Flow around a Triaxial Ellipsoid in a Long Circular Tube
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This paper deals with the three-dimensional analysis of viscous fluid flow in a long circular cylinder
containing an ellipsoidal obstacle. The center of the ellipsoid coincides with that of the cylinder, and
the flow is confined to the space between the ellipsoid and the cylinder when the fluid velocity at the
large distance from the ellipsoid is uniform. The equations of the classical theory of fluid dynamics
are solved in terms of an unknown function which is then shown to be the solution of a boundary

integro-differential equation.

A numerical solution of the integro-differential equation is obtained and the pressure on the surface
of the ellipsoid is presented in graphical forms for various values of the radius of the circular tube.
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1. Introduction

It has been long time since the study on the flow
around a spherical and non-spherical object in a tube
began. The investigations varied from the vortical to
irrotational flow and from the inviscid to viscous flow.
The problem of determining the distribution of a vector
potential in a long circular cylinder containing a spher-
ical or a spheroidal obstacle has been investigated by
Smythe [1, 2]. The problem of flow around a sphere
in a tube has been also investigated by others [3, 4].
However, relatively sparse attention has been paid to
the solution concerning a triaxial ellipsoidal obstacle,
as a special case of which the analysis on spheres or
spheroids can be dealt. Motion of a viscous liquid past
an ellipsoid in an unbounded space was however inves-
tigated by Venkates [5].

In more recent years, numerical studies on the
motion of an ellipsoid in a circular tube have appeared.
Sugihara-Seki [6] studied numerically the motions of
an ellipsoidal particle in a tube flow. She used a finite-
element method to solve the Stokes equations for flow
around a spheroid placed at various positions in the
tube. The instantaneous velocity was used to compute
the particle trajectories. Swaminathan et al. [7] have
used direct numerical simulations to investigate the
motion of an ellipsoid settling in an infinitely long

circular tube, under the influence of gravity, at low and
intermediate Reynolds numbers. They examined the is-
sue of damping of the oscillatory motion for different
cases of particle inertia.

Information on the potential flow around an ellip-
soid will be of value to the circumstances that occur
in a wind tunnel, to a circular cylindrical flow with
bubbles or to an electrical flow in a circular cylindri-
cal conductor with defects that can be approximated
by a triaxial ellipsoid.

Applications of the study on such flow can be made
in a broad range of biological and engineering fields;
examples include flow due to the motion of proteins
in various biomedical applications and transport of en-
capsuled solid matter in pipelines.

In this paper, we derive the solution of the problem
determining the distribution of the potential in a long
circular cylinder containing a triaxial ellipsoid whose
center coincides with that of the cylinder when the flow
is uniform at a large distance from the ellipsoid. We
assume that the fluid is incompressible and viscous. In
more recent years, the present author has considered
the same problem for the spheroid [8].

In Section 2, by the use of the field equations and
employing Fourier transform, the boundary integro-
differential equation is derived in which the un-
known function is subsequently solved by the Galerkin
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method. In Section 3, some numerical examples are
given.

2. Derivation of the Integro-Differential Equation

In this section we consider the Stokes problem when
the fluid is viscous. Consider a circular cylinder of the
radius % having an ellipsoid whose semi-axes are a, b,
and c. We take the center of the ellipsoid and the cylin-
der as the origin of the Cartesian coordinates, and the
x,y- and z-axis along the semi-axes of the ellipsoid,
respectively, then the ellipsoid occuples the reglon Vv
which is governed by the equation x2 + 5 + Z <1
The surface of the ellipsoid is denoted by S We shall
also use cylindrical coordinates (r, 8,z) which are con-
nected to the Cartesian coordinates by

x=rcosf, y=rsin0, z=z.

Let the velocity of the flow at large distances from the
ellipsoid be vg.

