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The resistance distance between two vertices of a connected graph G is computed as the effective
resistance between them in the corresponding network constructed from G by replacing each edge
with a unit resistor. The Kirchhoff index of G is the sum of resistance distances between all pairs
of vertices. In this paper, following the method of Y.J. Yang and H.P. Zhang in the proof of the
Kirchhoff index of the linear hexagonal chain, we obtain the Kirchhoff index of cyclopolyacenes,
denoted by HR,, in terms of its Laplacian spectrum. We show that the Kirchhoff index of HR, is

approximately one third of its Wiener index.
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1. Introduction

The concept of resistance distance was introduced
a few years ago by Klein and Randi¢ [1]. Let G be
a connected graph with vertices labeled as 1,2,...,n.
They defined

R(G) =Y rij,
i<j
where r;; is the effective resistance between vertices i
and j as computed with Ohm’s law when all the edges
of G are considered to be unit resistors. Later R(G) was
called the Kirchhoff index of G labeled by K f(G). The
famous Wiener index W (G) [2] was given by

W(G) = Y dij
i<j
where d;; is the length of a shortest path connecting
i and j. Klein and Randi¢ proved that r;; < d;; and
Kf(G) < W(G) and the equality holds if and only if
G is a tree.

Like the Wiener index, the Kirchhoff index is a
graph structure-descriptor [3]. It is difficult to give
closed-form formulae for general graphs [1,4—7]. But
the Kirchhoff index has been given for some classes
of graphs, such as cycles [8, 9], complete graphs [9],
geodetic graphs [7], distance-transitive graphs [7], cir-
culant graphs [10], linear hexagonal chains [11], and
so on [4,7,12,13]. In this paper, we devote ourselves
to cyclopolyacenes. For a more general family of ‘cy-
clopolyphenacenes’, we refer the reader to [14].

Let G be a connected graph with vertices labeled
by 1,2,...,n. The Laplacian matrix of G, denoted by
L(G), is a square matrix of order n whose (i, j)-entry
l;j is defined by

—1if i# j and the vertices i and j
are adjacent,
0 if i# j and the vertices i and j

lij = are not adjacent, o

d; ifi=j and d; is the degree of
the vertex i.

The characteristic polynomial of L(G) is defined as
Py)(x) = det(xl, — L(G)),

where I, denotes the identity matrix of order n. This
polynomial is regarded as the Laplacian polynomial of
G.LetAyg <A <--- <A, be the eigenvalues of L(G)
which are called the Laplacian eigenvalues of G, then
Ao =0 and A > 0 for each k > 0 [15]. The spectrum of
L(G) is S(G) = (A, A1,- .-, Ay—1). Gutman and Mohar
[16], and Zhu et al. [17] obtained the Kirchhoff index
of a graph in terms of its Laplacian spectrum as fol-
lows:

Lemma 1.1. For any connected graph G of order
n>2,

n—1 1
Kf(G)=nY —. 2)
(G) k;lk
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Fig. 1. HR,, and its vertex labeling.

Let HR, denote the cyclopolyacenes with n
hexagons, we refer the reader to Figure 1 for this graph.
In the paper of Zhang and Yang [11], they computed
the Kirchhoff index of the linear hexagonal chains. In
the present article, we compute the Kirchhoff index of
HR,, (Theorem 3.8) and show that the Kirchhoff index
of HR, is approximately one third of its Wiener index
(Theorem 3.9).

2. Laplacian Polynomial Decomposition

Two graphs G| and G, are isomorphic if there exists
a one to one correspondence @ from V(Gj) to V(G,)
such that ujv; € E(G)) if and only if ®(u;)P(v|) €
E(G»). If G| = Gy, then the isomorphism is called an
automorphism of G. In fact, an automorphism of G is a
permutation & of V(G) which preserves the adjacency
of G.

We label the vertices of HR, as in Figure 1 and
denote V; = {1,2,...,2n} and V, = {1",2'...,(2n)'}.
Then,

@ =(1,1')(2,2")...(2n,(2n)")

is an automorphism of HR,,. The Laplacian matrix L of
HR,, can be written as the following block matrix:

I — Lyyv,  Lvv,
Ly, Lvy, |

where Ly,y; is the submatrix formed by rows corre-
sponding to vertices in V; and columns corresponding
to vertices in V; for i, j = 1,2. Let be

1 1
(72)m (55)m
1 1
7 L, - 7 by,
By the unitary transformation 7LT, we obtain

Ly 0
TLT = ,
0 Lg
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where

La = Lvyv, + Lv,v,, Ls = Ly,v, — Ly,v,.

