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This investigation looks at the peristaltic flow of a magnetohydrodynamic (MHD) Jeffrey fluid in
a channel with compliant walls. The flow induced is due to sinusoidal waves on the channel walls.
A series solution of the resulting boundary value problem is derived when the wave amplitude is
small. Effects of various interesting flow parameters are discussed with the help of graphs.
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1. Introduction

The motion of a fluid in a channel or pipe due to
a sequence of waves which introduces clasping and
compressing in the boundary walls is known as peri-
staltic motion. The study of peristaltic flow of non-
Newtonian fluids [1—5] has attracted the attention of
many researchers in the recent years. There are various
applications in physiology where this motion is used
by the body to propel or mix the contents of a tube. It
appears to be the major mechanism for urine transport
in ureter, food mixing and chyme movement in the gas-
trointestinal tract, transport of spermatozoa in cervical
canal, transport of bile in bile ducts and so on. Tech-
nical roller and finger pumps also operate according to
this rule. The literature on peristaltic motion in a vis-
cous fluid is abundant and its complete survey in the
domain of biomechanics has been given by Jaffrin and
Shapiro [6]. However, it is an established fact now that
many of the physiological fluids are non-Newtonian.

The study of biomagnetic fluids has attracted the at-
tention of recent researchers. In fact, such attraction is
due to the extensive applications of biomagnetic flu-
ids in bioengineering and medical sciences. Special
relevance of such fluids appears in the development
of magnetic devices for cell separation, cancer tumor
treatment causing magnetic hyperthermia, reduction of
bleeding during surgeries and many others. The most
characteristic biomagnetic fluid is blood. Blood is a
biomagnetic fluid due to the complex interaction of

intercellular protein, cell membrane, and hemoglobin.
On the other hand the motion of a magnetohydrody-
namic (MHD) fluid across the magnetic field induces
electric currents which change the magnetic field and
the flow of the fluid [7]. The MHD flow in a channel
having an elastic, rhythmically contracting wall (peri-
staltic flow) is of great interest in connection with cer-
tain problems of the movement of conductive phys-
iological fluids (e.g. the blood and blood pump ma-
chines). Sud et al. [8] studied the influence of a mov-
ing magnetic field on blood flow. The blood flow in
the context of magnetohydrodynamics is also investi-
gated by Srivastava and Agrawal [9]. The MHD blood
flow through an equally branched channel with flexible
boundaries inducing peristaltic waves has been exam-
ined by Agrawal and Anwaruddin [10]. Now the MHD
peristaltic flows of viscous and non-Newtonian fluids
under different aspects have been analyzed in details
(the interested readers may see the studies [11] and
several references there in). Some recent analytic and
numerical solutions for the peristaltic flows can be seen
in the investigations [12—27].

Literature survey witnesses that very little attention
has been given to the peristaltic motion with compli-
ant walls. Such consideration explains how a progres-
sive wave may be imparted to the walls. The com-
pliant wall is excited by the muscles whose tension
controls its deformation. Such action of muscles can
be described by equations in terms of compliant wall
displacement [28]. Abd Elnaby and Haroun [29] dis-
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cussed the peristaltic flow of a viscous fluid in a two-
dimensional channel with compliant walls. They pre-
sented the flow analysis under the assumption of small
amplitude ratio. Later Ali et al. [30] analyzed the peri-
staltic flow of a Maxwell fluid in a channel with com-
pliant walls. The objective of this study is to ana-
lyze the peristaltic flow of non-Newtonian fluids in a
channel with compliant walls. For that the constitutive
equations of a linear Jeffrey fluid have been used. The
considered fluid model is simplest and can describe the
rheological characteristics in terms of relaxation and
retardation time parameters. The paper is organized
as follows. In Section 2, we provide the mathemati-
cal modelling and problem statement. The nonlinear
differential equations subject to appropriate boundary
conditions are solved analytically in Section 3. Sec-
tion 4 describes the graphical results. Closing remarks
are presented in Section 5.