The fluid velocity v and the pressure p satisfy the
Stokes equation and the continuity equation:

Vp=uVv, )]
V.v=0, @)
where u is the coefficient of viscosity. Let v =

(1, uy,u) be the velocity components in Cartesian co-
ordinates. If we choose the velocity components as

02,02y, 9008
dx  dy’ dy  ox
00 3)
=2B,— —
uz T 9

where @ is defined by
@ = By +xBy +yBy +zB;

with By, By, By,B;, and £ being the harmonic func-
tions, we see that (1) and (2) are satisfied by

(2B OBy OB
p_2“<8x+8y+az>' @

The suitable functions for the problem are

BX:Z/ y..

Mpus1(Er)e _iézdé cos(m+1)8,
(5)
By = ZO/ZAm(é)ImH(ér)eiéZdé sin(m+1)0,

(6)
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1 2] J
BZ:{1—2< e —|—y8 +Z>}/R ), (7)

0 :a% / Im )
+ i /_ZBm(é)hIm(ér)e*iéZdé cosm@ — %,
Q= z / (Er)e 52dE sinm6
m=1 )
o/ ﬁ(l ~6n0)
where

R(x—u) = \/(x—u)2+(y—v)2+(z—w)2

and I,(x) is the modified Bessel function of the first
kind, u = (u,v,w), dv is used for dudvdw, and 6, is
a Kronecker delta.

Let (u,,uq,u;) be the velocity components in cylin-
drical coordinates. The velocity at the tube wall is zero:

0y =0, (10)
ug =0, (10b)
u, =0. (10c)

Boundary condition (10a) can be written in an alterna-
tive form as

Fluy(h,0,2);z— &E] =0

where F means the Fourier transform.
We make use of the known integral in Erdélyi
et al. [9]

/ cos( éz)dz
V(x— — )2+

(11)
=Ko(¢¢<x—u>2+<y—v>2)
and
Ko(£y/(s—w2+(—v))
= Ko(E{2+17 — 2 cos(0 - 0)}?) (12)

=1Ip(Er<)Ko(Er>)

+2 i cos{m(0 —0")} ,,(Ers)

m=1

Km(§r>)a
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where ro = min(r,r’),r~ = max(r,r’), Ko,K,, are the
modified Bessel functions of the second kind, and we
have set

u=r'cos®’, v=r'sin@’. (13)

We obtain following relation for solving unknown

An(8); Bn(S), and C(S):
{Im+l (&h) gh m+1 (éh)}Am(é)
— EhL, (ER)Byw(E) +miy(EM)Cin(E)

T il / )" {

+mb(§)]+ £ (&1 w)[—(m+2)Chn 1 (8)

{ W) (O)

+(&° 2m)1m<C)]} (14)

F(E.r'w) = 2+m)f(S,rw)

In(IC])
1 iw ! / i
=& [ b E[K (LD E[) cosmbdve,,

} cosm0'dve,,

m

2 | @R (IE D81 sinmo ave,.
where { = Eh and
F(E.r'w)= % [{2(3+m)(1 +m)
+E2( WA ([EN) + (5 +m) €l B (1)

+iwE {32 +m)Lu(|E1r') +2Lni1 (IE]F)|E |}

FErw) = 3 (1) +E1 I (181)
FiwEhn(E1)),

1,
En =
2,

The condition (10b) can be alternatively written as

if m=0

otherwise.

Flug(h,0,2);z—E]=0
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from which we obtain another relation to solve the un-
knowns A, (€), B (&), and C,y(&):

A (EVn(C)(m+2) B (EVin (L) — LLA(E)Cn()
— 1w1§ /

— 2 L alwenE )P )

LA WK <|c:><§”"+(;ff> z) (1s)

AT W)
(1))

I [ ek () cosmoave,

} cosmB'dve,,

1
b [ @SR CD (&) sinm6 dve,
th \%
The condition (10c) can be alternatively written as
Flu;(h,0,2);z— &E] =0

from which we obtain another relation to solve un-
known A, (&) and By, (&):

Cht (§VAn(E) + CI(E)Ba®)

= [ atwens [Kmuan(é,r’,w)
160 D= 1 )|
cosmbaven — 2 [ b K (1) m(E17)

~cosm9'dv€m+i%05(’g'), (16)

where 8(§) is the Dirac delta function, and we have
used the known relation

%/OwcosideZ 8(&).

