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We derive the symmetry group by the standard Lie symmetry method and prove it constitutes to
the Kac-Moody-Virasoro algebra. Then we construct the conservation laws corresponding to the Kac-
Moody-Virasoro symmetry algebra up to second-order group invariants.
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1. Introduction

It is of fundamental importance to obtain conserva-
tion laws of a given nonlinear system. As for the soliton
theory, conservation laws facilitate the study of qualita-
tive properties of partial differential equations (PDEs),
such as bi- or tri-Hamiltonian structures. They often
guide the choice of solution methods or reveal the na-
ture of special solutions. For example, the existence of
a large number of conservation laws is a predictor for
complete integrability of the PDE [1], i.e. solvability
by the inverse scattering transform [1] and the exis-
tence of solitons [2]. Conserved densities also aid in
the design of numerical solvers for PDEs [3].

There are various methods to compute conservation
laws of nonlinear PDEs. A common approach relies
on the link between conservation laws and symmetries
as stated in Noether’s theorem [4—6]. In the classi-
cal Noether theorem [7] it is valid that if a given sys-
tem of differential equations has a variational principle,
then a continuous symmetry (point, contactor higher
order) that leaves the action functional within a diver-
gence invariant yields a conservation law [§—11]. In
the last few years, effective methods have been devised
for finding conservation laws for the very special class
of so-called Lax equations. In 2003, Anco and Bluman
gave the multiplier method for finding the local conser-
vation laws of PDEs [12,13]. In 2000, Kara and Ma-
homed [14] presented the direct relationship between
the conserved vector of a PDE and the Lie-Béacklund
symmetry generators of the PDE, from which it is pos-
sible for us to obtain conservation laws from symme-

tries (see, €. g., [15]). In the new method of Kara and
Mahomed, one can use any Lie-Bicklund operator of
a PDE system to generate conservation laws without
converting the operator to a canonical one, so a point
symmetry generator remains of point type. Another ad-
vantage of this approach is that for point symmetry the
order of the generated conservation Law remains the
same as for the original one remains the same. Further-
more, by using this method one can prove that the Lie
algebra of Lie-Backlund symmetry generators of the
conserved form is a subalgebra of the symmetries of
the system itself. In this letter, we discuss the conserva-
tion laws relating to the Kac-Moody-Virasoro algebra
(KMVA) of the Nizhnik-Novikov-Veselov equation
(NNVE) [16—19] using the Lie-Bicklund operator.
The Nizhnik-Novikov-Veselov equation

Vi + Ve + Vyyy + 3(v3y*1vx)x + 3(v3;1vy)y =0, (1)

wherein x and y occur in a symmetric manner, is the
famous extension of the Kortheweg-de Vries (KdV)
equation

U + Outty + Uy = 0. 2)

Various integrable properties such as the inverse scat-
tering transformation, Bécklund transformation, the
soliton-like solutions, and symmetry algebra of (1) are
discussed by various authors [20—24]. We would like
to derive the conservation laws related to the symme-
tries and algebras for the NNVE (1) in the potential
form (v = uyy)

ey + Unocory F yyyy 3 (Ut )+ 3 (g ttyy )y = 0. (3)
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This paper is organized as follows. In Section 2, we
derive the symmetry group to the potential NNVE (PN-
NVE) by using the classical Lie method and prove the
constitute infinite dimensional Kac-Moody-Virasoro
symmetry algebra [25]. In Section 3, we first review
some basic notions about Lie-Bicklund operators and
then use them. We finally obtain conservation laws re-
lated to the infinite dimensional Kac-Moody-Virasoro
symmetry algebra as PNNVE possesses up to second-
order group invariants. It is emphasized that equations
with the same symmetries may possess the same types
of conservation laws. The last section is a short sum-
mary and discussion.

