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The propagation of dust ion acoustic waves (DIAWs) in a weakly inhomogeneous, weakly cou-
pled, collisionless, and unmagnetized four components dusty plasma are examined. The fluid system
considered in this work consists of cold positive ions, cold negatively and positively charged dust
particles associated with isothermal electrons. For nonlinear (DIAW) waves, a reductive perturbation
method was employed to obtain the variable coefficients Kortewege-de Vries (KdV) equation for the
first-order potential. For local inhomogenity, the present system admits the coexistence of rarefactive
and compressive solitons. As a matter of fact, when the wave amplitude enlarged, the width and ve-
locity of the wave deviate from the prediction of the KdV equation. It means that we have to extend
our analysis to obtain the variable coefficients Kortewege-de Vries (KdV) equation with fifth-order
dispersion term. For locally constant parameters, the higher-order solution for the resulting equation
has been achieved via what is called perturbation technique. The effects of positive and negative dust
charge fluctuations on the higher-order soliton amplitude and width of electrostatic solitary structures
are outlined.

Key words: Inhomogeneous Dusty Plasma; Dust Ion Acoustic Waves; Positive and Negative Dust
Charge Fluctuation; Variable Coefficients KdV Equation; Higher-Order Solution.

1. Introduction

The study of the dynamics of dust contaminated
plasmas (mixtures of ordinary plasma particles and
charged dust grains) has recently received considerable
interest due to their occurrence in real charged particle
systems, e. g., in interstellar clouds, in interplanetary
space, in cometary tails, in ring systems of giant plan-
ets, in mesospheric noctilucent clouds, as well as in
many Earth bound plasma [1 – 2] and later experimen-
tally confirmed [3].

The presence of highly negatively charged and mas-
sive grains of dust particles in an electron ion plasma is
responsible for the appearance of new types of waves,
depending on whether the dust grains are considered
to be static or mobile. One type of these waves is the
dust ion acoustic wave (DIAW) which is the usual ion
acoustic wave modified by the presence of dust grains.
After the theoretical prediction of the existence of DI-
AWs by Shukla and Siline [4] and their experimental
observation by Barkan et al. [5]. It was noted that in
studying collective effects involving charged dust par-
ticles in dusty plasmas, one generally assumes that the
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dust grains behave like point charges. In fact, the dust
particles immersed in a plasma are not neutral, but they
act as probes and collect the background plasma elec-
trons and ions. Since ions are much heavier than elec-
trons, it turns out that the dust grains immersed in a
gaseous plasma are usually negatively charged.

There are some dust grains charging mechanisms,
namely secondary electrons, thermoionic emission,
photoelectron emission by UV radiation, field emis-
sion, radioactivity, impact ionization, etc. [6]. Further-
more, there are a direct evidence for the existence of
both positively and negatively charged dust particles,
for instance in space environments, such as, cometary
tails and mesosphere [6 – 9], and also in laboratory
plasma [10].

Noticeably, most of the studies have been done for
the homogeneous plasmas, whereas inhomogeneity ex-
ists widely in space and laboratory discharges [11]. In-
homogeneity may stem from density and/or tempera-
ture gradient or it could be due to magnetic field in
space. It is much more appreciable near to the edges
and the boundaries of the system [12]. The effect of
inhomogeneity of dusty plasma on the propagation of
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waves is an another important problem from various
points of view. In [13], El-Wakil et al. studied the ef-
fect of the presence of negative and positive dust grains
on the propagation of the DIAWs in inhomogeneous
mesospheric dusty plasma. Later, Mowafy et al. [14]
investigated the effect of positive and negative dust
charge fluctuation on the propagation of DIAWs in a
weakly inhomogeneous, weakly coupled, collisionless,
and unmagnetized mesospheric dusty plasma consist-
ing of a four components dusty plasma.

