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We make use of Hirota’s bilinear method with computer symbolic computation to study a variety
of coupled modified Korteweg—de Vries (mKdV) equations. Multiple soliton solutions and multiple
singular soliton solutions are obtained for each coupled equation. The resonance phenomenon of each

coupled mKdV equation is proved not to exist.
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1. Introduction

Recently, many nonlinear coupled evolution equa-
tions, such as the coupled Korteweg—de Vries (KdV)
equation, the coupled Boussinesq equation, and the
coupled mKdV equation, appear in scientific appli-
cations [1—13]. The coupled evolution equations at-
tracted a considerable research work in the literature.
The aims of these works have been the determination
of soliton solutions and the proof of complete integra-
bility of these coupled equations [14 —24].

Various methods have been used to investigate the
nonlinear evolution and the coupled nonlinear evolu-
tion equations. Examples of the methods that have
been used are the Hirota bilinear method, the Hietar-
inta approach, the Bécklund transformation method,
the Darboux transformation, the Pfaffian technique,
the inverse scattering method, the Painlevé analysis,
the generalized symmetry method, and other meth-
ods. The Hirota bilinear method [1-7], the Hietar-
inta approach [8, 9], and the Hereman simplified
form [10-12] are rather heuristic and significant.
These approaches possess powerful features that make
them practical for the determination of multiple soliton
solutions [13 —24] for a wide class of nonlinear evolu-
tion equations. The computer symbolic systems such
as Maple and Mathematica allow us to perform com-
plicated and tedious calculations.

It is interesting to point out that the soliton solution
should demonstrate a wave of permanent form. The
soliton solution is localized, which means that the so-

lution either decays exponentially to zero such as the
KdV solitons, or converges to a constant at infinity
such as the sine-Gordon equation. Since we will talk
about the multiple soliton solutions, we point out that
the soliton interacts with other solitons preserving its
character. We also add that the soliton solution u(x,?),
along with its derivatives, tends to zero as | x |— co.
This clearly shows that the soliton reside in Hilbert
space, and it results from initial-boundary value prob-
lems.

Concerning the modified KdV equation, it describes
nonlinear wave propagation in systems with polarity
symmetry. The mKdV equation is used in electrody-
namics, wave propagation in size quantized films, and
in elastic media. It is used to describe acoustic waves
in anharmonic lattices and Alfvén waves in collision-
less plasma. The mKdV equation differs from the KdV
equation only because of its cubic nonlinearity. The
mKdV equation is completely integrable and can be
solved by the inverse scattering method.

In this work, a variety of coupled mKdV equations
will be investigated for complete integrability and for
the determination of multiple soliton solutions. The
coupled mKdV equations that we selected are

Uy +60uviy, + e =0,
(1

Ve +60uvvy + Vi =0,

u; + 60Uy, + 6u2ux — 6v2ux + Uy =0,
2

v + 240uvu, + 6u2vx — 6V2vx +Vix =0,
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and

u; + Oc(vzux — uzux) + %uxxx =0,
o 3)
v+ oc(v2vx — uzvx) + va( =0.

The Hirota bilinear method [1-7], the Hietar-
inta approach [8, 9], and Hereman’s simplified
form [10—12] will be used in this work. Our goal is to
construct multiple regular soliton solutions and multi-
ple singular soliton solutions for each coupled equa-
tion. Hirota and Ito in [2] examined the phenomena
of two solitons near the resonant state, two solitons at
the resonant state, and two solitons after colliding with
each other. The systems of mKdV equations (1)—(3)
will be tested for resonance effects.

2. The First Coupled mKdV Equation

We first study the coupled mKdV equation given by
Uy +60uviy + e =0,
“)

Vi + 60V, 4+ vy =0,

where « is a constant. For u = v the system (1) be-
comes the mKdV equation. This system was studied
first by Hirota [1], then by others.

2.1. Multiple Soliton Solutions

Substituting

u(x,t) = e¥. 6, =kix—cit,

v(x,1) = Ae?, ®
where A is a constant, into the linear terms of (4) gives
the dispersion relation by

ci=k, ©®)
and as a result we obtain

60, = kix—kt. @)

The multi-soliton solutions of the coupled mKdV
equation are given by

St fig—gf
u(x,t) = R(arctan (gg,t; ))x = R%7

v(x,t) =Ry (arctan (f(x’t))) =R fx8 — &xf

®)

1 3
g(x,1) fr+g?
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where the auxiliary functions f(x,) and g(x,7) for the
single soliton solution are given by

f(x,t) — e61 — eklek?l’
gx,r) =1.