2. Lie Point Symmetries and Kac-Moody- Virasoro
Structure of the Potential Nizhnik-Novikov-
Veselov Equation

To study the symmetry of (3), we search for the Lie
point symmetry transformations in the vector form

d d d d
V=X—+4+Y—+T—+U—
x oyt e Y aw
where X, Y, T, and U are functions with respect to x, y,
t, u, which means that (3) is invariant under the point
transformation

{oytuy = {x+eX,y+eY,t+eT,u+elU}

with infinitesimal parameter €.
In other words, the symmetry of (3) can be written
in the function form

6 =Xuy+Yuy+Tu, — U, 4

where the symmetry ¢ is a solution of the linearized
form of (3),

Oyt + Oxxxxy T Oxyyyy + 3Mxxy0xx + 3Gxxyuxx
+ 3Mxy6xxx + 3nyuxxx + 3uxyy6yy + 3nyyuyy (5)
+ 3ty Oyyy + 30pyltyyy = 0,

which is obtained by substituting u = u 4+ €0 into (3)
and dropping the nonlinear terms in ©.

It is easy to determine X (x,y,z,u), Y(x,y,t,u),
T (x,y,t,u), and U(x,y,t,u) by substituting (4) into (5)
and eliminating uy,y, and its higher-order derivatives
by means of the PNNVE (3). The results are:

1
X(x»yata“)ngtx‘f'X’ (6)

1
Y(xvyvtvu)ngty"’_Y» (7)
T(x,yt,u)=T, (3)
1 1 1
U(xayat?u) 54(.X +y )Tfl‘+ 6Yl‘y + 6Xt-x (9)
+Zix+ 2oy + 23,

where X, Y, T, Z, Z,, and Z3 are arbitrary functions
of 1.
The vector form of the Lie point symmetries reads

v=4lrm 9 19 g2
T3 ox 3ty8y

+ y 2 _lyp9
dy 67 du
x2 _Lxpe2 Zxd "
* ox 677 du T Y ou

A aa)
)

=Vi(T (1) +Va(Y (1)) + V3(X (1))
+Va(Zi (1)) +Vs(Za(1)) + Ve (Z3 (1))

It is easy to verify that the symmetries V;, i = 1, 2, 3,
4,5, 6, constitute an infinite dimensional Kac-Moody-
Virasoro [25] type symmetry algebra S with the fol-
lowing non-zero commutation relations:

Vi(T), Vs(Z3)] = V(T Z3;), (11)
Va(¥), 5(2)] = Ve(YZa), (12)
V(D) (2] = Vs(T 2+ 5T7), (13)
Va(21), <__TZI TZn) , (14)
Va(X) — v, ( TX, + XJ;) (15)
Va(Y) A (%YT ) . a6
Vi(Th), Vi(T)] =Vi(T1 Ty — b Ty, ), a7

Va(11), Va(Ya)] = Vs (%(YIYZt —Yth)) , (18)
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Va(Z)), V3a(X)] = Vo(—XZ), (19)

Vi), Va0 =i (3 (ke X)) 20)

It should be emphasized that the algebra is infinite
dimensional because the generators Vi, V», V3, Vu, Vs,
and Vg all contain arbitrary functions. The algebra is
closed because all the commutators can be expressed
by the generators belonging to the generator set usually
with different functions, and the generators contained
different functions belonging to the set. Especially, it is
clear that the symmetry V;(7') constitute an centerless
Virasoro symmetry algebra.

3. Conservation Laws Related to the KM VA of
PNNVE

In order to obtain conservation laws related to the
symmetry (10), we need some basic notions about Lie-
Biécklund operators first.

A Lie-Bicklund operator is given by

0 0
él +n +Cl +C1112 ) (21)
du du 1,12
where &, 1 and the additional coefficients are
Ci:Di(W)'i‘éj”ij»A 22)
Giviy = Diyiy (W) + & ujiyis
W is the Lie characteristic function defined by
W=n-8&u; (23)

with D; being the operator of total differentiation,

9,0 a+.
o Mo T gy T

i=1,.n,

(24)

as

u; = D;(u), uij = DjDi(u). (25)
These definitions and results related to the Lie-Béck-
lund operator can be found in [26] and the repeated
indices mean the summations according to the Einstein
summation rule.

Correspondingly, the second-order Lie-Bicklund

operator of the vector field V defined by (10) is given

299
by
RS Foaa
Fo +gat+ga g (9
+ Loz + g+ g+

where the coefficients ¥, &,
straightforwardly from (21)—(25).

