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In this paper, suitable transformations and a so-called exp-function method are used to obtain
different types of exact solutions for some nonlinear evolution equations with variable coefficients
and nonlinear terms of any orders. The Korteweg-de Vries equation and the Burgers equation with
nonlinear terms of any orders are chosen to show how to apply the exp-function method for these
kinds of nonlinear equations. These exact solutions are in full agreement with the previous results
obtained by Ebaid and by Zhu.
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1. Introduction

Recently, He’s exp-function method [1 – 4] has at-
tracted much attention for solving nonlinear equations
of mathematical physics. The method has been used
by many authors to obtain travelling and non-travelling
wave solutions, compact-like solutions and periodic
solutions of various nonlinear wave equations [5 – 16].
In [6] we showed that the main advantage of this
method over the other methods [17 – 28] is that it can
be applied to a wide class of nonlinear evolution equa-
tions including those in which the odd and even-order
derivative terms are coexist. More recently, we applied
the exp-function method to obtain different types of ex-
act solutions for the generalized Klein-Gordon equa-
tion [7]. In [29, 30] Zhu extended the method to solve
differential-difference equations. Also in [31] Zhou et
al. suggested a modified version of the exp-function
method for nonlinear equations with a high order of
nonlinearity. Many other works have been presented
recently by the authors [32 – 38]. In this paper, we aim
to show how to apply the exp-function method for solv-
ing evolution equations with variable coefficients and
nonlinear terms of any orders. The generalized Burgers
and Korteweg-de Vries (KdV) equations with variable
coefficients are chosen to illustrate the method of solu-
tion. The two equations are given as:

ut +α(t)uγux +β (t)uxx = 0 (generalized

Burgers equation with variable coefficients),
(1)
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and

ut + δ (t)uλ ux +ν(t)uxxx = 0 (generalized

KdV equation with variable coefficients).
(2)

When λ = 1, 2, 3, (2) reduces to the classical KdV
equation, the modified KdV equation, and the quartic
KdV equation, respectively.

2. Method of Solution

In this section we discuss how to solve (1) and (2)
by the exp-function method. The method can not be
used directly to solve these generalized equations, it
requires [7]:

(I) A transformation to convert the given general-
ized nonlinear partial differential equation (PDE) into
a generalized nonlinear ordinary differential equation
(ODE).

(II) Another transformation to convert the general-
ized nonlinear ODE into a new one so that the balanc-
ing procedure [1, 2] becomes applicable.

The transformation in (I) is already known and given
by [8]:

u = u(η), η = k x+
∫

σ(t)dt, (3)

while the transformation in (II) is established by two
steps:
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(i) Firstly, we obtain a value of n from balancing the
generalized nonlinear term with the highest derivative
linear term.

(ii) Then we construct the other transformation as
u = vn, where n is obtained by step (i).

To make the last two steps as clear as possible, let
us consider the generalized Burgers equation given
in (1) and balancing the generalized nonlinear term
uγux with the highest derivative linear term uxx, we ob-
tain γn+ n+ 1 = n+ 2, and this gives n = 1/γ . So,
we use the transformation u = v1/γ for the generalized
Burgers equation (1). Similarly, we use the transforma-
tion u = v2/λ for the generalized KdV equation (2). In
the next section we show the effectiveness of the exp-
function method with the transformations introduced
above for solving generalized Burgers and KdV equa-
tions with variable coefficients given by (1) and (2).

3. Exact Solutions for the Generalized Burgers
Equation with Variable Coefficients

Making the transformation (3), (1) becomes

σ(t)u′+α(t)kuγu′+β (t)k2u′′ = 0. (4)

Now, we can use the transformation

u = v1/γ (5)

directly into the last equation as indicated in the previ-
ous section, but we may use it after integrating (4) once
and setting the constant of integration equal to zero to
obtain

σ(t)u+
α(t)k
γ + 1

uγ+1 +β (t)k2u′ = 0, γ �=−1. (6)