Investigations of small amplitude DIAWs in inho-
mogeneous mesospheric dusty plasma usually describe
the evolution of the wave by the variable coefficient
Korteweg–de Vries (KdV) equation. In fact, this equa-
tion contains the lowest-order nonlinearity and disper-
sion, and consequently can only describe a wave re-
stricted to a small amplitude. In other words, the first-
order solution would underestimate the amplitude of
the solitary wave by as much as 20%. As the wave
amplitude increases, the width and velocity of a soli-
ton deviate from the prediction of the KdV equation,
i. e. the KdV approximation does not apply anymore.
Therefore, in order to overcome this deviation, higher-
order nonlinear and dispersive effects have to be taken
into account [15 – 21].

To the author’s knowledge, the effects of higher-
order dispersion corrections to the propagation of DI-
AWs in inhomogeneous dusty plasmas have not been
addressed in the literature before. So, our motive here
is to study the effect of the higher-order dispersion
term on the propagation velocity, the amplitude, and
the width of the soliton solution in a weakly inhomo-
geneous, weakly coupled, collisionless, and unmagne-
tized four components dusty plasma.

This paper is organized as follows: In Section 2 we
present the basic set of fluid equations governing our
plasma model. In Section 3 we derive the KdV equa-
tion with lowest-order nonlinearity and dispersion for
describing nonlinear DAWs. In Section 4, a modified
KdV equation incorporating the fifth-order dispersion
term is introduced and its higher-order solution is ob-
tained. Finally, discussions and conclusions are given
in Sections 5 and 6.

2. Governing Equation and Derivation of the
Variable Coefficient KdV Equation

We consider a fully ionized, weakly inhomoge-
neous, weakly coupled, collisionless, and unmagne-
tized plasma consisting of cold positive ions, cold

negatively and positively charged dust particles, and
isothermal electrons. The basic equations describing
the system is given in dimensionless variables by
Mowafy et al. [14].

For positive ions, it is

∂
∂t

ni +
∂
∂x

(niui) = 0, (1)(
∂
∂t

+ ui
∂
∂x

)
ui +

∂
∂x

φ = 0. (2)

The equation for positive dust grains charging takes the
form

∂Zp

∂t
=

Ip + I−e
e

, (3)

with photo-emission current and electron absorption
current given by

Ip = P1 exp(−P2Zp), I−e = −(1 + P2Zp)P3ne,

while the equation required for negative dust grains
charging becomes

−∂Zn

∂t
=

Ii + Ie

e
, (4)

with ion current and electron current given by

Ie = −N1ne exp(N3Zn),
Ii = N2ni [F1(u0)+ F2(u0) ·N4Zn]

and finally concerning the isothermal electrons

ne = exp(φ). (5)

Obviously, these equations are coupled through Pos-
sion’s equation as

∂2

∂x2 φ = −ni + Z(0)
n Znnn −Z(0)

p Zpnp + ne, (6)

where P1−3,N1−4 and F1,2(u0) are listed in the Appen-
dix.

In (1) – (6), ni, nn, np, and ne are the densities of
ions, negative dust grains, positive dust grains, and
electrons, respectively. The velocity of ions is repre-
sented by ui; u0 is the ratio of streaming velocity to the
ion thermal speed; me (mi) and Te (Ti) are the mass
and the temperature of electrons (ions), respectively.
KB is the Boltzmann constant. Zp (Zn) denotes to the
positive (negative) dust grain charge number. C (rd) is
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the capacitance (radius) of the spherical dust grains,
J is the UV photon flux, Y is the yield of photons. φ
is the electric potential, x is the space coordinate, and
t is the time variable. All these quantities are dimen-
sionless, being normalized in terms of the following
characteristic quantities: n by the unperturbed electron
density n(0)

e , u by the ion sound velocity (KBTe/mi)1/2,
φ by (KBTe/e), t by the inverse of the plasma fre-
quency ω−1

pi = (mi/4πe2n(0)
i )1/2, x by the electron De-

bye length λd = (KBTe/4πe2n(0)
i )1/2 and Zp(Zn) by the

unperturbed number of charges residing on the dust
grains Z(0)

p (Z(0)
n ).

