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Arising in the context of random matrix theory, the coupled Kadomtsev-Petviashvili (KP) systems
have been a subject of active studies. In this paper, a coupled KP system with three potentials is
investigated with symbolic computation, and the Darboux transformations of its reduced equations
are obtained. Moreover, the multi-soliton-like solutions of the coupled KP system are derived. Those

solutions could be of some value for the studies in the context of random matrix theory.
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1. Introduction

Due to the limitation of the dimension, the pure
one-dimensional systems can not account for some ob-
served features [1]. In realistic situations, the higher
dimensional systems may provide more useful mod-
els [1,2]. As a typical example in (2+1)-dimensional
systems, the Kadomtsev-Petviashvili (KP) system has
been derived from many physical applications in
plasma physics, fluid dynamics, water waves, astro-
physics, cosmology, optics, and Bose-Einstein conden-
sation [1, 3]. Compared with the KP equation, the cou-
pled one possesses soliton solutions with more para-
metric freedom [4]. Therefore, its solutions can be
expected to model more complex situations in real-
ity than the KP equation [5,6]. Recent research has
claimed that the coupled KP system has an inner con-
nection with matrix integrals over the orthogonal and
symplectic ensembles, so the solutions might be ap-
plied to the context of random matrix theory [5,7]. The
coupled KP system has been proposed as the soliton
system through coupling the KP system to the Davey-
Stewartson one [6, 8 — 10]. Since then, the coupled KP
system has been reconstructed several times from dif-
ferent points of view [7, 11].

In this paper, with symbolic computation [12—14],
we will investigate a coupled KP system with three po-

tentials in the following form [15]:

1
qr = 7 (Clxxx —6ggx+3 /nydx"' 6(Pr)x) s

1
pi=3 (—pxXx+3qpx+3p/qydx—3ny)» 1)

1
= 5(—rxxx—i-.%qrx—?ar/qydx—i—?»rxy),

where the subscripts represent the partial derivatives.
Through certain reductions [11], System (1) can be re-
duced to the coupled Korteweg-de Vries and standard
KP equations [4, 5].

In recent years, the coupled KP systems have re-
ceived certain interest [5,6,9,11,15—17]. The Lax
pair and algebraic-geometrical solutions in terms of
the Riemann theta functions of System (1) have
been given [15]. An elementary Bicklund-Darboux
transformation has been constructed by the spin-
representation formulation [16]. Some typical and
spider-web solutions of System (1) have been pre-
sented [5, 6].

Author of [15] has decomposed System (1) into the
first two members of the (1+1)-dimensional Ablowitz-
Kaup-Newell-Segur hierarchy,

Uy = —lUyy + Zuzv, Vy = Vxx — 2uv2, 2)
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Up = Uyxy — OUVLLy, Vi = Vigy — OUVYy, 3)

and obtained the following proposition:
If (u,v) is a compatible solution of (2) and (3), then
the function (p, ¢, r) determined by

g=4uv, p=-2% r=-27 (4)

is a solution of System (1). It should be noted that this
restricted class of solutions is for System (1), and the
KP-II equation as well, under the restriction of q2 =
4pr,i.e. (4), the first equation in (1) is just the KP-II
equation.

Authors of [5,6,11] have constructed the multi-
soliton solutions of System (1) in terms of the func-
tional forms and Pfaffians. Based on the proposition
of [15], this paper will derive the multi-soliton solu-
tions of System (1) by use of the Darboux transforma-
tion (DT). Those results might be useful in the context
of random matrix theory.

The outline of this paper will be as follows. In Sec-
tion 2, we will present three kinds of DTs for (2)
and (3). In Section 3, based on the obtained three DTs
and (4), the one-, two-, and three-soliton-like solutions
of System (1) will be presented. Section 4 will be our
conclusions.

2. Darboux Transformations for (2) and (3)
with Symbolic Computation

The DT which can be applied to a class of non-
linear evolution equations is a computerizable proce-
dure [18—19], and the DT can give rise to a procedure
to recursively generate a series of analytic solutions in-
cluding the multi-soliton solutions from an initial solu-
tion [20,21].

