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The Kadomtsev-Petviashvili and Boussinesq equations (uyxx — 6ttty )x — ttrx = ttyy = 0, (er —
6uuiy )y + uxy = uyy = 0, are completely integrable, and in particular, they possess the three-soliton
solution. This article aims to expose a uniqueness property of the Kadomtsev-Petviashvili (KP) and
Boussinesq equations in the integrability theory. It is shown that the Kadomtsev-Petviashvili and
Boussinesq equations and their dimensional reductions are the only integrable equations among
a class of generalized Kadomtsev-Petviashvili and Boussinesq equations (uy y,x, — Ouity, )y, +
2%:1 aijux,x; = 0, where the a;;’s are arbitrary constants and M is an arbitrary natural number, if

the existence of the three-soliton solution is required.
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1. Introduction

It is interesting to search for nonlinear integrable
equations and study their integrable characteristics in
mathematical physics. The task is remarkably difficult
due to the nonlinearity involved. No general theory is
available for dealing with nonlinear differential equa-
tions, indeed. Each method focuses on a specific aspect
or is based on a specific mathematical subject.

Hirota’s bilinear method [1], however, proposes
a direct algebraic approach to nonlinear integrable
equations [1 — 3], and it is pretty powerful in presenting
multi-soliton solutions, particularly three-soliton solu-
tions [2, 4]. It is a common sense that the existence of
the three-soliton solution usually implies the integra-
bility [5] of the considered equations.

In this article, we will consider a class of gener-
alized Kadomtsev-Petviashvili (KP) and Boussinesq
equations:

M
(u)qxlxl 76“”):1 )x| + Z QjjUyix; = 0, (1)
ij=1
where M is a natural number and we assume that the
constants a;;’s satisfy the symmetric property a;; = aj;,
1 <i,j < M, without loss of generality. This is the
most general class of generalizations of the station-
ary Korteweg-de Vries (KdV) equation by adding the

second-order partial derivatives. Using the Hirota bi-
linear technique, we would like to show a kind of
uniqueness property for the KP and Boussinesq equa-
tions

(Uex — OUy ) x — Urx F 1ty = 0,

©))

(u)cxx - 6’/”4x)x + Uy Tuy =0,

in mathematical physics. That is, we will show that
among the above class of nonlinear differential equa-
tions, the KP and Boussinesq equations and their di-
mensional reductions are the only integrable equations,
if the existence of the three-soliton solution is required.
We also mention that Hirota’s bilinear method is used
to determine nonlinear superposition formulas for the
KP and Boussinesq equations [6, 7].

2. The Three-Soliton Condition

A general Hirota bilinear equation reads
P(DX7Dla"')f'f:07 (3)

where P is a polynomial in the indicated variables just
to satisfy

) =0, “
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and D,,Dy,---
fined by

DIf(v)-g(y) = (9 — ) F(1)8(Y)ly=
=y f(y+Y)g(y—»)ly=0, P> 1.

Let us introduce new variables

are Hirota’s differential operators de-

N = kpX + @t + -+ -+ Mo, m> 1, )

and define a set of constants
(5. — 5

Amn:—%,m,nzl, (6)
where the involved parameters

ﬁmZ(km,a)m,"-),mZI, @)
satisfy the dispersion relations

P(pm) =0, m=>1, (@)

and M0, m > 1, are arbitrary constant shifts. Obvi-
ously, we have the one-soliton and two-soliton solu-
tions to the bilinear equation (3):

f= 1+ee™, f= l—I—S(em _|_eTIz)
+&2A et

where € is an arbitrary perturbation parameter. Noting
that

&)

P(nyDty . ,,)em el = P(P_l _‘52)em+nz’

the existence of the two-soliton solution requires that
the constant A1, must be determined by (6). The one-
periodic and two-periodic wave solutions have the
same situation of existence of solutions [8].