Therefore if we solve (14), (15), and (16) simultane-
ously for A,,(&), Bi(&), and Cp, (&), we obtain follow-
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ing equations:

@) =z | [ at{

+f(E.r W)

JCIGE
Rl

F(E,7,w)
An(E)In(1E])

) oo
/ b(u

1‘}swcosme dv]
zil(g()ch)z/Vc(u)lm(ér)eléwsinmeldvsm
(&) (6)vo

2iAo(C)
where
An(8) =
AL ()T 1 (§)2(m+1) = L (I,

_ Kin([C]) _ Clnt1(6)
&)= T0) " Buln(1E)
and

Bm@):—l.[ / a(u){éGm@)F(é,raw)

SESw
B )12y 21 (6)

< Ae))! (C)}eigwcosme’dvem
£G(0)2 )2 [ bw

+ %Imﬂ(g)/‘/c(u) Ln(Er)e®” sinm@'dve,,

8(6)Ch (D)L (C)v05
ZIAQ(C)

EIn (), (8)

Om,05 (17)

2m8 I ()1 (§) + 81, (&)
(©) =L (D)},

{8In1(8) +mlu(8)},

(18)
In(|E|F)elS" cosmb’ dvem}

+

and
2l FErw)
Cn(8) =~ 77 ), ){Am(C) (12
Ll (O )

n(8)+f(E,r w
-(Gm(C) (m+2)C1m+1(C)Im(C))}e Ycosm@'dve,
72521m+1

(&) (IS1)
(g)i] /Vb u)l,(Er) " cosm@'dve,,

E{m+ Dl () — L (OO 1
‘(G"’“)‘ W(SIAA)] )nhz

- / (@) (1 [P sinm8'dve,. (19)
\%4
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The velocity components (uy,uy,u;) are zero on the
surface of the ellipsoid. Thus if we substitute the value
of A, (&), B(&), and C,, (&) given by (17), (18), and
(19) into By, By, and By in (5), (6), (8), and (9), we ob-
tain following three conditions:

e 0P 9JQ
=2 ), Bu +1)0— —+ ==
u mz:'o cos(m+1) FFRE 00,
(x,5,2) €,
- . 0 9JQ
Uy = 2,,,2'0&" sin(m+1)6 — o ox o
(x,3,2) €,
u)dv r?
/Rx u) _7+ °<1 h2>:O’ 22)
(x,3,2) €8,
where
2 ;[ ,
Bm:—sm[/a(u)cosme/ {]:l(g,r,w,z)
T v 0
L, +ml,
C Jrl(ACrz(C;n (C)—i—fz(é,/,W,Z)

m+1 dé dv

(o2 2550)
9)

+/b cosme/ Clmﬂ( —|—mI

(23)

An(C

(& Vi1 (Er)E sin & (w Z)didv
m Cn()
hz/ smm@/ (0)

T (EX V1 (Er) cos & (w— z)dédv]

with
Fi(8,r',w,2) =RF(E,r',w)sin& (w—z)
+IF(E, 1 w)cosE(w—2),

=Rf(E, ', w)sin&(w—z)

Jrjf((:,r/,w)cosé(w—z),

=112y 2 02
2 Uox y&y “9z)

z(é,r',w,z)
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and

D = 7% i cosmOg,

m=0

|
| /Owé(]—"1(é,r’,w,z){Gm(C)Im(‘sr)JF

a(u)cosmo’
v

Erlpni1(Er)
An(E)