In this section, we will present three kinds of DTs
for (2) and (3). The Lax representation of (2) and (3)
has the following form [15]:

Y.=U¥%, Y¥,=V¥ Y =WY¥ 5
with

1

—sA u
_ 2
-(85)
V— —%lz—i—uv UA — Uy 7
o\ VA4, %lz—uv ’

W= (8)
(— %13 +uwd — v+ uvy udr—u A —2uv+ uﬂ>

VAZ + A — 2uv? + vy %13—uvl+vux—uvx ’

where ¥ = (y1(x,y,1),¥2(x,y,t))T, T denotes the
transpose of the vector, and A is the isospectral pa-
rameter. From the compatibility conditions Uy, — Vi +
[U,V]=0and U, — W, +[U,W] =0, (2) and (3) can be
derived.
We can take the DT as the form,

¥ — DY, 9)

which satisfies

A A

¥ =0%, ¥ =V¥ ¥ =Wy, (10)
and

D.+DU—-UD =0, (11)

Dy, +DV—-VD=0, (12)

D,+DW —-WD =0, (13)
where

. A a
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With the aid of symbolic computation, the DTs for (2)
and (3) can be obtained in the following.

The first DT
wprA)-MvyiM)
o (AT e an
' _ W) )
v1(41)
with
. ufuyr (M) — Ay (4)] L W)
- — Ux, - 9 18
! vi(4) T () (1)

where (y1 (A1), w2(A1))T is a solution of Lax represen-
tation (5)—(8) with A = A4.
The second DT

1 _Ww Eizg
V2 (42
Dy = (19)
v A+ W
with
. i)
u=— )
v2(42) (20)
o vy (A2) — L vs(Ay)]
V=v,+ ’
v2(A2)
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where (W (A2), W2(A2))T is a solution of Lax representation (5)—(8) with A = A,.

1)

A

The third DT
2 — Aavi(Aa)vo(d) Ay (Aa) v (23) _ Ay (Aa)yi (M) — A3y (As) i (Aa)
D; v1(A3)y2(Aa)—y1 (Ae) ¥2 (A3) Vi (43) 2 () — i (A4) y2(A3)
A (A3) o (Ae) — Ay (A3)va(Ae) 0 A3yi(Aa) va(A3) — Ay (A3) ya (M4)
Vi1 (A3)v2(As) — i (A4) y2 (43) Vi1 (A)v2(A3) — w1 (A3) w2 (Aa)
with and (3),
3 2 3 2
1oy Vi) v () — A3y () v (14)’ 22) = {e%ﬂr%'w%'xcz n (Cle—%'t—%ly—?c
Vi (43)v2(A4) — w1 (A4) v2(43)
By Ye elz?’“z‘zy“z‘xyt } {c oAy B 27)
ooy PR — (vt Nl

V1 (A3)v2(A4) — w1 (M) ya (A3)
where (y1(23),¥2(43))" and (y1(A4), y2(A4))" are

two solutions of Lax representation (5)—(8) with A =
Az and A = A4, respectively.

Assume that (u,v) is a compatible solution of (2)
and (3), then (i, V) defined in the above three DTs are
three types of solutions of (2) and (3). Therefore, we
know that

AN

g=4ip, p=-2i r=-20" (24)

corresponds to a solution of System (1).

3. Multi-Soliton-Like Solutions

In this section, our concern is to construct the multi-
soliton-like solutions for System (1) with the above
three DTs and (24). Taking u = —1, v = 0 as the seed
solutions of (2) and (3), we obtain the basic solution of
Lax representation (5)— (8),

Ko7y
Wi(A)) = Cre F1—Fy=Fx
! P (25)

i MMMy
ATt TR,

23 2

3 )2 1
Ya(A)) = Cre 21T 30T (j=1,2,3,4), (26)

where C|, C; are arbitrary constants.