Substituting (8) and (9) into (4) and solving for R and
R;, we find

R=p,
_ 4 (10)
-

®

Ry

where f3 is a constant.
Combining (8)—(10) gives the single soliton solu-
tion

M(X,t) — M

14 o2 (k)7

ky (x—31)
v(x,t) = e T —~-
OCﬁ (1 +ezk1 (X7k]t>)

The last result determines the relation between u(x,¢)
and v(x,7) by

an

u(x,t) (Xﬁz
IV 12
v(x,t) 4 12)
To determine the two-soliton solutions, we set
fxt) = el pef2 =¢h (X*k%t) +ek (x*k%’) )
(13)

01+6, _ (ki) (K +43 )1

g(x,t) =1—ape —ape

Substituting (13) into (8) and using the obtained re-
sult in the coupled mKdV equation (4), one obtains the
phase shift aj> by

(ki —k)?
app = ma (14)
and this can be generalized to
ki — k)2
a;j:M,1§i<j§3. (15)
iTKj

The two-soliton solutions are obtained by substituting
(14) and (13) into (8). It is interesting to point out that
(1) does not show any resonant phenomenon [2] be-
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cause the phase shift term a, in (14) cannot be 0 or o
for [ky| # |ka|.
To determine the three-soliton solutions, we set

fx 1) =e® +e% +e% —anaane® T4
_ ok (i) | oo (vr) ko (k)
(1333013

_ apagsagzelbi ) (k,+k2+k3)t7

01+6, 0,+63 6,+65

glx,t)=1—ape —ajze —anse (16)

1 appeththa)e (K+43)1

 apselbathae (K3+43)1

— apgellathae (k§+k§)z’

where the phase shifts a;; are derived above in (15).
The three-soliton solutions for the coupled mKdV
equation (4) are obtained by substituting (16) into (8).
It is obvious that N-soliton solutions can be obtained
for finite N, where N > 1.

2.2. Singular Soliton Solutions

In this section, we will determine multiple singular
soliton solutions for the coupled mKdV equation (4).
Following [13], the singular soliton solution of the cou-
pled mKdV equation (4) is assumed to be of the form

a2 -+

IR

where R and R, are constants that will be determined.
The auxiliary functions f(x,7) and g(x,¢) have expan-
sions of the form

a7

o

Fle,r) =1+, fulx,1),

n=1

glx,t)=1- i gnlx,1).

n=1

(18)

Following the discussion presented in the previous sec-
tion, the dispersion relation is given by

ci=k, (19)
and as a result we obtain
6; = kix—k’t. (20)
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The obtained results give a new definition to (18) in the
form

Flot) = 14k (H1)
(21

glx,t)=1 _eh (xfk%t).

Substituting (21) into (17), and using the outcome in
(4), one obtains

RZﬁ?

R =

1 (22)
-

where 3 is a constant. Combining the previous results,
the singular soliton solutions

B Zﬁklekl (X*k%t)

u(x,t ,
(1) | _ okt (x—#3)
(23)
ket (x—k31)
v(x,t) =—
off (1 —eh (x—#31) )
are readily obtained. It is clear that
u(x,r) )
=— . 24
e P 9

To determine the singular two-soliton solutions, we set

o) =1+e% +e% 4 a0, S
(25)
gl t) =1—e% —e% 1 pppe?ito,
Substituting (25) into (18) and using the outcome into
(4), we find that (25) is a solution of this equation if the
phase shifts a;> and by, and therefore a;; and b;;, are
equal and given by

(ki —k;)?
(ki+kj)*
For the two-soliton solutions we use 1 <i < j<2to
obtain

ajj = bjj = (26)

Flet) =1 4 (41) | oo (v-431)

(ki —k2)* (k) k) (k3443
(k] —l—kz)z ’

2(rt) =1 — e (41) _ gk (+-431)

+
27

E:] - iz%i elki+ko)r—(I3+3)
1tk
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This in turn gives the singular two-soliton solutions if
we substitute (27) into (17).

To determine the singular three-soliton solutions,
we can proceed in a similar manner and set

) =1+e? +e% b 4 qp,e0 70
6,+6 6,+6
+ae® "% +ae” % + f3(x,1),
gx,) =1—e —ef B 1 g, t0

+ane® % + a3t + g3 (x,1).