Theorem ([14,27]): Suppose that Xj is a Lie-Béack-
lund symmetry of (3) such that the conservation vector
T’ =(Ty, T», T3) is invariant under Xy. Then

, & can be derived

3
X(Ti)‘f'ZTiDjéj ZTD él = a )
= (27)
i=1,2,3,
where D; = Dy, D, =Dy, D3 = Dy, and &; are deter-
mined by (26).

A Lie-Bicklund symmetry X is said to be associ-
ated with a conserved vector T’ of (3) if Xy and T’ sat-
isfy relations (27).

Now, we construct the corresponding conservation
laws relating to (10) in the form

Dx‘ll +DyJZ+Dl‘p = Oa (28)

where Ty = Jy, T, = J», Tz = p with J1, J», and p being
functions of {x, y, 1, u, ux, uy, -+, Uy }.

In terms of T/ = (J1, J2, p), (27) is equivalent to the
following three equations:

LT ax aJ1+ !
3 ox ' \3

1 1 1
+ (54(x +y) T =Yy +6Xfx +Z1x+Zzy+Z3)

6
1 aJ
Tt”x) a_l/tl

aJ an
+T

yTt‘i‘Y) 3y o

O (Leg ity
du ' \1g” T3 TAT S

c(Lertyyiz oLy o
18)’ 1t 3ty 2= 3tuy auy

1 1 1
+ [5 X +y Tttt+6YtIyZ+ EXttxz‘i‘er)H‘ZZty'f‘ZSr

1 1 )1
Tnx+Xr uy— | s Tuy + Y Juy — Tiug | —
3 au,

2 d 2 0

< Eum) ! ul

x+ X Rt B N
i L Jduy, 3 ’”"yauxy

(L
9 3
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4 aJ,

1
X Tttt + Xttx+th = Thuy (29)

1 1 1
3 - thutx - <§Tt1x+Xt> Uxx — <3 Ttty'i‘Y) Mxy:| ity

i
1 aJi 1 1 1 4 1
+ §Ttty+ Yt Ttuyy 5 — |5y T + 5 Yiey+Zy — 3Tttuy_ thuyt_ tht)H‘Xt Uy

duy, ' |18 3

1 oJ 1 1 1 1
3 =Tuy+ Y) “)y] + [54 ( +y )Ttttt + 6me + 6me +Ziux + Zouy +Zzy — (g Tinx +Xtr) Ux

du
1 1 o1 4 1
-2 3TttX+Xt Uy — §Tttty+Ytt uy—2 §Ttty+Yt wyy — Tieuty — 2Thuy EPR +3 TtJI §Etx+Xt p=0,
Uzt

1 oh (1 ol _ah (1 1 1 oJ
<xT,+X) 2+<yT,+Y> 2+T—2+< (3+y3)Tn+—Ytyz-l-—X,xz-i-Z]x-i-Zzy-i-Zg)a—uz

3 ox 3 d ot 6 6
1 1 1 oJ. 1 1 1 oJ. 1 1
+(Ex Trt+3th+Zl 3Trux>a 2+<18y Tn+3Yzy+Zz 3Tr14y>a 2+[54( +y )Tm+6Ytty

—1 X Z Z Zy — —1 T X - —1 T Y -1 J ! T 1X =T —J
+ X"+ X+ + X+ u + u u X+ u
6 tt 1t 2ty 3t 3 1t 1 | Ux 3 1y t | Wy %t 9 Uy 1t 3 t 3 tY%xx 9

=T; J —|— ! 2T —|—1X +Z 11 — =1 — —1T + X, — —1T +Y, —J (30)
Uxy —X X u u X u Uxy
3 tUxy 9 18 ttt 3 tt 1t — 3 tlx 3 tUrx 3 tt t | Uxx 3 1y t | Uxy 5] .