2. Problem Definition

We consider a two-dimensional channel of uniform
width 2/ filled with a homogenous Jeffrey fluid. The
fluid motion in the channel is induced by imposing
small amplitude sinusoidal waves on the compliant
walls of the channel. The physical model of the prob-
lem is given as follows:

The geometry of the walls are given by

y=+h+£n ey

in which the vertical displacement 1) of the upper wall
from its normal position is defined as

N =acos— (x—ct), 2)

e
wave speed C

i

hi Teffrey fluid

1 (x,t):n(}oszT’T (x-ct)

Compliant Wall

Fig. 1. Scheme of the problem.

where a is the wave amplitude, c is the constant wave
speed, A is the wavelength, for lower wall 7 is replaced
by —n, and in the Cartesian coordinate system x is
measured in the direction of wave propagation and y
is measured in the direction normal to the x-axis. The
relation describing the compliant nature of the wall is
given by

92 P o4 22
motds +Byg—Tos+Kn=p=po. ()

In above equation m denotes the plate mass per unit
area, d is the wall damping coefficient, B is the flex-
ural rigidity of the plate, T is the longitudinal tension
per unit width, K is the spring stiffness and pg is the
pressure on the outside surface of the wall. We as-
sume po = 0 and the channel walls are inextensible
so that only their lateral motions normal to the unde-
formed positions occur. The horizontal displacement
of the walls is taken zero and hence the boundary con-
ditions are
an

¥ =0 and ¥ =F5" aty==%h*n, )

where the stream function ¥ (x,y,?) is defined as

¥ ' d
==, V=——"0. 5
U=y e &)
Here u and v are the x- and y-components of the veloc-
ity V, respectively.
The fundamental equations describing the MHD
flow of an incompressible fluid are

divV =0, (6)
d
pd—:] = —Vp+ divS — 0B}V, (7

with p as the pressure, d /d¢ the material time deriva-
tive, S an extra stress tensor which for a Jeffrey fluid is

(1+4)S=2u (l—l—?tz(i) Aj. (8)

It should be pointed out that (7) holds when an induced
magnetic field is neglected and By is an applied mag-
netic field. In above equation u is the dynamic viscos-
ity, A; is the ratio of relaxation to retardation times,
A, is the relaxation time, and A is the first Rivlin-
Erickson tensor.
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Equations (7) and (8) in scalar form can be written
as

p<8u+uau+vau>_
ot d dy |
d ) as ' as ©
_op Xx - 2
dx  OJx + dy B,

dv  dv  dv\  dp ISy ISy
(aﬁ”ax ay>— ay " ax Ty U9
2u PR u
RN EwY 1”2<at+“ax“aﬂa’ (a

o 9 .,9.,,9
Sxy_lJr/11 1+/12<at+ua +vay>]
(12)
(o, o
dy odx )’
o o o a\lov

The complete formulation of the problem allows the
continuity of stresses which requires that at the inter-
faces of the walls and the fluid p must be the same as
that which acts on the fluid at y = £k 4+ 1. Employing
(9), we have

1| 9*n a9n 9 2*n

ZmE +ad S B T K

ax[’”at2+ o TP a2+ n
(B EH) + St Sy — OB,

(14)

in which subscripts indicate partial differentiation and
the incompressibility condition (6) is identically satis-
fied through (5).

Introducing the following dimensionless quantities

~ X LY . u , v ? ct

X =— == U=—, V=— =
h?y h’ C’ C’ h)

s P . N g ¥ . om

= — 2y -

p p627n h? Ch’m ph’

