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In this investigation, we discuss the peristaltic motion based on the constitutive equations of a Car-
reau fluid in a channel. The fluid is electrically conducting in the presence of a uniform applied mag-
netic field. Four different wave forms are chosen. The fluid behaviour is studied using long wave-
length approximation. Detailed analysis is performed for various emerging parameters on pumping
and trapping phenomena. The present results reduce favourably with the currently available results
of hydrodynamic case when the Hartman number is chosen zero.
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1. Introduction

Over the past four decades, the peristaltic motion
have been looked in the biological sciences in gen-
eral and the physiology in particular. Particularly in
physiological flows, the peristaltic motion occurs in
urine transport, swallowing of foods through the oe-
sophagus, movement of chyme in the intestine, the
movement of ovum in the female fallopian tube, the
vasomotion in small blood vessels, and many others.
Furthermore, roller and finger pumps also work ac-
cording to the principle of peristaltic transport. A vast
amount of existing literature on peristaltic motion in-
volves the viscous fluid under several geometries and
assumptions. Not much has been reported relevant to
the peristaltic motion of non-Newtonian fluids in hy-
drodynamic situations. In fact this is due to the rea-
son that the non-Newtonian fluids have fairly com-
plicated constitutive equations which add more terms
and increase the order of the governing equations. In
view of all these complexities, some recent investiga-
tions describing the process of peristalsis under one or
more simplified assumptions have been presented in
the studies [1 – 30]. From the existing literature it is
noticed that investigations on the peristalsis in regime
of magnetohydrodynamics (MHD) are scant in com-
parison to the hydrodynamics.
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The main theme of the present study is to putfor-
ward the MHD flow analysis of peristaltic transport
non-Newtonian fluids. In the present study, constitu-
tive equations in a Carreau fluid are employed. Math-
ematical analysis has been carried out by using long
wavelength and low Reynolds number approximations.
The magnetic Reynolds number is selected small and
the induced magnetic field is neglected. Important flow
features of Hartman number on the velocity, pressure
gradient, trapping, and pumping phenomena are dis-
cussed.

2. Theory

We analyze the flow of an incompressible Carreau
fluid in a two dimensional channel of width 2a. The
flow is induced by a periodic peristaltic wave of wave-
length λ . A wave of amplitude b propagates along the
channel walls with constant speed c. Its instantaneous
height at any axial station X ′ is

EY ′ = H

(
X ′− ct ′

λ

)
. (1)

Four possible wave forms, namely sinusoidal (s), tri-
angular (t), square (sq), and trapezoidal (tr), are con-
sidered. A constant magnetic field B0 is applied in
the y-direction. An induced magnetic field is taken
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negligible under the assumption of small magnetic
Reynolds number. Furthermore the electric field is cho-
sen zero. It is further noticed that flow in laboratory
(X ′,Y ′) and wave (x′,y′) frames are treated unsteady
and steady, respectively. The transformations between
the two frames are in the form

x′ = X ′− ct ′, y′ = Y ′ ,

u′(x′,y′) = U ′− c, v′(x′,y′) = V ′ , (2)

in which (U ′,V ′) and (u′,v′) are the respective veloci-
ties in the laboratory and wave frames.

In the absence of infinite shear stress viscosity, the
extra stress tensor τ is

τ =−
[

η0
(
1+
(
Γ γ̇
)2) n−1

2

]
γ̇ , (3)

γ̇ =

√
1
2 ∑

i
∑

j
γ̇ i j γ̇ ji =

√
1
2

π , (4)

where η0 is the zero shear-rate viscosity, Γ the time
constant, n the dimensionless power law index, and π

the second invariant of strain-rate tensor. It should be
pointed out that for n = 1 or Γ = 0 (3) corresponds to
the Newtonian fluid.