The charge neutrality at equilibrium requires that

δi −Z(0)
n δn + Z(0)

p δp −1 = 0, (7)

where δi = n(0)
i /n(0)

e , δn = nn/n(0)
e , and δp = np/n(0)

e
denote the ion, negative dust grains and positive dust
grains densities to electron density ratio(s), respec-
tively. To study the dynamics of small but finite am-
plitude DIAWs, we derive the KdV equation from the
basic set of equations (1) – (6), by employing the re-
ductive perturbation technique as well as the stretched
coordinates applicable for spatially inhomogeneous
plasma [22].

We obtain

ζ = ε1/2
(∫ dx

λ0(x)
− t

)
and s = ε3/2x, (8)

where ε is a smallness parameter measuring the weak-
ness of the amplitude or dispersion and λ0(x) is the
soliton velocity. We can expand the variables ni, Zn,
Zp, and φ about the unperturbed states in power series
of ε as the following:


ni
ui
Zn
Zp
φ

 =


δi

u(0)
i

Z(0)
n

Z(0)
p

φ (0)

+


εn(1)

i + ε2n(2)
i + . . .

εu(1)
i + ε2u(2)

i + . . .

εZ(1)
n + ε2Z(2)

n + . . .

εZ(1)
p + ε2Z(2)

p + . . .

εφ (1) + ε2φ (2) + . . .

. (9)

Inserting the stretching (8) and the expansions (9) into
the basic equations (1) – (6) gives a series of equations,
upon separating out the different orders in ε .

Since, we are considering only spatial gradients, it
follows that

∂
∂ζ

δi =
∂

∂ζ
λ0(x) = 0, (10)

In equilibrium (1) to (6), one can get the relations

∂
∂s

(δiu
(0)
i ) = 0, u(0)

i
∂
∂s

u(0)
i +

∂
∂s

φ (0) = 0 . (11)

Second-order in ε , together with the aid of zero- and
first-order equations, gives the nonlinear partial differ-
ential equation [13]

1
2λ0δiD1

∂3

∂ζ 3 φ (1) +
λ0D2

2δiD1
φ (1) ∂

∂ζ
φ (1)

+
∂
∂s

φ (1) − φ (1)

2λ0

∂
∂s

λ0 +
φ (1)

2δi

∂
∂s

δi = 0,

(12)

where D1 and D2 are given in the Appendix.
For (12), it has been assumed that the equilibrium

flow velocity of ions u(0)
i is neglected by comparing it

with DIAW phase speed λ0. Hence, in order to obtain
the solitary wave solutions, one can recast (12) via the

following transformation, Ψ =
(

δi
λ0

)1/2
φ (1), to get the

well-known KdV equation

∂
∂s

Ψ + AΨ
∂

∂ζ
Ψ +

B
2

∂3

∂ζ 3Ψ = 0, (13)

where the constants A and B are considered to be

A =
(

λ 5
0

δi

)1/2
D2

2λ0δiD1
, B =

1
λ0δiD1

.

Remarkably, it has been thought that the nonlinear
coefficients functionally depend on the space of the
plasma, but for sake of simplicity for mathematical de-
velopment, the variations are assumed to be negligi-
bly small as compared to the characteristic scale length
or the parameters could be locally constant. It means
that (13) admits the hall-mark soliton solution

Ψ =
3ϑ
A

sech2

[(
ϑ
2B

)1/2

η

]
, (14)

where η is the transformed coordinate with respect to
a frame moving with velocity ϑ . It is important and
worthful to remark that our system supports two kinds
of potential structure, namely compressive and rarefac-
tive. Depending on the sign of the coefficient of the
nonlinear term (A), compressive soliton exists if A > 0
while rarefactive soliton exists if A < 0.
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3. Higher Order Correction