4

1
3 Truy — (g Tux+ Xt) Uxy

+1T+Y ZT 8]2+ 12T+1Y i lT
9 1ty t —  Lillyy a 18 T3 1ty 2t — 3 1ty

3T,ty+Y Uyy a + 54( +y )Tmt"‘—Yttty + =Xt X"+ ZivuX + Loy + L3y — §Ttt1x+Xtt Uy

6 6
1 1 ), 4 1
-2 3Tttx+X Uyt — ng)"i‘Yrt Uty —2 thr)"f'Yt yr — Tty — 2Ty S + = Tt-lz thr)"f'Yt p=0,
Uz

1 ap 1 ap ap 1 1 ap
<§th+X)§+(§yTI+Y)a—y+ a7 + (x +y )Tn+6Yzy +6X,x +Zix+2Zy+7Zs 3

1 1 1 ap (1, 1 1 ap 1.,
+ <18X T + 3X;x+Z1 3T,ux> a—ux-i- <§y Et'i‘thy-i-Zz T,uy> auy + [ (x +y )Tm+6Yny
X 4 Zixt Zoy 4 2 (1Tnx+xt)ux— (1Tny+Yt)uv—Tu } 9%, (1T X - 2w )8_p
6 3 3 Y 9wy T\ T 3T 3T Quy
—%T,u a—p—i-[le +1X x+Z 1Tu —ﬂTu —(lTx—i-X)u —(lT —i—Y)u ]3_p (31)
3 Xy auxy 18 1t 3 1t 1t — 3 tthx 3 tWrx 3 1t t XX 3 1y t Xy auﬂ

1 1 2 ap 1 1 4 1
+ §Ttty+ §Yt_§Ttuyy 8—+ 18)’ Tm+3Ytty+ZZz 3Tttuy_§Ttuyt_ §Etx+Xt Uyy
lyy

1 0 1 1 1 1
3Ttt)’+Y> “)y] Ju P + [54 (x +y )Ttttt + 6me + 6me +Z1ux + Zouy +Zzy — (ngx—i-Xﬁ) Ux

1 1 1 dp 2
-2 <§Tttx+Xt) Uy — <§Tmy+Ytt> uy_2<§Ttty+Yt) tyr — Tietty _2Ttutt:| S +3 TtP 0.
Uzt

The solutions J, J, and p of (29) - (31) can be directly S = [fi(t) + ()yIKi (1, 2, 13,00 112)

solved:
+ f3(t)K2(t17 b, 13, ++, t12)7
p :f()(t)K] (th t27 13, t12)7 (32)

(33)
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Ji=[fa(t) + fs(O)x]Ki (11, 1, 13, ,112)
+ fs()K3(t1, 12, 13, -+, t12),

where Kj, K, and K3 are arbitrary functions of

(34)

{t, o, 13, -+, t1n},and f;,i =0, 1, ---, 10 are func-
tions fixed by:
2
fo=T"73, (35)
_3 1, .. _s _4
fi=YT"3, fzng,T 3, f,=T73, (36)
1 | _4
fa=XuT 5, fs=30T53, fo=T73, (37)
with the invariants being
1 1
h=x-T3X,)T"3, (38)
1 1
th=(y-NT3)T 3, 39)

1 4 4 1 3 3.1
=g (543 ~ 174y ~ 18T

—OXT3x2 — Yy’ T3 — 54yYaT + 18yY3T

4 4 4 (40)
—54Y,T3 +54Y5T3 — 18Y,T3
154, T3 — 18%, T — 54x¥oT + 18xY10T> ,
fo= 73 (18Tuy — 6Xx — T2
=— uy — 6Xx— Tix
4 18 5 X . t (41)
—18Y,T3 +6Y11T§> ,
1 _2 2
ts=—-—=T"3 (—18u,T + T,y* + 6Yy
18 , (42)
F18%T3 —6Y3T?>,
1 1
te = u, T +uyY + guyT,y—i-Xux—i— §T,xux
1 1 1 1 43
- thryS - gTrth - ngxz - ngyz (43)
_ZZy_le_Z?n
|
1=~ T3 (~9usT +3X + T), (44)
tg = gy T3, (45)
|
o = —ET%(—lgux,T— 1814,,Y — 6utyyT;
—18upX — bupxT; +6X,x+ 187, (40)
— 6Tux +X°Ty),
1 1
o= — 5T 3 (=9Tuy, +3¥ + Tiy), (47)