(28)

Substituting (28) into (17) and using the result into (4)
to find that

flx,) =
g3(x,t) = —bize

6,+6,16
bpze”t TR,

914»92+937 (29)

b1z = apaizas.

For the singular three-soliton solutions we use 1 <i <
j < 3, we therefore obtain

flot)=1+¢e" (x431) +e (x-t31) +efs (x—431)

(ki —kp)? (k1+kz)x—(k?+k§)’

(ky +k2)2

(ki _k3)ze(k1+k3) —(+43)1

(k1 +k3)?

(ka—k3)* ol )= (B+43)

(ka +k3)2

(k1 — ka)? (ki — k3)* (ko — k3)

(k] +k2)2(k1 +k3) (kz +k3)
elkithaths)x— (k§+k§+k§)z

(30)
grr) = 1—ch (x=k31) _ oo (xH3r) _ s (—31)

L ki —k) kz)z (k1o )x— (K431

(ky +k2)2
4 ki) (k1 — ks)z (ki) (k3 +43) 1

(ky +k3)2
LTk (k2 *k3)2 (ko k3 )x— (B+43) 1

(k2 +k3)2

(ki —k2)? (k1 —k3)* (ko —k3)?

(kl +k2)2(k1 —l—kq) (kz —|—k3)

ekithotks)x— G +k§+k3)t.
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The singular three-soliton solutions follow immedi-
ately upon substituting (30) into (17).

3. The Second Coupled mKdV Equation

We next study the coupled mKdV equation given by
u; +60uvy, + 6u2ux — 6v2ux + Uy =0,
(€29)
v: + 24 0cuvu, + 6u2vx — 6v2vx + Ve = 0,

where o is a constant. The discussion here will be par-
allel to our discussion above.

3.1. Multiple Soliton Solutions

Proceeding as before, the dispersion relation is
given by

ci=k}, (32)
and we also obtain
6; = kix—kt. (33)

The multi-soliton solutions of the coupled mKdV
equation (31) are assumed above in (8) where the aux-
iliary functions f(x,t) and g(x,¢) are as given above in
(9). Substituting these results into (31) and solving for
R and R, we find

2
R=4+—"
Via—3 (34)
=42,

Combining these results gives the single soliton solu-
tion

ky (x—31)
u(x,t) ==+ 2kie l AT OC>§7
%405_3(14_8% (xfk]r>) 4

ky (x—#2)
v(x,1) =+ et (35)

=31 Y

The last result determines the relation between u(x,?)
and v(x,t) by
u(x,t) 1

vt 2 (36)



A.-M. Wazwaz - Variety of Coupled mKdV Equations

To determine the two-soliton solutions, we set

flx,t) = e pef = ekl (x_k%’) + ek (x—k%t) :
(37)

0,46, =1 (k1+k2)x— (k%-H(g)t

glx,t)=1—aje —ape
Substituting (37) into (8) and using the obtained result
in the coupled mKdV equation (31), one obtains the
phase shift a;, by

(ki — k2)?
app = W; (38)
and this can be generalized to
ki —kj)?
a,-j:m,lgi<j§3. (39)
iTKj

The two-soliton solutions are obtained by substituting
(38) and (37) into (8). It is interesting to point out that
(38) does not show any resonant phenomenon [2] be-
cause the phase shift term a;, in (38) cannot be 0 or o
for [ky| # |ka|.

To determine the three-soliton solutions, we use the
assumption set in (16). The three-soliton solutions for
the coupled mKdV equation (31) are obtained in a like
manner to the analysis presented earlier. It is obvious
that N-soliton solutions can be obtained for finite N,
where N > 1.

3.2. Singular Soliton Solutions

In this section, we will determine multiple singular
soliton solutions for the coupled mKdV equation (31).
Following [13], and proceeding as in the previous sec-
tion, we obtain the following results:

1) The auxiliary functions become

flr) = 1464 (4

(40)
gx,r) =1—¢" (xfk%[).
Proceeding as before, one obtains
R=—L o2
V5 —4a’ 4’ 1)

Ry =+2.
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Combining the previous results, the singular soliton so-
lutions

L 2% ok (v=k3r)

ux,t) = )
(1) | ek (=)
(42)
kg (x—k2)
v(x,t) ==+ ;
V3—da(1-et (X*"lf))
are readily obtained. It is clear that
u(x,r) 1
=+—. 43
v(x,t1) 2 “3)

ii) To determine the singular two-soliton solutions, we
proceed as before to find that the phase shifts aj» and
b2, and therefore a;; and b;;, are equal and given by