-(z;zm+1(c>+m1m<c>>}+fz< o)
¢

(oo 2 DO, L

{(Gm«:) o )5%(&) 7

[@m— ) (£) — mczm@)um(ér)})drsav

+ [ bw)cosme’ [ M{Gm@)lm(&r)

éﬂm (5) / / .

n A+(1C) cr, (C)}le(ér)ésmé(w—z)dédv

50 [ ctw)sinme’ | {,(©)&rtni(E)

—czm+1(C)Im@r)}Anf@Im(ér')cosé(w—z>dédv]
a(u)ydv.  d b(u)dv

+ZE/VR(X_H>+(TZ/VR(X_ (24)

a(u)cosmo’

2
2
-2 c (0
| 5{ (6w ) pg )

(Gm(g) m-|-2 m+1 )}I r)dSdv

Im(ﬁrl)lm(ér)éSin&(W—z)dédH—% / c(u) sinmé’

o D ()~ C(D)
J (Gm“) An(0) )

: Im(ér’)lm(é rycos&(w—z)dg dv]

h R ~Om0)- (25)

Of interest is the case when the radius of the cylinder
tends to infinity. All terms involving & vanish, and per-
tinent functions for the solution are constants. So

a(u) =ay, b(u)=>b; (say).
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The following formula is useful:
/ dv
v R (X — ll)

oo 2 2 2
d
A a?+s br+s  2+s)As)

(26)

where A(s) = /(a2 +5)(b% +5)(c? +5) and A is the
greatest root of
- 2 - 32 - 2 B
a?+A P+ A

Then from (26) we find that

D = nza x —2nzbyy,
where

_abc/""ﬂ _ bc/“’*
x= 2 A(s)’ r= A (2+9)A(s)”

Then conditions (20) and (21) require

dx dy

[ LTI FTY

27)

b

] =0, or —a1+2—i:0.
c

A=0

With the help of this relation, the condition u, = 0 re-
duces to

vo+ (a1x0+2b10)m =0, (28)

where the suffix denotes that the lower limit in the in-
tegrals (27) is to be replaced by zero. Hence,

1 Vo
bi=-a1c?, aj=———F——.
1 T 1+ 0

2
This is in agreement with Lamb [10].
Equations (20)-(22) are solved by the Galerkin
method. For this, following formulae [11] along with
(26) are useful:

d
/ va v = b>c*rabeyz

/ o x2 - y B 2
2 a2+s b2+s 245
ds
V(@ +5)B+5)3 (2 +5)

/ wrdv _ sab
v Rx—u) ¢

29
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where

x2 y2 Z2

a2+s+b2+s+c2+s_

o(s) = 1.

We also need to evaluate following integral:

- 1 ds
Iy = .
b ./0 (a2 + )1 (b2 +5)"(c +5)" A(s)

(30)

To evaluate (30), we let

s=(a®>—c*)sn2u

and use the following identities for the Jacobian elliptic
functions:

K*sn’u-+dn’u=1, sn’u+cn’u= 1,

and
a@—b p 2
So
/°° 1 ds
0 (@) B2+ (@) A)
B ) F gn20+2m+2n,,q, (3D
o (612 _ cZ)k'erJrrHr% 0 dnzmu cn2y ’
where
i 1
F:/ (1 —k*sinu)~2du,
0
(32)
2_ 2
9 = Sin_l <61C> .
a
The integral on the right-hand side of (31) is
F Sn2€+2m+2nudu
Li,’.m n— T om
o dn“"u cn?"u
1 (+m+n ) Z‘i"/l +m
= A X (—1)’< . > (33)
j=0 J

F . .
/ dn22 2y 0?2y,
0

where we used

,  dn’u—cn’u
SNU = —— g, meu= .

cnu
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Further,
1 tan (l+n+m
Lé«m’" - k'20+2m+2n [%(I)I < j >
J=!