. dh . B . Th . KW (5)

dzi’B: 27T: 59 :727
pv phv pv pv
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the resulting problem statement after suppressing hats
take the form as

d
§v2lf'+ PAG R AT =
1 2
E (Sxx,xy + Sxy.yy - Sxy,xx - Sy}x,xy) -M lf.lyyv
(16)
2
Sxxzi( Xy +212( xyt+lPchxy %%,\’}‘))7 (]7)
I+
1
Sy = T4 ((Fy = War) + 2 (Foyr + ) Wayy — He¥lyy
_'ﬂcxl - lechxx + 'ﬂclery))a (18)
Syy: 1+11 ( xy‘f')LZ( Xyt — lpvlgcxy‘f'%lgcyy))y
(19)
N =¢€coso (x—1), (20)
W,=0 aty=+1+n, 1)
o (P don Bom Tom K\
w\"o2 "R TRo# R R")”

1
R
aty=+1+1,

(Sxx,x +Sx 7y) - (%z + %lpyx - %%y) —leI{V
(22)

where € = a/h is the amplitude ratio, o = 2wh/A is
the wave number, R = ch/v is the Reynolds number,
and v = (u/p) is the kinematic viscosity.

3. Method of Solution

Adopting a similar approach as in [31], the flow
quantities in powers of € can be expanded as

Y=Y +e¥+W%+..., (23)

dr_ (9 LAWY LD
8x_<8x>0+8<8x>1+8 o 2+..., (24)

Sxx = Sxx0 + ESxe1 + £2Sxx2 +... (25)
Sxy = SxyO + SSxyl + stxyz +..., (26)
Syy = Syy0 + ESyy1 + €Sy +. ... 27)

Note that the first term on the right-hand side in (24)
corresponds to the imposed pressure gradient and the
other terms correspond to the peristaltic motion. Using
the above equations into (16)—(22) and then collect-
ing terms of like powers of €, we obtain three sets of
coupled differential equations with the corresponding
boundary conditions in &, €, and &.
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In actual practice the &) set of differential equations
subject to a steady parallel flow and transverse symme-
try assumption for a constant pressure gradient in the
x-direction corresponds to the classical Poiseuille flow,
ie.

sinh Iy
I'coshI”

2Ko { (28)

%(y):RMZ y—=

dp
K =
=3 (&),
inwhich I’ =M+/R(1+ A;) and c| is an arbitrary con-
stant.

The second and third sets of differential equations
in ¥} and ¥ can be written in the forms:

:|+C]a

1 . )
¥ (x,y,1) = > [(Dl () eioelx—1) | 7 () e—la(x—t)} ’
(29)
1 . )
Sl = 3 [‘Pz () 0+ @5 (y) e‘“"("")} . (30)
1 . }
S = L [os e 0z ]
1 i * —io(x—
Spi =3 [@0) 4 pj eI ()
1 i —
b o) (xa Y, t) = E {(pz() (y) + Dy (y) ezm‘(x 1) )
Fo () e e,
1 )
Sp2 = 5 {‘DSO (y) + D33 (y) 201
2
. (34)
+ (D3*3 (y) e—21a(x—t)} 7
1 )
Sp2 == [@40 () + Das (y) p2ia(x—1)
? | (35)
F () e M),
1 i
Syy2 = 5 {@50 (y)+ D55 () gZiola—1)
? (36)

+ @35 (y) e,

where the asterisk shows the complex conjugate. In-
voking above equations into the differential equations
and their corresponding boundary conditions in ¥} and
¥, we have three sets of coupled linear differential
equations with their corresponding boundary condi-
tions which are fourth-order ordinary differential equa-
tions with variable coefficients, and the boundary con-
ditions are not all homogeneous and the problem is
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not an eigenvalue problem. For the free pumping case
(dp/9dx), = 0 which means Ko = 0, we have

. d2 2 R/
mRLﬁ—a}¢mw=&w¢mw o
+iady(y) — @ (v) — D3 (y) — iad; (y),
(1+4) @2 (y) = 2ia (1 —iak) @ (v), (38)
(14 41) @3 (y) = (1 —iady) (D] (y) + & * Py (y))
(39
(1+/11)q>4 (y) = —2ia(1—iacthy) @} (y), (40)
@ (+1) =0, 41
i0RD| (+ 1)+i(xc2D2(i1) @
+ @ (il)—RM @] (+1) = RS,
§=— R2 (’R*m+ioRd — o'B— T —K),
" laR * " *//
Dy (v) = - (@] (v) @] (y) — D1 (y) D" (v )}
FRMPDY (y), 43)
o 7Lz