However, in general, we do not have the three-
soliton solution automatically. Let us fix

f=1+e(eM+eh+eb)+e?(Apentn (10)
+A]3em+n3 +Ans enz+n3) —|—83A123 en1+n2+n3’

where A>3 = A12A13A23 and € is an arbitrary perturba-
tion parameter. Then generally we have a three-soliton
condition

> P(o1p1+02p2+03p3)P(01p1 — G2p2)
01,07,03==*1 (11)
“P(02p2 — 03p3)P(01p1 — 03p3) =0,
to guarantee the existence of the three-soliton solution
(10). If this condition is automatically satisfied, then
the considered equation (3) is called integrable in the
sense of existence of the three-soliton solution.
Let us now turn back to the class of nonlinear equa-
tions defined by (1). It is direct to see that under the

dependent variable transformation

u= _z(lnf)xm

every nonlinear equation defined by (1) can be written
as

(12)

P(DxlvD)(za"' 7DXM)f'f:
M

(Dil + z aiijli]-)f'f: 0,

i,j=1

13)

which exactly gives

fxlxlxlxlf - 4fx1x1x1fx1 + 3fx21x1

M
+ 2 aij(ffx,-x_,' _fx;ij) =0.

ij=1
We assume that the three-soliton solution f to (13) is
given by (10) with

M
Nm = KmX1 + Z lm7jxj+nm,05
=2 (14)
R

Amn = 7ﬂ7 1 §m,n§ 37
Sin

where

Roun = (km - kn)4 +ar (km - kn)z

M
+ zalj(km - kn)(lm,j - lﬂ,j)
=2

+ Agzaij(lm,i —lni)(Imj—1Inj), 1 <myn <3,
i,j=
Sn = (km +kn)4 +ai (km +kn)2
+ .M 2ay j(km + kn) (bn,j + In.j)
"

+ Z Qi (bni+1n i) (nyj +1nj), 1 <myn < 3.
ij=2

Taking advantage of the dispersion relations of (1),
P(ﬁm) - 07 ﬁm - (km7lm,27' o 7lm,M)7 1 S m S 3, (15)
which leads to

M M
by = —arikn, — Y. 2a1 ikl j— Y. Gijlmilm,j»
2

j ij=2 (16)

1<m<3,

we can expand the three-soliton condition (11) for (1)
and show that the three-soliton condition (11) is equiv-
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alent to a determinant relation

M
kiksks Y, aijapgdet(K,L;,Ly)det(K,L;,Ly) 7
i,j,0,q=2 (17)

= 07
where
K = (ki,ka,k3) ", Li= (liy iy 130) ", 2 <i <M. (18)

The proof is given in the appendix. Obviously, as an
example, the three-soliton condition (17) gives rise to

kik3k3 (aznass — a3;) det(K,Lr,L3)* =0, (19)
when M =3 [9].

The condition (17) is an integrability condition for
the bilinear equation (13). Not every equation in (1) has
this property, and two counterexamples are the (2+1)-
dimensional Boussinesq equation [10]

(uxxx - 6uux)x + Uy — Upr + Uy = 0, (20)
and the (3+1)-dimensional KP equation [11]
(Uex — OULLy ) x — Upx + Uyy + 117z = 0. 21

3. Uniqueness Property

Based on the above three-soliton condition (17), we
would like to prove that for whatever value M, any
nonlinear equation defined by (1) can be transformed
into one of the KP and Boussinesq equations (2) and
their dimensional reductions. This exposes a unique-
ness property of the KP and Boussinesq equations in
the integrability theory. The result includes all cases of
the value of M, generalizing the case M < 3 discussed
in [9].

In what follows, let us present our proof in five steps.

Step 1: Take an invertible linear transform of inde-
pendent variables

Xo =0V, Xo = (x2,-++ ,xm) ", 22)

Y2 = (y2a e ayM)Ta

where Q is an orthogonal matrix transforming the sym-
metric matrix

Ay = (aij)2<ij<m (23)
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into a diagonal matrix:
Q" A,Q = diag(by, -+ ,b). (24)
Therefore, under the transform (22), we have
M M
Y, dijitxe; = 3 bjtyy;, (25)
i,j=2 j=2

and further, an original equation defined by (1) be-
comes

M
(s xyxy — Oy )y + a1ty + Z Cljlhxyy;

=2 (26)

M
+ Y bjuy,y, =0
j=2
for some constants ¢y, 2 < j <M.