Now, using the transformation (5) to this equation,
yields

σ(t)v+
α(t)k
γ + 1

v2+
β (t)k2

γ
v′ = 0, γ �= {0,−1}. (7)

The exp-function method is based on the assumption
that travelling wave solutions can be expressed in the
following form [1, 2]:

v(η) = ∑d
n=−c an exp(nη)

∑q
m=−p bm exp(mη)

=
ac exp(cη)+ . . .+ a−d exp(−dη)
ap exp(pη)+ . . .+ a−q exp(−qη)

,

(8)

where c, d, p, and q are positive integers which are
unknown to be further determined, an and bm are un-
known constants. To determine the values of c and p
we balance the linear term of highest order in (7),
v′ with the highest order nonlinear term v2. Using
ansatz (8), we have for the linear term of highest or-
der

v′ =
c1 exp[(p+ c)η ]+ . . .

c2 exp[2pη ]+ . . .
(9)

and

v2 =
c3 exp[2cη ]+ . . .

c4 exp[2pη ]+ . . .
, (10)

where ci are determined coefficients only for sim-
plicity. Following the balancing procedure [1, 2] we
balance the highest order of the exp-function in (9)
and (10) to obtain p+c= 2c, and this gives p= c. Sim-
ilarly, to determine the values of d and q we balance the
linear term of lowest order in (7) with the lowest order
nonlinear term:

v′ =
. . .+ d1 exp[−(q+ d)η ]
. . .+ d2 exp[−2qη ]

(11)

and

v2 =
. . .+ d3 exp[−2dη ]
. . .+ d4 exp[−2qη ]

. (12)

From (11) and (12) we obtain −(q+ d) = −(2d) and
this gives q = d. The simplest choice for c, d, p, and q
is p = c = 1 and q = d = 1. In [1], He and Wu showed
that the final solution does not strongly depends upon
the choice of values of c, d, p, and q. Accordingly,
ansatz (8) becomes

v(η) =
a1 exp(η)+ a0 + a−1 exp(−η)

exp(η)+ b0 + b−1 exp(−η)
. (13)

Substituting (13) into (7) and by the help of the Math-
ematica software, we obtain

1
A

[
C−2e−2η +C−1e−η

+C0 +C1eη +C2e2η]= 0,
(14)

where

A = (b0 + eη + b−1e−η)2,

C−2 =
ka2

−1α(t)
γ + 1

+ a−1b−1σ(t),

C−1 =
2ka0a−1α(t)

γ + 1
+

k2a0b−1β (t)
γ

− k2b0a−1β (t)
γ

+ a0b−1σ(t)+ a−1b0σ(t),
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C0 =
ka2

0α(t)
γ + 1

+
2ka1a−1α(t)

γ + 1
− 2k2a−1β (t)

γ

+
2k2a1b−1β (t)

γ
(a−1 + a1b−1 + a0b0)σ(t),

C1 =
2ka0a1α(t)

γ + 1
− k2a0β (t)

γ
+

k2b0a1β (t)
γ

+ a0σ(t)+ a1b0σ(t),

C2 =
ka2

1α(t)
γ + 1

+ a1σ(t).

Solving the following system of algebraic equations by
using Mathematica yields

C−2 = 0, C−1 = 0, C0 = 0, C1 = 0, C2 = 0, (15)

and we obtain the following results:

Case 1.

σ(t) =
−k2β (t)

γ
, a1 =

k(γ + 1)β (t)
γα(t)

,

b−1 =
γa0α(t)

k2(γ + 1)2β 2(t)
[k(γ + 1)b0β (t)− γa0α(t)],

a−1 = 0, (16)

where a0 and b0 are free parameters.

Case 2.

σ(t) =
k2β (t)

γ
, a0 =−k(γ + 1)β (t)

γb0α(t)
,

a1 = 0, a−1 = 0, b−1 = 0,

b0 is a free parameter.

(17)

Case 3.

σ(t) =−k2β (t)
γ

, a1 =
k(γ + 1)β (t)

γα(t)
,

a0 = 0, a−1 = 0, b−1 = 0,

b0 is a free parameter.