<Dao(y):*l+l (@1 (y) D" () + @ (y) @/ (v)

+201 (y) @' ()], (44)
@) = 1 B0~ 5y [910) 917 0)
— o[ (y) 2/ ()], 43)
D50 (v) = 13’5 (@1 () 91" () + @ (v) D (»)
+201(y) @1 ()] (46)
@ (£1) = ¢% (@] (£1) + " (£1)], (47)
dwgo(il):—T[cbl (£1) @ (£1)
— @} (£1) @] (£1) ] +RM* Dby (£1)
IZR (@] (£1)— @}" (£1)]
£ B (f (1) + 07" (1)
12 (@) (1)~ @ (+1)]
q:% (@ (£1) + @y (£1)], (48)
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. d? ) o _ 2iaf (1-iaky)
2ioR [@2—405 ] Dy (y) = RM- D), (y) Bz——(H_M) By,
laR / i " 1 1
- (@1 (y) @ (y) — @1 (v) D" ()] — Pl (») Ay = m (a®+ ) Ay,
— 40 Dy (y) — 21Dy (y) +2iaDis (v), (49) (1—i0ka)

— 2 2
(1+M)(D33 (y): ﬂ [@1 (y) @i/(y)_(piz(y)} B3 (1_'_;{1) (O( +ﬁ1)Blv

(I+A1)
4io(1 —Zialg)(p, o) 50) o? = N++/N2? —402
(1_"_2/1) 22 V) 2
{0y ,  N—/N?—40p?
(1+241) Das () = 3 (@] (v) @ (v) Bi = 2 '
1 —2iak) 2, o L(0P =P M
) @ +7( D). N=a"+p"— .
10) 2O+ 7y P2 0) B o
402 (1 =2i0\ The solution of (43)—(48) is
Aell-2iek) g, ), (51)
(I+4) p coshl'y —coshI”
oA, D (v) =F (y) +2C T Tleoshl
(1+4) D55 (y) = NTETN) (@1 (y) @) (v) — o )] cosh Ty (59
+(D—-F(1 .
74ia(172ialz)(p, ) (52) ( ) coshI”
(1+241) 207 The peristaltic mean flow is
1 2
Dy, (£1) = F- @] (£1), 53) €
2 (£1) = F5 @1 (+1) (53) i1 (y) == P30 ()
2
20, (+1) = {0RD, (+1) B} (£1) — 4i R DY, (£1) _E  Fpy) 426, (COShI;y_COShF)
. 2 r hI”
—4diads; (£1) F @Y (£1) o (60)
+ 2RM* @), (1) Fia®, (1) C(D—F(1) coshIy
FioR®] (£1) —iaR®D; (£1) @) (£1) coshl" |’
+RM? @] (£1), (54) .
_ 2. * K2 Lk * 2.
where primes signify differentiation with respect to y. b= 2 [Aroq sinhoy +Ajoi”sinh o +B1 i sinh By
The solutions of (37) —(42) are +BB;? sinhﬁl*] ,
@, (y) =A; sinhoyy+ By sinh 1y, (55) 5
o R M) o 4 AT sinh o
@, (y) =A; coshayy+ By cosh By, (56) 1= ) +Aqsinhog +Agsmnh oy
®; (y) =Assinh oy + B3 sinh 1y, (57) +Bysinh By + By sinh By
- _ 1+A
@4 (y) =—Apcoshoyy — By cosh By, (58) A4:—( ‘Z 1) [iaalzRAl—&—iaalAz—&—Agalz],
1+4
P (1+21) RS By — UM [ioBIRB: +ia BB+ B3pi].
(1—iak) (Bf — af) oy coshoy’ 4
B — (1+M)RS F (y) =si1cosh2oy +sycosh (ot + )y
: 1—ioA 2 —o? hpB;’
(1—ioky) (B7 = of) B cosh By +s3cosh (ot — B)y+sqcosh(a+ %)y
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=————— A,

2T (It +s7cosh (B — ),



T. Hayat et al. - Electrically Conducting Jeffrey Fluid with Compliant Wall and Peristalsis 111

i0A1AT (0f — 0?)