Step 2: Now, apply the three-soliton condition (17)
to the transformed equation (26), and then we see from
the arbitrariness character of the parameters /; ; that
there is at most one non-zero constant, let us say by,
among the coefficients b;, 2 <i < M.

Step 3: Assume that there is at least one non-zero
constant, say ci3 # 0, among the coefficients c; j, 3 <
Jj < M. Then making another invertible linear trans-
form of independent variables

r=Xx1, §=Y2,

27
(t,Z4, e 7ZM)T == R(y3ay4a e ayM)T7
where the invertible constant matrix R satisfies
R(c13,c14, -+ setm) = (c13,0--,0)T, (28)
the transformed equation (26) becomes
(urrr_6uur)r+allurr+C12urs (29)

+c13up + bougs = 0.

This equation with c¢j3 = 0 corresponds to the trans-
formed equation (26) with all ¢;; =0, 3 < j <M.
Therefore, we only need to consider (29) with arbitrary
constant coefficients.

Step4: Let by = 0. If ¢12 = c13 = 0, then (29)
becomes the stationary Boussinesq equation when
ay; # 0 and the stationary derivative KdV equation
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when aj; = 0, both of which are the dimensional re-
ductions of the KP and Boussinesq equations. Other-
wise, let us assume c1p # 0 without loss of generality,
and choose two constants o and 3 satisfying

aj +ocip+ ez =0. (30)
Then the invertible linear transform of r, s, and ¢,

V=r+oas+Pt, t' =cpt—cpzs, s =s, (1)
can transform (29) into

(e — OUU )+ 1oty = 0. (32)

This presents the derivative KdV equation — the dimen-
sional reduction of the KP equation.

Step 5: Let by # 0. Then an invertible linear trans-
form of independent variables,

/ C12 / /
r=r——=s,t=t, s =s
2b2 b b) b)
removes the mixed partial-derivative term u,g, and (29)

becomes

(33)

2
‘12
(ur’r'r’ _6uur’)r' + (all - 4b, Uyty!

+ cr3upy +bougyg = 0.
't s's

(34)

Now if ¢13 = 0, then this presents the Boussinesq equa-
tion, and it can be further transformed into the standard
Boussinesq equation for whatever values of a1, cq2,
and by # 0 [12]. If ¢13 # 0, then under a further invert-
ible linear transform of independent variables

al C2

PU < . 12 )[/, = [/, § = S/, (35)
c13 4cizby

(34) becomes

(ur”r”r” — 6uur”)r” ~+ c13umm 4+ bougrgr = 0, (36)

which presents the KP equation.

4. Concluding Remarks

To conclude, we discussed a class of generalized KP
and Boussinesq equations (1), and proved that among
the considered class of equations, the only integrable
equations are the KP and Boussinesq equations (2) and
their dimensional reductions. This shows that the KP
and Boussinesq equations possess a uniqueness prop-
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erty in the integrability theory, presenting a kind of par-
ticular integrable equations. In particular, the (2+1)-
dimensional Boussinesq equation (20) and the (3+1)-
dimensional KP equation (21) do not have the three-
soliton solution (see also [13, 14] for exact solutions to
the (3+1)-dimensional KP equation).

In analyzing the existence of the three soliton solu-
tion for the generalized KP and Boussinesq equations
(1), the difficulty is to compute the three-soliton condi-
tion (11), and our success is to rewrite the three-soliton
condition (11) as a determinant relation (17), which is
put in the appendix. An approach of Darboux transfor-
mations [15] could be used to generate multi-soliton
solutions directly from the three-soliton solution.