As a result of linear algebra, we have

Lemma 2.1. Let L, L4, and Lg be defined as above.

Then
PL(X) = PLA (X)PLS (x) (3)

For simplicity, we define two 2n x 2n matrices I
and /. with all elements O except 1 in the odd and
even diagonal positions, respectively. And likewise we
could let C be the 2n x 2n ‘cyclic’ matrix with all el-
ements 0 except 1s just above the diagonal as well as
a 1 in the lower left corner, and let C* (= C~!) be its
transpose. A direct calculation shows that I = Iy + I,
Lv,v, = Ly,y, = —Io, Lyyy, =3I +2I.— C—C", Ly =
21— C—C",and Ly =4Iy +2I.— C — C'.

By Lemma 2.1, the Laplacian spectrum of HR,
consists of eigenvalues of L4 and Lg. Assume that
the eigenvalues of Ly and Lg are A;, 0 <i<2n—1
and pj, 1 < j < 2n, respectively. Then, S(HR,) =
(),0, ),1, R AZn—l» My, Hoy oon, [.12,,). Note that Ly
is the Laplacian matrix of the cycle C,, of order 2n.

3. Kirchhoff Index of Cyclopolyacenes

Assume that det(x] — Lg) = x*" + oqx®" 1 4. +
0 —2X% + Oy 1X+ Oy

Theorem 3.1.
Kf(HR,) =2Kf(Cyn) —4n o1 . 4
detLg
Proof: By Lemma 1.1,
2n—1 1 2n
Kf(HR,) = ) o Z
i=1 ’ j= 1.“’]
2n—1
1 1 y
—2x2n2—+4 = 2{1"7“”’
Hj:l Hj
(—1)2"_1062,[,1
=2K dn—=———
f(CZn) +an (—1)2"062n
Op—1
=2Kf(Cy,) — . O
f( Zn) ndCtLS

By [10], Kf(Can) = #5=2. For i < 2n, let S; be the
ith-order principal submatrix formed by the first i rows
and columns of Lg and ¢; = detS;.
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Lemma 3.2. For i < 2n, the integers c; satisfy the

recurrence
ci = 6¢ip—

®)

=4,¢cp="7,and c3 =

Ci—4,

with initial conditions co = 1, ¢y
24,

Proof: A direct calculation shows that co = 1,¢| =
4.cp =77, and c3 = 24. For 2 < i < 2n, expanding detS;
with regard to its last row we obtain

dci 1 —ci_o if 1 is odd,
Ci = P
2¢i_1—ci_o if i iseven.

For 0 <i<n,leta; =cy; and for 0 <i<n,let b; =
¢2i+1- Thenag = 1,bg =4 and fori > 1

a;=2b;_1—aj1,

bi = 4ai — bi—l-
Hence, a; = 6a;_1 —a;_» and b; = 6b;_; — b;_». There-
fore, c; satisfies the recurrence

ci=06c;i 2—cCi 4

with the initial conditions ¢y = 1,¢c; =4,¢, =7, and
Cc3 = 24. U

Lemma 3.3. Let ¢;, 0 < i < 2n be the sequence as

above. Then
1 . .
=2 [B+2v2-(=1))(vV2+1)
+(3-2v2-(-DH(1-v2)].

Proof: The characteristic equations of ¢; is x* =
6x2 — 1 whose roots are x; = V2 + 1, x, = —(f2+ 1),
x3=v2—1,and x4 = —(\/5— 1). Assume that

= (V24 D)y 4+ (=(V2+ 1)y + (V2= 1)iy3
+ (—(V2—-1))yy

Considering of the initial conditions ¢y = 1,c; =
4.cp =17, and c3 = 24, we obtain the systems of equa-
tions

(6)

yitynt+ystys=1

(V24 Dy1 = (V2+ Dya+ (V2= 1)y3
—~(V2- 1)y, =4

(V24171 + (V24 1)+ (V2 - 1)
+(vV2-1)

(V2+1)% (\/_+ Py2+ (V213
(f 1)3y, = 24.