! T4 [(al +a;‘)2—1"2]
RO+ ) = 22 (e +0)?]
iaA 1A} (of — o?)
Sy = 2
4 [(al —o) —1"2}
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4|+ By -1
RO+ A1) =22 B+ B’
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4](Bi-B;)* -1
RO+ A1) + 28— B

At critical reflux condition, i is zero at y = 0 [29] and
so invoking (60) we have

H, —|—\/H12—4H2

Teritical reflux = ) y

(61)

_ (hi +ho) (h3 +ha)
oo coshay cosherf o B cosha cosh B
(hs + h) (h7 +hg)
o BicoshofcoshBy BB cosh B cosh B’

1
H, = @[2% +g3+483],

1 * * ok
H = P [L4Ly+ Lags +L;g3],
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L g(BRai®) [ coshlei+B) o BB [ con(Bif)
5= ) - - 2
{(O‘T +B) ,Fz} coshl” {(ﬁl - B) _pz} coshI”
2
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he =8 (- B}) [1 B cosh(al*—ﬁl)]
«_gN\2_ T2 coshI
[(al B 1) r } 4. Results and Discussion
TR+ 1) =2 (B — o 2} . . . .
[ (1+41) 2 (B =) This section describes the effects of various
2 pw2 N emerging flow parameters. For this purpose, the
hy = 8 (ﬁ 1 21 ) [ _ cosh (Bi +p 1 )} mean-velocity at the boundaries of the channel, the
[(ﬁ1 +B;) T 2} coshI” time-averaged mean axial velocity distribution and
5 reversal flow are calculated and the results are dis-
: {R (14+2A1) =22 (B1 +BY) } ; cussed graphically when K = 0. The constant D which
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Fig. 2. Variation of D with wave number « for four different values of (a): the wall damping d, (b): Hartman number M, (c):
the ratio of the relaxation time to the retardation time A1, and (d): the retardation time A,. The other parameters are chosen
as: (aym=0.01,B=2,T=1,K=1,M=2,R=10,4; =0.8,and A, =0.5; (b)) m=0.01,B=2,T=1,K=1,R= 10,
d=05,4=08and A, =0.4;(c)m=001,B=2,T=1,K=1,R=10,M=1,d =0.5, and A, = 0.2; (d) m = 0.01,
B=2T=1,K=1,R=100M=1,d=0.5,and A; = 1.5.
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Fig. 4. Variation of mean-velocity distribution and reversal flow for three different values of (a): the wall damping d, (b):
Hartman number M, (c): the ratio of the relaxation time to the retardation time A;, and (d): the retardation time A,. The values
of other parameters are: (a) m=0.01,B=2,T=1,K=1,R=1,2=0.5,€ =0.15, 1 = 0.8, and 1, = 0.4; (b) m = 0.01,
B=2K=1,T=1,R=1,d=05,00=0.5,6=0.15,1,=08,and 1, =0.4; (¢c) m=0.01,B=2,T=1,K=1,R=1,
M=1,d=05,a4a=05,e=0.15and A\, =04,and d)m=0.01,B=2,T=1,K=1,R=1,M=1,d=0.5, 00 =0.5,
£=0.15,and ,; =0.4.
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initially arises from the no-slip condition of the axial-
velocity on the wall is due to the value of @} (y) at
1 the boundary. The mean-velocity at the boundaries of
1 the channel is i (+1) = & @}, (+1) = £ D [29]. Fig-
| ure 2a depicts wall damping (d) effects on the bound-
aries D. We conclude that D decreases upon increas-
ing d. The effects of Hartman number M on the mean
velocity at the boundaries are shown in Figure 2b. It
is found from this figure that the mean velocity at the
boundaries increases with increasing Hartman number
M. Figure 2c elucidates the effect of the ratio of the re-
\ \ \ \ laxation time to the retardation time A; on the mean ve-
i ﬁ(y) B 10074 locity at the boundaries of the channel. It is noticed that
Fi L S * D decreases with an increase in A;. However, an oppo-
ig. 5. Variation of mean-velocity distribution and reversal . . . . ;
flow for different fluids. The values of other parameters are site behaviour is observed in Figure 2d which shows
m=001,B=2T=1,K=1,M=1,R=10, o = 0.5, the effect of the retardation time A, on D. The effects
e=0.15,and d =0.5.
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Fig. 6. Variation of critical values of wall tension T with wave number o for three different values of (a): the Reynolds
number R, (b): Hartman number M, (¢): the ratio of the relaxation time to the retardation time A;, and (d): the retardation time
A2. The values of other parameters are: (a) m =0.01,B=2,K=1,d =0.5,M =0.5, 1 = 0.7, and A, = 0.4; (b) m = 0.01,
B=2,K=1,d=05R=8,A=04,and 41 =0.7;(¢c)m=001,B=2,K=1,R=8M=0.5,d =0.5,and A, = 0.4,
and(d)m=0.01,B=2,K=1,R=8,M=0.5,d=0.5,and A; = 1.5.
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Fig. 7. Variation of critical values of wall tension 7 with
wave number o for different fluids. The values of other pa-
rameters are m = 0.01, B=2, K=1, M = 0.5, R = 10,
a=0.5,andd =0.5.