The relevant equations are

∇ ·V′ = 0 , (5)

ρ

[
∂

∂ t
+(V′ ·∇)

]
V
′ =−∇p′+div τ ′+J×B . (6)

In the above expressions p′ is the fluid pressure, J the
current density, B the total magnetic field, and the ve-
locity V

′
is given by

V
′ = (u′,v′,0) . (7)

In view of following dimensionless variables, we set

x =
x′

λ
, y =

y′

a
, u =

u′

c
, v =

v′

δc
, t =

t ′c
λ

,

h =
H
a

, δ =
a
λ

, Re =
ρca
η0

, p =
a2 p′

cλη0
,

We =
Γ c
a

, Φ =
a
b
, τxx =

λτ ′xx

η0c
, τxy =

aτ ′xy

η0c
,

τyy =
aτ ′yy

η0c
, M2 =

σB′
2

0 a2

η0
, (8)

and define the stream function Ψ (x,y) by

u =
∂Ψ

∂y
, v =−δ

∂Ψ

∂x
. (9)

We find that (5) is identically satisfied and (6) becomes

δRe

[(
∂Ψ

∂y
∂

∂x
− ∂Ψ

∂x
∂

∂y

)
∂Ψ

∂y

]
=−∂ p

∂x
− δ 2

2
∂τxx

∂x
−

∂τxy

∂y
−M2 ∂Ψ

∂y
,

(10)

−δ
3Re

[(
∂Ψ

∂y
∂

∂x
− ∂Ψ

∂x
∂

∂y

)
∂Ψ

∂x

]
=−∂ p

∂y
−δ

2 ∂τxy

∂x
−δ

∂τyy

∂y
+δM2 ∂Ψ

∂x
,

(11)

where

τxx =−2

[
1+

(n−1)
2

We2
γ̇

2
]

∂ 2Ψ

∂x∂y
, (12)

τxy =−
[

1+
(n−1)

2
We2

γ̇
2
](

∂ 2Ψ

∂y2 −δ
2 ∂ 2Ψ

∂x2

)
, (13)

τyy = 2δ

[
1+

(n−1)
2

We2
γ̇

2
]

∂ 2Ψ

∂x∂y
, (14)

γ̇ =
[

2δ
2
(

∂ 2Ψ

∂x∂y

)2

+
(

∂ 2Ψ

∂y2 −δ
2 ∂ 2Ψ

∂x2

)2

+2δ
2
(

∂ 2Ψ

∂x∂y

)2] 1
2

,

(15)

in which We is the Wessinberg number, Re the
Reynolds number, and M the Hartman number.

Under the assumptions of long wavelength [31 – 40]
and low Reynolds number, (10) and (11) after using
(13) become

∂ p
∂x

=
∂

∂y

[
1+

(n−1)
2

We2
(

∂ 2Ψ

∂y2

)2]
∂ 2Ψ

∂y2

−M2 ∂Ψ

∂y
,

(16)

∂ p
∂y

= 0 . (17)

Eliminating pressure p from (16), we get

∂ 2

∂y2

[
1+

(n−1)
2

We2
(

∂ 2Ψ

∂y2

)2]
∂ 2Ψ

∂y2

−M2 ∂ 2Ψ

∂y2 = 0,

(18)

and (17) shows that p 6= p(y).
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In a wave frame, the dimensionless boundary condi-
tions and pressure rise per wavelength ∆pλ are

Ψ = 0,
∂ 2Ψ

∂y2 = 0 at y = 0 , (19)

Ψ = F,
∂Ψ

∂y
=−1 at y = h , (20)

∆pλ =
∫ 1

0

(
dp
dx

)
dx . (21)

The dimensionless mean flows in laboratory (θ) and
wave (F) frames are related by the following expres-
sions:

θ = F +1 , (22)

F =
∫ h

0

∂Ψ

∂y
dy . (23)

3. Perturbation Solution

For small We we may write

Ψ = Ψ0 +We2
Ψ1 +O(We4) , (24)

F = F0 +We2F1 +O(We4) , (25)

p = p0 +We2 p1 +O(We4) . (26)

Substituting (24) – (26) into (16), (18) and (19) – (23),
solving the resulting systems and then neglecting the
terms of order greater than We2, we get

Ψ = Ψ0 +We2
Ψ1 , (27)

dp
dx

=
dp0

dx
+We2 dp1

dx
, (28)