As is well know, (13) contains the lowest-order non-
linearity and dispersion, and consequently the validity
of it is restricted to waves of only small amplitudes.
However, as the wave amplitude increases, the width
and velocity of a soliton deviate from the prediction of
the KdV equation. In particular, we add to the well-
known KdV equation a fifth-order dispersion term as a
higher-order perturbation term

∂
∂s

Ψ +AΨ
∂

∂ζ
Ψ +

B
2

∂3

∂ζ 3Ψ + ε
∂5

∂ζ 5 Ψ = 0, (15)

where ε is a smallness parameter. In the case of ε = 0,
(15) reduces identically to (13). Due to the secularities
included in the last term of (15), it could not be solved
exactly, e. g. only trivial solutions (travelling waves)
were found by classical Lie group method; for a cor-
rect solution we rather have to rely on a perturbation
method, in which the secularities embedded in the per-
turbed term are separated such that the equations in
each order of ε are secular. In the following we in-
troduce the transformation η = ζ −ϑs to recast (15)
into

−ϑ
dΨ
dη

+ A Ψ
dΨ
dη

+
B
2

d3Ψ
dη3 + ε

d5Ψ
dη5 = 0. (16)

In order to solve (16), we employ a simple method
constructed by Watanabe and Jiang [23] for finding
higher-order solitary wave solutions. Accordingly, we
expand Ψ and ϑ as well with respect to the smallness
parameter ε:

Ψ = ψ0 + εψ1 + ε2ψ2 + ε3ψ3 + . . . ,

ϑ = ϑ0 + εϑ1 + ε2ϑ2 + ε3ϑ3 + . . . .
(17)

Substituting (17) into (16) and comparing the coeffi-
cients of like power in ε , one arrives at the following
system of coupled ordinary differential equations:

ε0 : −ϑ0
dψ0

dη
+Aψ0

dψ0

dη
+

B
2

d3ψ0

dη3 = 0,

ε1 : Lψ1 = ϑ1
dψ0

dη
−d5ψ0

dη5 ,

ε2 : Lψ2 = ϑ1
dψ1

dη
+ϑ2

dψ0

dη
−Aψ1

dψ1

dη
−d5ψ1

dη5 ,

ε3 : Lψ3 = ϑ3
dψ0

dη
+ϑ2

dψ1

dη
+ϑ1

dψ2

dη

−A
d(ψ1ψ2)

dη
−d5ψ2

dη5 ,

(18)

where the operator L represents

L = −ϑ0
d

dη
+ Aψ0

d
dη

+
B
2

d3

dη3 . (19)

In fact, this operator is the single-variable version of
the linearized KdV operator. To finally obtain the de-
sired solutions, we solve (18) successively and sub-
ject them to the boundary conditions ψi = 0 (i =
0,1,2, . . .), dψi

dζ = 0, and d2ψi
dζ 2 = 0 for η →±∞. To this

aim, the first equation of (18) is fulfilled by a solitary
wave solution of the form

ψ0 = ψmsech2(Dη), (20)

where the soliton amplitude ψm and the soliton width
D−1 are

ψm =
3ϑ0

A
and D−1 =

√
2B
ϑ0

.

Note that (20) is just a single-soliton solution of the
KdV equation. In the next order of ε , i. e. substitut-
ing (20) into the second equation of (18), we obtain
straightforwardly,

Lψ1 =

sech(Dη)4
(−1440D5 ϑ0

A
− 144BD3 ϑ 2

0
A2

)
· tanh(Dη)+ sech(Dη)6

(
2160D5 ϑ0

A

+
216BD3 ϑ 2

0
A2 +

54Dϑ 3
0

A2

)
tanh(Dη)

+ sech(Dη)2
(

96D5 ϑ0

A
− 6Dϑ 0 ϑ 1

A

)
tanh(Dη).