1
fy = —ﬁT% (—18Tuy, — 6xtugy Ty — 18Yiyy

— 6T,y — 18Xy + 182, — 6Tru, (48

+ ¥* Ty + 6Y,y),

1 1 1
ty = gT,Xux — §T,x2X, - §Xxx, + TXu, — 2,Y

1 2 2 2
—2Z3T + gTTttxux + gTXTIL‘xt'i' gTyuytT}'i‘ §XTtyuxy

2 2 2 2 2
+ guxxxXT, + guyyyYT, + §xyT, Uyy + guxnyT,

1
+ gTunytt + Tu T + TuyYy — TyZy — TxZy,

1 2 1 3 1 3 1 272
_ﬁy YTtt—5—4X TtTtt—5—4y TtTn-i‘§Myyy T,

1
+ §uxxx2 TP — XZy + upy Y2 + T?uy + u X>

1 1 1
- ExZXTt, + 2u Y X — gsz,,T +2TuyY — gTyZY,,

1

(49)

1 1 1
TY Tyt — —TxX Ty + 2TugX — =yZoTy — =yYiY

54 54 3 3

1, 1 1 1 o, 1
_§y Y1 + guyYTt - §XTtZI + §unyf + §MXXTf )
where

Xy =XT73, Y =-YT 1,

, s (50)
Yo =2T 3, Y3 =YT 3,

_ 2
Y4,=237; S 3224, 1)
Yoo =T 3YYs, Y7, =XT 3Yy,

_4 _2
Yoo =XT 3Y19, Yo =T 32y, (52)

Yioy =T 3X2.

To determine the functions of K, K>, and K3, we
substitute (32), (33), and (34) into (28) which yields
the complicated equation

Jl,x"‘Jl,uux"‘Jl,uxuxx +Jl,u_vuxy +J1,u,uxt +Jl,uauxxx
+ Jl.uxyum’ + Jl,uX, Usxt + Jl,uyyuxyy + Jl.uy, Uyt

+ Jl.u,,uxtt + J2,y + J2,uuy + J2,uxuxy + J2,uyuyy + JZ.u, Uyt
+ J2,unuxxy + JZ,ux_v Uyxyy + J2,uxt Uyt + J2,uyyuyyy

+ J2.uy, Uyyr + J2,u,,uytt + Pr + Pults + Pu Ux + Puytty

+ Py, Uyt + Puy U + puxy Uyt + Puy Uxtt + puyyuyyt

+ Puyttyit + Puy i = 0. (53)
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To solve this equation, we start from the high-
est derivatives of u for Kj, K, and K3 being
{xxx, Uery, --+, Uy} independent. Letting the coef-
ficients of {sxxr, Urry, -+, U} bE zero, we can get a
more simplified equation. For example, the term of uy,
in (53) is

4
27T 3 Ky 4, Usse (54)
where KL,;n = 8;5" . There is no non-trivial solution for
K1, # 0, thus the only possible case is
KIJIZZO’ i.e., K EK](I], ty, -+, tll)' (55
Under (55), the coefficient of uy; is
27T2(K2J12 +K1J|1)v (56)
which leads to the only possible solution
Ki(ti, b, 13, -+, tin) =
2(t1, b, 13 12) 57)

—t12Ky1 1y, +Kai(t1, o, 13, -+, t11)

with K»;(t1, tp, t3, -+, t11) being an undetermined
function of the indicated variables.

Like the procedure to eliminate u;, and uy, and van-
ishing the terms of uyyy, Usry, - -+, Uyyy, We get K, Ky,
K3 expressed by 14 functions of {#|, ta, 3, fu, ts, 16},
which satisfy 14 linear equations. After solving out
those equations we get the final solutions:

K] = [_ (04 ,f5f6t8 + a27l6t7 + aS,f6] i+ [t9a1 REITS
+ (0015 + O 1415 + Ol 115 )17 + Ol 45 4 Q1 115+ 140 135
+ 067,15t5]f10 + (03,45 — 00 41310 + [— O 1yt — 00 15

2
_aﬁJsfs]tS + [_ 1500 1315+ 0615 — 140013 — 00 1 — Ol 15
+ 05+ a&fs] s+ [(O‘2J3 + Qo 1315 — X10,1414 )ts + Q6 1yt
+ 03, + 00y, + O 1+ O 111y + 1406 131, — OF 141, + O3 1,
+ o 1,r4] 7+ [_ 14000 1314 + O10,15 T 07 1315 — Q10114