∆pλ = ∆pλ0
+We2∆pλ1

, (29)

where

Ψ0 =
(

F0M + tanhMh
Mh− tanhMh

){
y− sinhMy

M coshMh

}
(30)

− sinhMy
M coshMh

,

Ψ1 =
F1yM coshMh

MhcoshMh− sinhMh

−
(n−1)

( dp0
dx −M2

)3
MycoshMh

coshMh3(MhcoshMh− sinhMh)

·
{

3hcosh3Mh
64M4 − sinh3Mh

64M5 − 3h2 sinhMh
16M3

}

−
(n−1)

( dp0
dx −M2

)3
y

coshMh3Mh

·
{
−3cosh3Mh

64M4 +
3coshMh

16M4 +
3hsinhMh

16M3

}
(31)

− F1 sinhMy
MhcoshMh− sinhMh

+
(n−1)

( dp0
dx −M2

)3
sinhMy

coshMh3(MhcoshMh− sinhMh)

·
{

3hcosh3Mh
64M4 − sinh3Mh

64M5 − 3h2 sinhMh
16M3

}
+

(n−1)
( dp0

dx −M2
)3

coshMh3Mh

{
− sinh3My

64M5 +
3ycoshMy

16M4

}
,

dp0

dx
=−M2

(
MF0 + tanhMh
Mh− tanhMh

)
, (32)

dp1

dx
=− F1M3 coshMh

MhcoshMh− sinhMh

+
(n−1)

( dp0
dx −M2

)3

coshMh2(MhcoshMh− sinhMh)

·
{

3hcosh3Mh
64M

− sinh3Mh
64M2 − 3h2 sinhMh

16

}
(33)

+
(n−1)

( dp0
dx −M2

)3

coshMh3Mh

·
{

3coshMh
16M2 − 3cosh3Mh

64M2 +
3hsinhMh

16M

}
,

∆pλ0
=
∫ 1

0

dp0

dx
dx , (34)

∆pλ1
=
∫ 1

0

dp1

dx
dx . (35)

The stream function Ψ is

Ψ =
(

FM + tanhMh
Mh− tanhMh

){
y− sinhMy

M coshMh

}
− sinhMy

M coshMh

−
We2(n−1)

((
M3F+M2 tanhMh

Mh−tanhMh

)
−M2

)3
MycoshMh

coshMh3(MhcoshMh− sinhMh)

·
{

3hcosh3Mh
64M4 − sinh3Mh

64M5 − 3h2 sinhMh
16M3

}

−
We2(n−1)

((
M3F+M2 tanhMh

Mh−tanhMh

)
−M2

)3
y

coshMh3Mh
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·
{
−3cosh3Mh

64M4 +
3coshMh

16M4 +
3hsinhMh

16M3

}

+
We2(n−1)

((
M3F+M2 tanhMh

Mh−tanhMh

)
−M2

)3
sinhMy

coshMh3(MhcoshMh− sinhMh)

·
{

3hcosh3Mh
64M4 − sinh3Mh

64M5 − 3h2 sinhMh
16M3

}

+
We2(n−1)

((
M3F+M2 tanhMh

Mh−tanhMh

)
−M2

)3

coshMh3Mh

·
{

3ycoshMy
16M4 − sinh3My

64M5

}
. (36)

4. Expressions for Wave Shape

The nondimensional expressions of the considered
wave forms are given by the following equations:
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Fig. 1. Plot showing ∆pλ versus flow rate θ for sinusoidal
wave. Here Φ = 0.2, We = 0.4, and n = 0.398.
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Fig. 2. Plot showing ∆pλ versus flow rate θ for triangular
wave. Here Φ = 0.2, We = 0.4, and n = 0.398.

(1) Sinusoidal wave

h(x) = 1+Φ sin2πx .

(2) Triangular wave

h(x) = 1+Φ

[
8

π3

∞

∑
m=1

(−1)m+1

(2m−1)2 sin{2(2m−1)πx}
]
.

(3) Square wave

h(x) = 1+Φ

[
4
π

∞

∑
m=1

(−1)m+1

(2m−1)
cos{2(2m−1)πx}

]
.