(21)

(21) is a third-order linear differential equation associ-
ated with inhomogeneous terms on the right-hand side.
The homogeneous equation, Lψ1 = 0, satisfying the
boundary conditions, has a solution that is proportional
to sech2 (Dη) tanh (Dη). Let us assume here a solu-
tion of the above equation of the form

ψ1 = µ1sech2(Dη)+ µ2sech4(Dη) (22)

with µ1 and µ2 representing constants, which can read-
ily be proved by re-substitution. Then, it is easily to
observe that the coefficient of sech2 (Dη) on the left-
hand side cancels out and Lψ1 is expressed in terms of
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sech4 (Dη) and sech6 (Dη). In that case, it will be ob-
viously that the coefficient of sech2 (Dη) on the right-
hand side should vanish, which leads to the first order
correction of the velocity:

ϑ1 =
4ϑ 2

0
B2 . (23)

Finally, the coefficients in the ansatz (22) can be found
to constitute the solution

ψ1 =
−30 ϑ 2

0
AB2 sech2(Dη) +

45 ϑ 2
0

AB2 sech4(Dη). (24)

In order to evaluate next orders of ε , we intro-
duce (20), (23), and (24) into the last equations of (18),
and after some simple mathematical manipulations one
can get

ϑ2 = 0,

ψ2 =
90ϑ 0

3

AB4 sech2(Dη)

−1395ϑ 0
3

AB4 sech4(Dη)

+
1395 ϑ 0

3

AB4 sech6(Dη). (25)

ϑ3 = 0,

ψ3 =
−3708 ϑ 0

4

AB6 sech2(Dη)

+
31554 ϑ 0

4

AB6 sech4(Dη)

−99324ϑ 0
4

AB6 sech6(Dη)

+
74493 ϑ 0

4

AB6 sech8(Dη). (26)

Combining now (20), (22), (23), (25), and (26), we
obtain the solution of the perturbed KdV equation.
This solution is expressed by power series of lower-
order solutions thus eliminating secularities, and the
wave velocity depends on ε only to the first-order,
while the shape (profile of potential) of solitary wave
depends on all orders of ε .

4. Results and Discussion

Nonlinear DIAWs in an unmagnetized, weakly in-
homogeneous, weakly coupled, collisionless plasma
have been investigated. To make our result physically

Fig. 1. Effect of variations of the ion density δi on the am-
plitude and width of compressive and rarefactive solitons for
n(0)

e = 1, δn = 0.1, δp = 0.5, Z(0)
n = 2, Z(0)

p = 1, ϑ0 = 0.2,
and λ0 = 1.2.

Fig. 2. Effect of variations of unperturbed positive dust grain
charge Z(0)

p on the amplitude and width of compressive and

rarefactive solitons for n(0)
e = 1, δn = 0.1, δp = 0.5, Z(0)

n = 2,
ϑ0 = 0.4, and λ0 = 1.2.

Fig. 3. Effect of variations of unperturbed negative dust grain
charge number Z(0)

n on the amplitude and width of compres-
sive and rarefactive solitons for n(0)

e = 1, δn = 0.1, δp = 0.5,

Z(0)
p = 1, ϑ0 = 0.2, and λ0 = 1.2.

relevant, numerical calculations were performed refer-
ring to typical mesospheric dusty plasma parameters
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Fig. 4. Effect of higher-order dispersion on the soliton for-
mation as apparent from comparing the lowest-order soliton
potential ψ0 with the higher-order soliton potential Ψ for (a)
δi = 0.4 (rarefactive soliton) and (b) δi = 0.75 (compressive
soliton) depending on the travelling wave coordinate η . Here
n(0)

e = 1, δn = 0.1, δp = 0.5, Z(0)
n = 2, Z(0)

p = 1, ε = 0.09,
ϑ0 = 0.7, and λ0 = 1.2 was assumed.

as given in [24]: n(0)
i = 103 Cm−3, n(0)

e = 103 Cm−3,
np = 500 Cm−3, nn = 0.1 Cm−3, Z(0)

p = 1, Z(0)
n = 2,

Ti = 0.01 eV, Te = 1 eV, rd = 20 ·10−9m, J = 5 ·1018

and Y = 0.1.