(18)

To compare our results with those obtained in [6], let us
use the results of Case 2. In this case the exact solution
of the generalized Burgers equation is given by

u =

[ −k(γ + 1)β (t)
γb0α(t)(b0 + eη)

]1/γ
,

η = k x+
k2

γ

∫
β (t)dt.

(19)

Now, setting γ = 1, α(t) = 1, β (t) = −ν (constant),
and b0 = 1, the solution given by (19) reduces to

u =
2νk

(1+ eη)
,=

2νk e−η/2

(e−η/2 + eη/2)
,

η = k x− k2νt.
(20)

Using the property 2exp(−η/2)
exp(−η/2)+exp(η/2) = 1− tanh(η/2),

we obtain from (20) the following exact solution of the
classical Burgers equation, ut + uux−νuxx = 0:

u(x, t) = νk
(

1− tanh
[

k
2
(x−νk t)

])
. (21)

This solution can be found in [6 (Eq. 31)]. When ν = 1
we find that

u(x, t) = k
(

1− tanh
[

k
2
(x− k t)

])
. (22)

Replacing k by K/2 in (22) gives the solution obtained
by the decomposition method [39, (Eq. 38)]:

u(x, t) =
K
2

(
1− tanh

[
K
4

(
x− K

2
t
)])

. (23)

4. Exact Solutions for the Generalized KdV
Equation with Variable Coefficients

The transformation (3) converts (2) into

σ(t)u′+ kδ (t)uλ u′+ k3ν(t)u′′′ = 0. (24)

Integrating this equation once and setting the constant
of integration equal to zero, we get

σ(t)u+
kδ (t)
λ + 1

uλ+1+k3ν(t)u′′ = 0, λ �=−1. (25)

Now, using the transformation

u = v
2
λ (26)

directly into (25) yields

σ(t)v+
kδ (t)
λ + 1

v4

+
2k3ν(t)

λ

[(
2
λ
− 1

)
(v′)2 + vv′′

]
= 0,

λ �= {0,−1}.

(27)
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Since there is no linear term in (27) and in order to
determine the values of c, d, p, and q, we balance the
nonlinear term of highest order vv′′ with the nonlinear
term v4. Using the ansatz (8) for the nonlinear terms
vv′′ and v4, we obtain

vv′′ =
c1 exp[(3p+ 2c)η ]+ . . .

c2 exp[5pη ]+ . . .
(28)

and

v4 =
c3 exp[(4c)η ]+ . . .

c4 exp[4pη ]+ . . .

=
c3 exp[(p+ 4c)η ]+ . . .

c4 exp[5pη ]+ . . .
,

(29)

where ci are determined coefficients only for simplic-
ity. Following the balancing procedure, we balance the
highest order of exp-function in (28) and (29) to obtain
3p+2c= p+4c and this gives p= c. To get the values
of d and q we balance the lowest order of exp-function
in (27)

vv′′ =
. . .+ d1 exp[−(3q+ 2d)η ]

. . .+ d2 exp[−5qη ]
(30)

and

v4 =
. . .+ d3 exp[−4dη ]
. . .+ d4 exp[−4qη ]

=
. . .+ d3 exp[−(q+ 4d)η ]

. . .+ d4 exp[−5qη ]
,

(31)

where di are determined coefficients only for simplic-
ity. We obtain from (30) and (31) that −(3q+ 2d) =
−(q+4d), and this gives q = d. Here, we also choose,
p = c = 1 and q = d = 1, for simplicity. Now the
ansatz (8) becomes

v(η) =
a1 exp(η)+ a0 + a−1 exp(−η)

exp(η)+ b0 + b−1 exp(−η)
. (32)

Substituting (32) into (27) and equating to zero the co-
efficients of all powers of exp(nη) yields a set of al-
gebraic equations for a0, b0, a1, a−1, b−1, and σ(t).
Solving this system with the aid of Mathematica we
obtain

σ(t) =
−4k3ν(t)