There are various discussions about the (2+1)-di-
mensional Boussinesq equation and the (3+1)-dimen-
sional KP equation as well as another class of higher-
dimensional generalizations of the Boussinesq equa-
tion [16]. Those equations are shown to be connected
with Ricatti-type integrable ordinary differential equa-
tions, and correspondingly, abundant exact solutions
can be worked out [16—20].
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Appendix: A Proof of the Three-Soliton
Determinant Condition

We verify that the three-soliton condition (11) can
be written as a determinant relation (17). Noting the
even property of the polynomial

M
P(x1,x2, " ,Xm) :x‘,‘+ 2 aijXxiX;
ij=1
for the generalized KP and Boussinesq bilinear equa-
tion (13), the three-soliton condition (11) can be com-
puted as follows:

1

Sum := 3 z

01,02,03==1

-P(01p1 — 02p2)P(02p2 — 03p3)P(01p1 — O3p3)

P(01p1+ 02p2+ 0353)
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= z P(o1p1+ 02p2+ 03P3) where § = {(1,1,1),(1,1,-1),(1,-1,1),(—=1,1,1)}
(01,02,03)€S and p,,, 1 < m < 3, are defined as in (15). Then we
'P(G]p_l - Gzﬁz)P(Gzp_z — G3ﬁ3)P(G]pl — G3p_3)’ expand it to obtain

Sum = 576 (K$KSKS + kSkSKT + kSKSAS) + 1152a (RSK3KS + khSKS + k3RS + 172847 k{kikd

M
1152 Y any (GRS 5+ KOGKAL - KGASEs -+ KIS+ KK + EK$ASh )
j=2

M
+2304 Y ajiai; (k?k3k§lz,il3,j + KL i+ kék%kgll7jl3,i)
i,j=2
M
+2304ay; Y, ar; (Kikakibo,j + kK31 j + ki k3kily )
j=2

M
+1152a11 Y, aij(Kkakil il + kikakib s+ kG kK jls,)
i,j=2

M
+2304k kK3 aviapg (il plag+ 1 plgli+ 1 ghils )
i,p,q=2

M
+1152 Y, a; (kK il + KSR3k3 L ils j + Ky kSKAl i )
i,j=2

M
+576 Y aijapg (2K 1 il il pls g + 2K KK 1 il il pls.g + 26 K3K3 L il iy pl3 g
i.],p,q=2
—kik3ka Lo il3 il pla g — Kak3ki Ly ila jlh pla g — KKK i, i1 pla.g ).

Plugging a consequence of the dispersion relations (16),

M M
4 2
k= —aniks, — 3 2kl — 3, aijkplnibn j, 1 <m <3,
j=2 i,j=2

into the above expression and carrying out cancelations, we have

M M M M
Sum = 576/(%](%/(% |:k%< z a,'jllﬁillﬁj> < z a,'jl37,'l37j> —‘y—k%( 2 a,'jlg.’,'lz.’j) ( 2 aijl37,~l37j>

i,j=2 i,j=2 0,j=2 i,j=2

M M M M
—I—k%( 2 a,-jllyillﬁj) ( 2 aijlz7ilz7j>:| — 1152k%k%k% |:k1k2( Z a,'jl17,'l27j) ( z a,-jl3_,,-l3_’j)

i,j=2 i,j=2 i,j=2 i,j=2

M M M M
+k1k3< Z aijls,ill,j> ( Z aijlz,ilz,j> +k2k3< Z aijlz,il3,j> ( Z aijh,ih,j)]

ij=2 ij=2 ij=2 ij=2

M M
+ 576k%k§k§ (2k1 ko Z ajjapgl il jlo pl3 g +2k1k3 2 aijapqlipl,jlaql3,i
i,j,p,q=2 i,j,p,q=2
M ) M
+2koks Y, aijapghighili =k Y, aijapghily bl
i,j,p,q=2 i,j,p,q=2
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M M
2 2
kg Y, aijapghjliliglh, =k Y, aijapghib il plg
i,j,p,q=2
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i,j,p,q=2

M
=576kik3ks Y, aijapgdet(K,L;,L,)det(K,Lj,Ly).

i,j,p,q=2

)

This implies that the three-soliton determinant condition (17) holds for the generalized KP and Boussinesq bilin-
ear equation (13).
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