3.1. One-Soliton-Like Solutions of System (1)

From the first DT, we can get a solution of (2)

A3 12 2
1 1 1
_ A'I_ICZGTH’_T)H_TX]

23 212 2
CzeT't+ Fy+Fx

v = . (28)
1 _—l?t—ﬁ —}L—lx —1 EH——'Z +5x
Cie2 22 —Al Cre RN
With Transformation (24), a solution of System (1) can
be derived as

2,093
4C, CQA,EC}L'XJF}LI VAt
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3.2. Two-Soliton-Like Solutions of System (1)

Similarly, with the third DT, the two-soliton-like so-
lution of System (1) can be presented,

g2 = 4C2C381 A3(A3— A4) A [C2Ca 37 — C1 A3(C3 833
+ CAd — C4A324)][C1C3 830304 + C2 8, (C383M3
— G380 — CyAsAy)] 2, (32)
P2 = —2[C2C45,A7 — C123(C3 833 + C4A}
— LGP [C1C383A3 44 + Cr8,(C3 8345 (33)
— G383 — Cidz )] 2,
ry = —2C3C387 A3 (A3 — Ma)*AZ[C1C3 83034
+ 08 (C:333 — C383A — Cadsh)] 2,
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Fig. 1 (colour online). Plots for the three potentials pi, g1, and r; of the one-soliton-like solution of System (1) transverse at

t = 1. The parameters adopted here are: ¢y = 1,co =1, 4| =

(b)

—1.

(©)

Fig. 2 (colour online). Plots for the potentials g, of the two-soliton-like solution of System (1) via Solution (32) transverse at
(@)t =—-2;(b)t =0; (c) t = 2. The parameters adopted here are: c; =1, cp =1, c3=1,c4 =—1, A3 =2, 4 = 1.

(b)

Fig. 3 (colour online). Plots for the potentials p; of the two-soliton-like solution of System (1) via Solution (33). The param-
eters adopted here are: c; = 1,¢cp =1, c3=1,¢c4 = —1, A3 =2, A4 = 1 and depicted at (a) t = —21; (b) r = 0; (c) r = 21.

where A3 # A4, and
5 = M3+ Ag)+y(A3+AF) +1(25 +47)
b
A3+yA2+143
& = e IAHAT (35)
53 _ x)L4+y7L42+tlf

3.3. Three-Soliton-Like Solutions of System (1)

Taking As # Ay # A3, with the first basic DT and
Transformation (24), we can get the three-soliton-like
solution of System (1),

= 4C2\/5_4/15(C2f25415f' +CiAs +Crbs)

' <C2fz54/15f£2 +CG
Vs

f _, o)
) [C1As — Ca84]

(szz547tf1 +CiAs +C284)?

p3 = _5_
( 54f2),f2 +C1>2f2 (37)
_ 2038722
where 8, = e A3+143 and
fi= (G286 — C123) (A3 — A4)(Cady — C363)
' 08 (Cidada + G380 —C383h3) —C1C3 83050
e C2C462142 —C1A3(C38343 +C4)~4% —C4),4l3)

C1C3832324 + C26,(C3 0343 — C3 8304 —CaAsAg)

More multi-soliton-like solutions can be obtained by
the similar iterative procedure. In the following, Fig-
ures 1—4 will be drawn via the expressions presented
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(b)

(©)

Fig. 4 (colour online). Plots for the potentials 7, of the two-soliton-like solution of System (1) via Solution (34). The param-
eters adopted here are: c; = 1,¢cp =1, c3=1,¢c4 = —1, A3 =2, A4 = 1 and depicted at (a) t = —21; (b) r = 0; (c) r = 21.

above to depict some dynamics of the obtained solu-
tions.

Figure 1 shows a one-soliton-like solution of Sys-
tem (1), where g; has the upside-down bell shape, p;
and r; are the kink-shape solitary waves. Figure 2 dis-
plays the resonant structure exhibited by the potential
q>, which describes that the single soliton fissions into
two smaller solitons. Solution (32) is determined by
six parameters, which means that the interaction states
can be organized for different choice of parameters,
i.e., one can completely control the phases of the two
solitons. Figure 3 illustrates the elastic collision of the
two solitons because the soliton amplitudes, veloci-
ties, and shapes do not change after their interaction.
In Figure 4, the two interacting solitons always keeps
a v-shape propagation. In particular, we point out that
the soliton resonant phenomenon as shown in Figure 2
has been observed in the shallow water wave experi-
ments [22], in the ion-acoustic waves experiment [23],
and in the plasma experiment [24]. Relevant issues can
be seen in [26].

4. Conclusions

Recent interest has been found in the algebraic
background of a coupled KP system [6]. Some re-
search [5,6] has claimed that a coupled KP system
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