We note that our dusty plasma model admits the
coexistence of both rarefactive and compressive soli-
tons, i. e. the amplitude of KdV solitons can be posi-
tive (A > 0) or negative (A < 0). For instance, we found
from Figures 1 and 2 that the rarefactive soliton (width
and amplitude) increases with enhancing the ion den-
sity δi and unperturbed positive dust grain charge Z(0)

p
while the compressive soliton profile decreases, this
means that the compressive soliton amplitude in inho-
mogeneous plasma will decreases as the wave propa-
gates from low- to high-density region, while the rar-
efactive amplitude behaves the opposite way. In other
words, the increase of the unperturbed negative dust
grain charge number Z(0)

n increases compressive soli-

Fig. 5. Effect of higher-order dispersion on the soliton for-
mation as apparent from comparing the lowest-order soliton
potential ψ0 with the higher-order soliton potential Ψ for (a)
Z(0)

p = 3 (rarefactive soliton) and (b) Z(0)
p = 6 (compressive

soliton) depending on the travelling wave coordinate η . Here
n(0)

e = 1, δi = 0.3, δn = 0.1, δp = 0.5, ε = 0.09, ϑ0 = 0.7,
and λ0 = 1.2 was assumed.

ton (width and amplitude) and decreases the rarefactive
soliton profile as displayed in Figure 3.

Since our objectives was to study the effect of
higher-order dispersion on the formation of solitary
waves, we specifically elucidated to what extent the
higher-order solution modifies the soliton amplitude
and width.

Moreover, the contribution of higher-order correc-
tion Ψ for different values of ion density δi, unper-
turbed positive dust grain charge Z(0)

p , and unperturbed
negative dust grain charge number Z(0)

n are shown in
Figures 4 – 6. Finally in Figure 7, the dependence of
higher-order dispersion contribution on the parameter
ε is demonstrated for compressive and rarefactive soli-
tons.

These results show that the ion density δi, unper-
turbed negative dust grain charge number Z(0)

n , and un-
perturbed positive dust grain charge Z(0)

p as well as the
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Fig. 6. Effect of higher-order dispersion on the soliton for-
mation as apparent from comparing the lowest-order soliton
potential ψ0 with the higher-order soliton potential Ψ for a-
Z(0)

n = 1 (compressive soliton) and b- Z(0)
n = 4 (rarefactive

soliton) depending on the travelling wave coordinate η . Here
n(0)

e = 1, δi = 0.88, δn = 0.1, δp = 0.5, Z(0)
p = 1, ε = 0.09,

ϑ0 = 0.7, and λ0 = 1.2 was assumed.

higher-order dispersion modify significantly the prop-
erties of dust ion acoustic waves (DIAWs).

5. Conclusion

Though most of the pertinent literature on higher-
order solutions in dusty plasma physics deals with ho-
mogeneous dusty plasma, in nature we will encounter
dusty plasmas containing of a weakly inhomogeneous,
weakly coupled, collisionless, and unmagnetized dusty
plasma. In our theoretical treatment, we assumed that
the phase velocity of DIAWs is much smaller (larger)
than the electron thermal speed (ion and dust ther-
mal speed). Hence, the electron number density per-
turbation associated with DIAWs is represented by
Maxwellian distribution, while the ion number density
perturbation can be measured from continuity equa-
tion. The reductive perturbation technique has been