(4) Trapezoidal wave

h(x) = 1+Φ

[
32
π2

∞

∑
m=1

(−1)m+1 sin{π

3 (2m−1)}
(2m−1)2

· sin{2(2m−1)πx}
]
.

The total number of terms in the series that are in-
corporated in the analysis are 50. Note that the expres-
sions for triangular, square, and tapezoidal waves are
derived from Fourier series.

5. Results and Discussion

Our primary interest in this study is to discuss the
salient features of Hartman number M on various flow
quantities such as pressure rise ∆pλ per wavelength,
longitudinal velocity u, and stream function Ψ . Graph-
ical results presented in Figures 1–10 illustrate these
effects.
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Fig. 3. Plot showing ∆pλ versus flow rate θ for square wave.
Here Φ = 0.2, We = 0.4, and n = 0.398.
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Fig. 4. Plot showing ∆pλ versus flow rate θ for trapezoidal
wave. Here Φ = 0.2, We = 0.4, and n = 0.398.

In Figures 1 – 4 the variation of ∆pλ with the flow
rate θ is dislayed for differenet values of M. These fig-
ures show that in all the considered wave forms, the

Fig. 5. Plot showing velocity u versus y for narrow part of the channel for (a) sinusoidal wave, (b) triangular wave, (c) square
wave, (d) trapezoidal wave.

Hartman number causes an increase in ∆pλ in pump-
ing as well as in copumping regions. The peristaltic
pumping rate and free pumping rate increases with an
increase in M. However, in copumping for an appropri-
ate negative value of ∆pλ the flow rate decreases by in-
creasing M. A close look at Figure 2 (which is for trian-
gular wave) reveals that ∆pλ for triangular wave is less
in magnitude when compared with other wave forms.

Figure 5 is sketched just to see the influence of M on
the longitudinal velocity in the narrow part of the chan-
nel for all the considered wave forms. From these fig-
ures it is concluded that the longitudinal velocity near
the center of the channel decreases by increasing M.
However, the opposite behaviour is seen near the wall.
A comparison of these figures further reveals that at the
channel center, the longitudinal velocity is maximum
in the case of sinusoidal and trapezoidal waves.

Figure 6 illustrates the variation of u in the wider
part of the channel for all the considered wave forms.
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Fig. 6. Plot showing velocity u versus y for wider part of the channel for (a) sinusoidal wave, (b) triangular wave, (c) square
wave, (d) trapezoidal wave.

We observe from these figures that the behaviour of
velocity in the wider part of the channel is quite similar
to that in the narrow part.

Fig. 7. Streamlines for (a) M = 0.2 and (b) M = 0.8. The other parameters are Φ = 0.4, n = 0.398, We = 0.04, θ = 0.6.

To discuss the effects of M on the phenomenon
of trapping, we have prepared Figures 7 – 10. These
figures reveal that by increasing M the size of the
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Fig. 8. Streamlines for (a) M = 0.2 and (b) M = 0.8. The other parameters are Φ = 0.4, n = 0.398, We = 0.04, θ = 0.6.

Fig. 9. Streamlines for (a) M = 0.2 and (b) M = 0.8. The other parameters are Φ = 0.4, n = 0.398, We = 0.04, θ = 0.6.

trapped bolus decreases and it vanishes when large val-
ues of M are taken into account. We have noticed from
these figures that the lower trapping limit for triangu-
lar wave is less when compared with the other wave
forms.

Fig. 10. Streamlines for (a) M = 0.2 and (b) M = 0.8. The other parameters are Φ = 0.4, n = 0.398, We = 0.04, θ = 0.6.

6. Concluding Remarks

An analysis of peristaltic flow of MHD Carreau fluid
is presented in a two dimensional channel under long
wavelength and low Reynolds number approximations.
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Four different wave forms are examined. The effects of
Hartman number M on pressure rise per wavelength,
longitudinal velocity, and trapping phenomenon are
seen through graphs. It is observed that ∆pλ increases
by increasing M, and for triangular wave its magni-
tude is less when compared with the others waves
forms. The size of the trapped bolus is a decreasing
function of M. The lower trapping limit for trian-

gular wave is less in comparison to the other wave
forms.
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