oo:

x)]dx=b;.
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b B 1
’“"—”“”m*m*"(nz)’

where

1 /@
=— dx
€o p /0 p(x) )

b =

B=

(1]
(2]
(3]

(4]
(5]

(6]
(7]

3 |} P raw)ar,

p’(O)—P’(ﬂ)JrZ/O”[p(X)—CO] [p* (x) +q(x)] .
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