2

+ O‘lS.t3 + aS.t3]t5 + t4 a{),1‘3t3 + [all.t3 + a8,1‘3 - a7,1‘31‘4
+ Qi3+ O35 4 206 110 | 14 + 01y, + Q3 gy + sy
+ 07 1yt + Q154 + C0 s, + Oy + 034 + 08 gy

_a7,1‘11‘4 +a177 (58)

Ko = [0 451518 — O 1517 — s g | 112+ [ — 190l 1z
+(—a tats — 00 15 — O 115 )7 — 07 1515 — 065 15 — O] 115
—t4061,z3t5]t11 +t92062,z6 + [ts(a1,r4t5 + Q15 + Ot 415)
—160 1315 T+ (052,13 + Ol 1515 )f4 — U5, + O+ 002

+ Oyt + 0o g — O 13 — 07 415 )to + Ol 1518 + [(a10,14t4
=00 13 — O 1315 — UL 131, )6 + Oyypy+ 0oy, + 0512.t4] 7

+ [(—061 ity T alO,t3r4)t4 — Ol 415 — 07 3t + Q10414
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— 00, — 015y — 065,13]% + [Ollz,z3 + gy
+ Oy + 064,z3] 14+ Qo + Oy + Qr2yy + Ciay,

—016,, + O3, (59)

K3 = [_ Ol t5ts110 + O 418 — aS,t()]tlz +t121a1,r5t6

+ [_ 00 119 + 160 31, — Old tg — Olp 1125 + Ol 15+ OF 415
— 1406 1315 — Ol9 1o T 1500 p515 — O3 45 + O py1s — OR 15
+18( 01 1415 + 025 + 056,1515)]f11 + [(—al.ms — 0

— Ol 115 )19 — 064,15]f10 + [(—062,13 — Ol 1315 + Q10,141 )15
— e tyrs — 031y — 00 1, — O 13 — Qo111 — 14006 131,

+ 07 141y — 081y — all.t4]f9+ [(_alo.t4t4 + 0 45 + Ol 1315
+ Ol 31, )6 — Ola g, — Olo gy — 0512,14] 13+ [ts Ol t515

—1406 1315 — 01 p3 + O o5 + 07 131y — OB 43 — O3 13

— 00,11 — O35 — 0‘6,t1t3]t6 + [_ 0y 3 — Oy g3 — U2 15
— 04z |5 — Oty — Qi — Oy, + Olioy, — Oloy, (60)

with aq, 0, a3, 04, 05, being arbitrary functions of
{tl, 1, 13, Iy, 15, l‘6}, g, 07, Og being arbitrary func-
tions of {1, ta, 3, t4, 15}, O being an arbitrary func-
tion of {t, tr, 13, la, 16}, Qio, Q11, Q1 being arbi-
trary functions of {t,, 3, 13, 14}, 013, (14, Q5 being
arbitrary functions of {#, f, t3}, atj6, 047 being ar-
bitrary functions of {f1, 7}, and a;g being a function
of t.

Substituting (58)—(60) into (32)—(34), we can ob-
tain the conservation laws relating to the symmetry
(10) associated with the Lie-Bécklund generator Xj.
We have verified that the conserved vector (J1, Ja, p)
really satisfies (28).

4. Summary and Discussion

In this paper, by applying the classical Lie method,
we get the symmetry group of the potential Nizhnik-
Novikov-Veselow equation (PNNVE) and prove it con-
stituting the Kac-Moody-Virasoro (KMV) symmetry
algebra. We generate the conservation laws of the PN-
NVE related to the infinite dimensional KMV sym-
metry group by use of the Lie-Bédcklund generator
up to the second-order group invariants. The exis-
tence of arbitrary functions of the group invariants
proves that the PNNVE has infinitely many conser-
vation laws which are connected with the general
Lie point symmetry (10). Though the symmetries and
conservation laws are obtained from the PNNVE,
we find that the conservation laws are only depen-
dent on the symmetry which may be possesses many
equations.
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