of different fluids on the mean velocity at the bound-
aries of the channel are depicted in Figure 3. This fig-
ure shows that the mean velocity at the boundaries is
greater in the case of the Newtonian fluids when com-
pared to a Jeffrey fluid. It is noted that damping may
cause the mean flow reversal at the walls which is not
possible in the elastic case. Furthermore, for small o
the damping occurs which indicate some disturbances
during the motion. The variations of d and M on the
mean velocity distribution and reversal flow are plot-
ted in Figures 4a and b. It is revealed that the possibil-
ity of flow reversal increases by increasing M (Fig. 4b)
while in case of d the situation is reversed (Fig. 4a).
The variations of A; and A, on the mean velocity dis-
tribution and reversal flow are shown in the Figures 4c
and d. It is noticed that the flow reversal increases by
increasing A; and A, (Figs. 4c and d). The behaviour
of different fluids on the mean velocity distribution and
reversal flow is depicted in Figure 5. This figure indi-
cates that magnitude of the velocity is large for the lin-
ear Jeffrey fluid when compared with the Newtonian
fluid. Following Fung and Yih [31], the mean-velocity
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perturbation function G (y) is defined by

GO =3

~ = (62)

[F () = F(1)].

From Figures 6a and b it is observed that the criti-
cal value of T increases when Reynolds number R and
the Hartman number M are increased. It is seen from
Figure 6¢ that the effect of the ratio of the relaxation
time to the retardation time A, on critical value of T is
quite opposite to that of A, (Fig. 6d). We further note
that the critical value of T is very high for small values
of the wave number o when compared with its large
values. Figure 7 reveals the fact that the critical values
of T are greater in comparison of the Newtonian fluid
with Jeffrey fluid.

5. Closing Remarks

This study describes the peristaltic flow of an in-
compressible Jeffrey fluid. The two-dimensional equa-
tions are modeled and the analytical results are pre-
sented for the free pumping case. The main results of
this analysis are as follows:

e There is a decrease in the constant D when A, is
increased.

e The role of A, on D is quite opposite to that of A;.

e The flow reversal increases by increasing A; and A,
while the flow reversal decreases when d increases.

o The magnitude of velocity in Jeffrey fluid is greater
than that of Newtonian fluid.

e The corresponding results of viscous fluid [29] can
be deduced when A; and A, are equal to zero.
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