(ki —k;j)*
(ki+kj)*

For the two-soliton solutions, we use 1 <i< j<2to
obtain

ajj = bjj = (44)

f('xvt) =1 —+ ekl (Xik%t) + ek2 (x7k§t)

(ki —k2)* (k) ko) (k3443
(kl +k2)2 ’
(45)

g(x,t) =1-¢l (ka%’) _ ek (xfk%t)

(ki —k2)* (k) k) (k3443
(k] +k2)2 '

This in turn gives the singular two-soliton solutions if
we substitute (45) into (17).

To determine the singular three-soliton solutions,
we can proceed in a similar manner and set

+

fl,t) =1+e% e e 4 qpe% 70

+axe® % 4 a3eh 70 4 f(x, 1),
(46)
glx,r) =1—e% —e® —e% 4 gppef 1o

+ a23662+93 + a13691+93 +g3 (x,t).

Substituting (46) into (17) and using the resultinto (31)
to find that

f3(x,1) = byp3ed1 +02+0s,
23(x,1) = —byp3eb1T0270

b3 = apaza;.

(47)
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For the singular three-soliton solutions, we use 1 <i <
j < 3; we therefore obtain

) =14t (k) ha(etdr) . gha(+—4)

X— (k? +k%> t

ekt )x— (i-+3-+ )1
)

(48)
glxt)=1- el (xfk%t) —ek (x*k%t) _els (X—kgl)

4 (k k2)2 (ky+ko)x (k?+k§)l

(ki +ka)2°
AL A P (k — k3)2 (k) (k3 +43 ) 1

(kl +k3)2
L e —ks)” (k2 —k3)2 (ks )r— (33 )

(k2 +k3)2

i —k)lh —k)* (b —ks)®

(ki) +k3) (ko +k3)?

el thotka)x— (G ++ )1

The singular three-soliton solutions follow immedi-
ately upon substituting (48) into (17).
4. The Third Coupled mKdV Equation

We consider now a third coupled mKdV equation
given by

o
u + (x(vzux — uzux) + 7 e = 0,
(49)
o
v+ a(vzvx — uzvx) + 7 Ve = 0.

where ¢ is a constant. Our approach will run parallel
to the approach used before, hence we skip details.

A.-M. Wazwaz - Variety of Coupled mKdV Equations
4.1. Multiple Soliton Solutions

The multi-soliton solutions of the coupled mKdV
equation (49) are given by

f 7 f;c xf

()C, ) <arctan < Ex, ; >) = Rfig’
v(x,t) = R (arctan f ? R fxg 8xf
( ’ ) ! ( (géx,l§>)x f2+g2 ?

where the auxiliary functions f(x,¢) and g(x,t) are
given earlier.

Proceeding as before and solving for R and R;, we
find

(51)
R =y,

where 7 is a constant.
Combining (50)—(51) gives the single soliton solu-
tion

Yz T ek1<x7 Kr)

| 4 o2 (= 5i)

)/\/7/( ekl x——kt

aﬂ(1+62k1(x Lye t))

u(x,t) =

)

(52)

To determine the two-soliton solutions follow the dis-
cussion presented before to find that the phase shift a;,
is given by

(k1 —k2)?
a2 = m, (53)
and this can be generalized to
ki — k)2
aU:Eé+;;,1§i<j§3. (54)
iTKj

The two-soliton solutions are obtained by proceeding
as before. It is interesting to point out that (53) does
not show any resonant phenomenon [2] because the
phase shift term ajp in (53) cannot be 0 or e for

k1| # [kal.
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To determine the three-soliton solutions, we set

f(x,t) = eel +692 +693 _a12a13a2369|+62+93
_ e (8) | e 9) 4 - 54)

ky+hky+k3)x— & (I3 +3+K3 )t
— apapzane = (8+6+43) )

(55)

0,+6, 0,+63 692+63

glx,t)=1—ape —ajze an

3 3
—1 —apyelkith)§ (K+43)1

—apgethth§ (K5+43)1

ks )x— % (K3+43 )t
—apzelketha) % (3 3)7

where the phase shifts a;; are derived above in (54).
The three-soliton solutions for the coupled mKdV
equation (49) are obtained by substituting (55) into
(50). It is clear that N-soliton solutions can be obtained
for finite N, where N > 1.
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