Fig. 7. The dependance of higher-order dispersion on the
parameter ε for (a) Z(0)

n = 2 (compressive soliton) and (b)
Z(0)

n = 5 (rarefactive soliton) depending on the travelling
wave coordinate η . Here n(0)

e = 1, δi = 0.88, δn = 0.1,
δp = 0.5, Z(0)

p = 1, ϑ0 = 0.2, and λ0 = 1.2.

used to reduce the basic set of fluid equations to the
well-known KdV equation. Interestingly, we observed
that the presence of an additional dust component in
our fluid model does not only modify the base proper-
ties of solitary potential structures, but also arises two
different potential profiles, namely compressive and
rarefactive, which is a completely new feature in dusty
plasma [12, 13]. It is emphasized that the amplitude
and width of DIAWs solitons as well as the range of pa-
rameters, in which these solitons can exist, are signifi-
cantly sensitive to the ion density δi, unperturbed neg-
ative dust grain charge number Z(0)

n , and unperturbed
positive dust grain charge Z(0)

p . It was demonstrated
that an enhancement of all these parameters can lead to
a substantial modification of the DIAWs amplitude and
width. Further, we have presented a simple method for
obtaining higher-order solitary wave solutions by ex-
panding a wave velocity as well as a wave amplitude.
The velocity correction appears only in the first-order
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equation. This fact suggests that the velocity of a soli-
tary wave is mainly determined by the nonlinear term,
but depends weakly on the dispersive effect. So, we
confirmed that the higher-order solution agrees with
the numerical solution of the original equation [25]. In
other words, the consideration of higher-order approx-
imation was found to increase the amplitude and to de-
crease the width of DIAWs solitons. Finally, the con-
tribution of higher-order dispersion depends mainly on
the parameter ε in additional to the ion density δi, un-
perturbed negative dust grain charge number Z(0)

n , and
unperturbed positive dust grain charge Z(0)

p . We inject
to that the analytical model demonstrated here can pro-
vide a useful basis for the interpretation of recent ob-
servations of solitary wave in dusty plasma environ-
ments. For example, the results presented may be ap-
plicable to dusty plasma existing in polar mesosphere
region.

Appendix

P1 =
πr2

dJY

Z(0)
p ωpi

, P2 =
Zpe2

rdKBTe
,

P3 =
πr2

dn(0)
e

Z(0)
p ωpi

(
8KBTe

πme

) 1
2
,

N1 =
πr2

dn(0)
e

Z(0)
n ωpi

(
8KBTe

πme

) 1
2
,

N2 =
πr2

dn(0)
e

Z(0)
n ωpi

(
8KBTi

πmi

) 1
2
,

N3 = − e2Z(0)
n

CKBTe
, N4 =

e2Z(0)
n

CKBTi
,

F1(u0) =
(√

π
4u0

)
(1 + 2u2

0)erf(u0)+
1
2

exp(u2
0),

F2(u0) =
(√

π
2u0

)
erf(u0), λ̃0 = λ0 −u(0)

i ,

P4 =
P3

(
1 + P2Z(0)

p

)
P2 (P1 + P3E1)

,

N5 =
{
−N1

(
1 + N3Z(0)

n

)
F1(u0)

+ N2δi

[
+ F2(u0)N4Z(0)

n

]
λ−2

0

}
·
{

N1N3E1 −N2N4δiF2(u0)
}−1

,

P5 =
P3P4

(P1 + P3E1)
, E1 = 1 + φ (0),

N6 =

[
F1(u0)+ F2(u0)N4Z(0)

n

]
N2

N1N3E1 −N2N4δiF2(u0)
,

N7 =

(−N1N3 + N2N4δiF2(u0)λ
−2
0

)
N5

N1N3E1 −N2N4δiF2(u0)
,

N8 =
−N1

(
1 + N3Z(0)

n

)
N1N3E1 −N2N4δiF2(u0)

,

D1 = 1−Z(0)
n δnN6,

D2 =
3δiD1

λ 4
0

= −2Z(0)
n δnN7 + 2Z(0)

p δpP5.
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