(7
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A direct computation shows that y; = 3+iﬂ, »=-z

y3= 4, and y; = 3= 2\[ and the result follows. [

Because det(Ls) = 2(c2q—1 — can—2 — 1). By Lemma
3.3, we have

det(Ls) = (3+2v2)" + (3 -2V2)" - (8)

Considering det(x] — Lg) = —2 + (x — 2)Az,—1 —
2By,—2, where Ay, is the determinant of a (2n— 1) x
(2n — 1) matrix with all elements O except x — 4 and
x — 2 in the odd and even diagonal positions, respec-
tively, as well as 1 just above and under the diagonal,
and By, is the determinant of a (2n —2) x (2n—2)
matrix that results from the deletion of the last row and
column of Ay,_1. In this way, By,—» = (x —2)Az,—3 —
2B5,,—4 and by the recurrence

(x—2)(A2p3—Asn 5+Az 7—
—As5+ A3 —Al) + 1, ifnis odd,

(x—=2)(A2p3—Aon 5+Azp 7—
+ A5 —Ajz +A1) — 1, ifniseven.

By 2=

If n > 3 is odd, the constant of A, is

Con—1=

L2V (Va4 (42D 1V =
% [(4+3v2)(3+2v2)" ' +(4-3v2)(3-2v2)"]

and the constant of Ay, 3
A3 —Al is

—Agp-s+Ay-7——As+

(Va1 + (VA 1P - (V1)
4-22
4

HEVZE )P 4 S [ (1= VD (1= VDY
—(1 —\/5)5_,_...4_(1 _\/E)Zn—S] _
%[(\/5+1>(3+2x/§>"*‘+(1—\/§)(3—z¢§)"*1]_%_

To determine the coefficient of x in A,,_;, we assume
that

Agyoy = 4 B 2 Boyax 4 oo
Obviously, B2,_» is the coefficient of x in Ay, .

Lemma 3.4.[11] B, 2=Y

Assume that f(x) is the ordinary generating function
of ¢;, thatis f(x) = Y.;>c;x’. Lemma 3.4 indicates that

2n—2
i—=0 CiC2n—2—i-
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"in f(x) - f(x) = f2(x).

Ban_2 is the coefficient of x*
We simplify f(x) as

= Zc,-xi =1 +4x+7x2+24x3+20xi =
iz0 i>4

1 +4x +7x% 4 24x° —I—Z 6¢i—y —Ci—a)x'
i>4
=14 4x+7x> 4 24x° + 622 (f (x) — 1 — 4x) — x* f(x).

Hence, f(x) = &axtL

T Al
Lemma 3.5.
ﬁZn—ZZ
(3-2v2)"! E(zn— 1)(9-6V2)+ 9\6176_10}
+(3+2V2)" ‘[ 2n—1)(9+6V2) — 9\/51;10}

Proof: The function f(x) = Xﬁzjé;‘zill can be decom-
posed as

Flx) = x+1 _ x+3
22 —2x—1) 2(x2+2x—1)
200y — _ (erl)? (x+3)2 2 443
So f(x) = 4(2—2x—1)? + 424212 2(;76i2+1)'

Since the roots of x2 —2x—1 =0 are 1+ /2 and
1-— \/E, one can assume that

(x+1)2 A B
4(x2—2x—1)2 (x—l—\/i)Z—'_x—l—\/i
(& D
* (x—1+\/§)2+x—1+\/§.

Comparing the coefficients between the left and the
right, we have

A:3+2\/§,B:—£C 3_2\/§,D:£.
16 32 16 32
Since
3+2V2 _3+2\/§[ I ]2[ 1 r
16(x—1—2)? 16 [1+v2] [1-75
o0 i 2
e
16 | =\ 1+v2
i -2 i 342V2
the coefficient of x“"~“ in o1 v3)? is

116 2”22 [fo}i[ljx/irn_z_l

1
= g@n-1D(3~ 2v2)"!
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Similarly, one can get the coefficients of x*'~2

-2 3-22 V2
in 32(x—1-v2)" 16(x—1+v2)2’ 32(x—14v2)" They

are 25¥2(3—2v2)"1, L(2n = 1)(3+2v2)"" and
HS—E[(B +24/2)""1, respectively. So the coefficient of

-2 (xt1)?
SeB Y B

and

is

(- zf)’”( 161+2_32\/§)

©)
+(3+2\/§)n_1<2n—1+2+\/§>'

16 32
A direct computation shows that
(x+3)?
4(242x—1)
3+2V2
2
16 <x+ - ﬁ)
3-2v2
2
16 (x+1+v2)

V2
3z(x+1—ﬁ)
\/E
+3z(x+1+ﬁ)

2
and the coefficient of x2"~2 in —&+3)

4(x242x—1)2 1S

16

+ (3_2\/5)'1_1{ 16

Because

(3+2¢§)"71 {2”_1 (17+12v2) +2 %

\/2]-(10)