F . .
. / (K% + K*enu) " Inc? 2iudu
0

(+m+n (l4+n+m
+ X (l)f( : )
j=ln+tl J

2 2\ J—n
./F ndzjzzznu(dn ukz— K ) du] 7
0

where we used

(34)

1
dn’u = K%+ K2cnu, ndu=—.
dnu

Expanding the powered terms by using the binomial
expansion, we find

1 O4nl+n—j (l+n+m
Lymn = J/20+2m+2n [Z 2 (_1)]( J )
j=0 =0

1

) €+i+n g(—l)ﬁi(Hn.m) (j—.n)

Jj=l+n+1i=0 J !

) (5 +n— j> KR,
. —zl

. k/2ik2n72kG2[72i , (35)

where
E o, Eo
Cz,,:/ cen”u du, Gz,,:/ dn”"u du.
0 0

We find the following reduction formula for Cy, in
Byrd and Friedman [12, p. 194]:

Cony2 = (36)

2n(2k* — 1)Cay, + (21— 1)k">Cyy 2 + snFdnFen® ' F
(2n+1)k? '

If { —i <0, we find C_», = D»,,, where

Doyir = 37

(2n—1)k’Dy, 5 +2n(1 — 2k*)Da,, + tnFdnFnc®*F
(2n+ 1)k '
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Also we have following reduction formula for G,:

487

Thus, finally we see that one needs the following
starting values for evaluating the general terms of

Gopyo = (38)  Cs,,D2,,Goy, and by,
2 1.,2n—1 o 12 _ 12 1
k*dn™""'FsnFenF+(1-2n)K " Gop o +2n(2 — k )Gzn' Co=Do—F. Cs— 7[E —k’zF],
(2n+1) | k
_ Y eng
If¢—i <0, wefind G_oy = Iy, where Dy = 55 [K°F —E +dnFF],
where E is the elliptic integral of the second kind of
hpi2 = 39 modulus k and argument 6 given in (32) and
2n(2 = k*) by + (1 = 2n) by, — k*snFenFnd* ™ F 1 ,
(2n+ 1)k ' Go=Ih=F, G=E, 12:k/2[E*k snFcdF|
0,3
102
)
3 0,1
& — — — - h=10cm
;— A h=11cm
? h=12cm
o — - — - - h=infinity
Qo -0,1
-0,2
0,3 Fig. 1. Variation of the pressure on the sur-
z (cm) face of the spheroid; @ = b = 5cm, ¢ =
pressure on the spheroid (553) 3cm.
0,3
0,2
Y
8 0,1
& —-—--h=10
o
© 0 — — — -~ h=11
2 h=12
[0}
s 01 |- h=infinity
-0,2
-0,3

pressure on the ellipsoid (543)

Fig. 2. Variation of the pressure on the sur-
face of the ellipsoid; a = Scm, b = 4 cm,
c=3cm.
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Fig. 3. Variation of the pressure on the sur-

face of the ellipsoid at z = —3 cm with re-
specttoh;a=5cm,b=4cm,c=3cm.

5cm, b =4 cm, and ¢ = 3 cm is computed. We choose
vo = Ll cm/s. On Figure 3 we present the variation of
p/2u on the surface of the ellipsoid with respect to h.

h (cm)
13 11 9,9 9,7 9,5 9,3 9,1 8,9 8,7
om———— —
-0,5
P
(]
3
o
[ 1,5 +
[oN
o
2 27
[%]
o
S 25
-3 +
-3,5 —
variation of pressure w.r.t. h
and
a? —c? c b
snF = , cnF = —, dnF = —.
a a

3. Numerical Examples

In this section, we present some numerical exam-
ples. In Figure 1 we present the variation of p/2u with
respect to z on the surface of the spheroid when x = 0
with a = b = 5cm and ¢ = 3 cm, and on Figure 2 the
pressure on the surface of a triaxial ellipsoid when a =
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