λ 2 ,

a0 =±2k
λ

√
2ν(t)(λ + 1)(λ + 2)b−1

δ (t)
,

a1 = 0, a−1 = 0, b0 = 0,

(33)

where b−1 is a free parameter. Substituting these re-
sults into (32), we obtain the generalized solitary solu-
tion of (2) as

u=

[
±2k

λ

√
2ν(t)(λ + 1)(λ + 2)b−1

δ (t)
1

eη + b−1e−η

] 2
λ

,

η = k x− 4k3

λ 2

∫
ν(t)dt. (34)

To compare our result with those in open literature, we
set b−1 = 1, δ (t) =−6, ν(t) = 1, λ = 1 (classical KdV
equation) and replacing k with K

2 , then (34) becomes

u(x, t) =
−2K2eK(x−K2t)

(1+ eK(x−K2t))2
, (35)

which is the travelling wave solution obtained by the
decomposition method in [40]. From the generalized
solitary solution (34), we can obtain the periodic solu-
tions by replacing k with iK, consequently

eη = ei
(

Kx+ 4K3

λ2
∫

ν(t)dt
)

= cos
[

Kx+
4K3

λ 2

∫
ν(t)dt

]

+ i sin
[

Kx+
4K3

λ 2

∫
ν(t)dt

]
,

e−η = e−i
(

Kx+ 4K3

λ2
∫

ν(t)dt
)

= cos
[

Kx+
4K3

λ 2

∫
ν(t)dt

]

− i sin
[

Kx+
4K3

λ 2

∫
ν(t)dt

]
.

(36)

By substituting (36) into (34), it then follows

u =

{
± 2K

λ

√
2ν(t)(λ + 1)(λ + 2)b−1

δ (t)[
(1+ b−1)cos

(
Kx+

4K3

λ 2

∫
ν(t)dt

)

+ i(1− b−1)sin
(

Kx+
4K3

λ 2

∫
ν(t)dt

)]−1}2/λ
.

(37)

Now, to obtain the periodic solutions, we must elimi-
nate the imaginary part in (37) to give b−1 = 1. Con-
sequently, the generalized periodic solution of (2) is
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Fig. 1 (colour online). Solution (19) for the Burgers equation
with periodic coefficients, where γ = 1, α(t) = cos(0.5t),
β (t) = sin(t), b0 = 2, and k =−1.

Fig. 2 (colour online). Soliton-like solution (19) for the
quadratic Burgers equation (γ = 2) with exponential coef-
ficients, where α(t) = et , β (t) = e2t , b0 = 2, and k =−0.01.

Fig. 3 (colour online). Solution (34) for the kdV equation
(λ = 1) with periodic coefficients, where δ (t) = cos(0.5t),
ν(t) = sin(t), b−1 = 1, and k = 1.

Fig. 4 (colour online). Soliton-like solution (34) for the KdV
equation (λ = 1) with exponential coefficients, where δ (t) =
et , ν(t) = e2t , b−1 = 0.5, and k = 0.1.

Fig. 5 (colour online). Soliton-like solution (34) for the mod-
ified KdV equation (λ = 2) with periodic coefficients, where
δ (t) = cos(0.5t), ν(t) = sin(t), b−1 = 1, and k = 1.
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given by

u =

[
± K

λ

√
2ν(t)(λ + 1)(λ + 2)

δ (t)

· 1

cos
(

Kx+ 4K3

λ 2

∫
ν(t)dt

)]2/λ
,

(38)

where K is a free real number.

5. Conclusion

Based on the exp-function method, some nonlinear
evolution equations with variable coefficients and non-
linear terms of any order are solved exactly. The ef-

fectiveness of the method has been tested by applying
it to the generalized Burgers equation and the general-
ized KdV equation. As seen from the example of the
generalized Burgers equation, the main advantage of
this method over the other methods is that it can be
applied to a wide class of nonlinear evolution equa-
tions including those in which the odd and even-order
derivative terms are coexist. Furthermore, the method
leads to both generalized solitary solutions and peri-
odic solutions.
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