(17—12\f) >

4—-2
16(x—1+ﬂ)

Crax+3 | 4+V2
2(xt —6x2+ 1) 16(x—1—\/§>
4432 3v2—4

_16<x+1—\/§> +16(x+1+\/§>7

K 44x+3 is
2(x4—6x2+1)

QRCECICRN
(1)

the coefficient of x2"~2 in

()

Summarize (9), (10), and (11), we obtain the results.
O
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G Kf(G) G Kf(G) G Kf(G) G Kf(G) Table 1. Kirchhoff indices of HR;, for
HR3 75.57 HRo 1754.26 HR7 7771.12 HR4 20867.88 3 <n<30.

HR4 152.00 HRyy 2284.36 HRg 9144.62 HR»>s 23476.7

HRs 271.10 HRi» 2910.94 HRj9 10670.60 HRy 26294.00

HRg 438.74 HR3 3642.01 HR» 12357.10 HR»7 29327.90

HR; 662.89 HRy4 4485.56 HRy; 14212.00 HR»3 32586.20

HRg 951.53 HR;s 5449.59 HR>» 16243.40 HR»9 36077.10

HR9 1312.65 HRj¢ 6542.12 HRy3 18459.40 HR3 39808.40

Briefly, we denote Ay, 3 —App—s5s + A7 — - —
As+Az —A; as A, the coefficient of x in A as Y and
the constant of A as X. For the upcoming computation,
we give a result from Calculus.

Lemma 3.6.
(2n=3)y"" = (2n =5y 4. 43y 1 =

!/
</((2n—3)y2n_4—(2n—5)y2n_6+- : -+3y2—1)dy>

(2n=3)y"+ (2n— 1)y 2yt -1
a (1+y2)? '

By a similar computation as that in Lemma 3.5 and
the result of Lemma 3.6, one can get

Y = 11—6 [(9\/5— 10) ((3 — V22— (3—2V2)" 3
e (3-2V2) - 1)} —11—6
—(3+2v2)" e+ (34 2v2) 1)) +% [(9-6v2)

{(9\/§+10) ((3+2f2)"‘2

~((2n 3)(3-2v2)" 2~ (2n—5)(3—2v2)" 3 4.
13(3-2v2)— 1)} +é [(9+6\/§) ((2n—3)(3+2\/§)"*2
—(2n—=5)(3+2V2)" P+ +3(3+2V2) — 1)} -

31_2 [(3 N ((12 —6v2)n— 16+ 13\6)

+(3+2v2) (124 6v2)n— 16— 13v2) | + j—l.
Lemma 3.7.
(9vV2+12)n

0p—1 = _f

N (9\@; 12)n

(342v2)"!
(3-2v2)" .

Proof: Because det(x] — Lg) = =24 (x —2)Az,—1 —
2B, 2. S0, Q1 = Cop1 — 22 +4Y — 2X. O

By a similar computation, the result when n > 4 and
even is the same as the odd case.

Theorem 3.8.

3
Kf(HR,) = dn” —n

i [((3 —2v2 1 (9v2 - 12)
—(3+2v2)" 1 (9v2+ 12)}

-1

[3+2v2y + 3-2v2)y 2]

Proof: Combining (4), (8), and (12) one can get the
value of Kf(HR,). O

The Kirchhoff indices of Cyclopolyacenes from
HR3 to HR3( are listed in Table 1. Comparing the
Kirchhoff index of HR,, with its Wiener index, we have
Theorem 3.9.

Theorem 3.9.
Kf(HR,) |

im —
n—e W(HR,) 3

Proof: Consider the distance between two vertices,
one from V| and another from V,. The sum of distances
between Vertex 1 and each vertex in V; is

14243+ +n+(n+1)+n+-+3+2=n>+2n.

Note that the sum of distances between each vertex in
V| labeled by an odd number and each vertex in V, is
equal.

The sum of distances between Vertex 2 and each
vertex in V5 is

243+24+n+(nt+1)+n+-+3=n"+2n+2.

Likewise, the sum of distances between each vertice in
V1 labeled by even and each vertex in V; is equal. So
the sum of distances between V; and V, is

(n? +2n) x n+ (n*4+2n+42) x n=2n>+4n> 4 2n.

The sum of distance between vertices in V| (also in V5)



870

is n*. So W(HR,,) = 4n> 4 4n? +2n. By Theorem 3.8,

the result follows.

]
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