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We investigate the surface magnetism of the alternating superlattice with localized spin-1/2. Using
the mean-field approximation method, we discuss not only the correlation between the critical value
j0C of the exchange constant in the surface layer and interlayer exchange constants, but also the con-
nection between j0C and the bulk exchange constant jA. The calculated results are in good agreement
with the former theoretical calculations. Based on the solutions, we show the relations between the
critical parameter c = JS/JA and the bulk exchange constants as well as the surface transition tempera-
ture. JS is the exchange constant in the first two surface layers. Comparing with the earlier theoretical
works, our results show the effect of the surface modification more gradual.
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1. Introduction

It is widely accepted that the magnetic properties of
a surface differ from those in the bulk of a solid. This
is expected since the surface atoms are embedded in
a different environment and additionally the exchange
constants between atoms associated with these surface
are different from those in the bulk [1, 2]. It was found
that if the surface exchange constants are smaller than
certain critical values, the surface will order at the same
transition temperature T0 as the bulk, namely the Curie
temperature of the bulk. But if the surface exchange
constants are above these critical values, the surface
will order at a temperature TS > T0; and in the temper-
ature range T0 < T < TS, we have a surface magnetic
structure. In the last case, the magnetization decays ex-
ponentially into the bulk with a characteristic length
[3, 4].

The study of magnetic effects in an alternating su-
perlattice is still of current interest because of a great
potentiality of technological applications and the the-
oretical interests are undoubtedly stimulated by mod-
ern vacuum science, and particularly, epitaxial-growth
techniques. It is easy to grow very thin magnetic films
of controllable thickness or even monolayers atop non-
magnetic substrates [1, 5, 6]. In theory, the problem of
surface magnetism has also attracted much attention
[2 – 4, 7 – 11].

Considering an alternating superlattice of 2n+2 lay-
ers, as shown in Figure 1, in the layers i = 0 and
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Fig. 1. Schematic illustration of an alternating superlattice
with surface layer. Layers i = 0 and 1 consist of atoms with
exchange constant JS. The interlayer exchange constant be-
tween i = 0 and 1 is J01, and J12 is the interlayer exchange
constant between i = 1 and 2.

1 are atoms with exchange constants JS. The layers
i = 2,4, . . . ,2n consist of atoms A with exchange con-
stant JA and the layers i = 3,5, . . . ,2n + 1 of atoms
B with exchange constant JB. All interlayer exchange
constants Ji,i+1 are J except for that between layers
i = 0 and 1, and i = 1 and 2, which are J01 and J12, re-
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spectively. Two cases have been considered: (i) In the
first two surface layers, the exchange constant JS and
the interlayer exchange constant J01 are modified and
(ii) we not just consider the modification of surface ex-
change constants, but also take into account interlayer
exchange constants both J01 and J12.

2. Theory

We start with a lattice of localized spins with value
1/2. The interaction can be described with the nearest-
neighbour ferromagnetic Ising model, and the ex-
change constant is modulated to reflect a superlattice
structure and a surface modification. In the mean-field
approximation, the mean value Mi of the spin variable
at each plane is determined by [12 – 14]

Mi = tanh[β (Z0JiiMi + ZJi, j+1Mi+1

+ ZJi,i−1Mi−1 + h)],
(1)

where Z0 and Z are the numbers of nearest neighbours
in the plane and between the planes, respectively.

Near the transition temperature, the order parame-
ters Mi are small, and in the absence of an external field
h, (1) reduces to

AM = 0. (2)

where

Amn = (kBT −Z0Jmm)δm,n

− ZJmn(δm+1,n + δm,n+1).
(3)

The transition temperature is given by the determinant
equation,

det A = 0. (4)

According to the theory above, determinants can be ob-
tained:

A =




XS −C1
−C1 XS −C2

−C2 XA
XB

. . .




(2n+2)·(2n+2)

,

C2n−1 =




XB −1
−1 XA −1

−1 XB
. . .




(2n−1)·(2n−1)

,

D2n =




XA −1
−1 XB −1

−1 XA
. . .




2n·2n

,

where

kBT −Z0JA

ZJ
= XA,

JS

J
= C1,

kBT −Z0JS

ZJ
= XS,

kBT −Z0JB

ZJ
= XB,

J12

J
= C2.

Expanding the first two rows, we obtain

XS
[
XSD2n −C2

2C2n−1
]−C1

2D2n = 0. (5)

The determinants C2n−1 and D2n satisfy the recurrence
relations,

D2n = XAC2n−1 −D2n−2,

C2n−1 = XBD2n−2 −C2n−3.
(6)

The bulk transition is obtained by taking the limits n→
∞, D2n−2/D2n → 1, and D2n−4/D2n−2 → 1 in (6).

Finally it can be written

XAXB = 4,

kBT0 =
1
2

{
Z0(JA + JB)+ [Z0

2(JA − JB)2

+ 16Z2J2]1/2
}

.

(7)

We will consider an exponentially decaying solution in
the semi-infinite limit, n → ∞.

Then D2n−2/D2n = D2n−4/D2n−2 = γ < 1, and from
(6) the results are given by

C2n−1/D2n =
1

XA
(1+ γ), γ2 −αγ +1 = 0, (8)

where

α = XAXB −2. (9)

Substituting the ratio C2n−1/D2n in (5) and eliminating
γ using (8), we obtain the equation

(
2

XS
2XA −C2

1XA

C22XS
−XAXB

)2

−XA
2XB

2 +4XAXB = 0.

(10)

The critical value of the surface exchange constant
above for which the decaying solution exists is ob-
tained by the condition TS = T0, or γ = 1. This gives

XS
2XA −C2

2XS − (C1
2XA +C2

2XS) = 0. (11)
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Fig. 2. The dependence of j0C on jA for jB/ jA
equal to (a) 4, (b) 2, (c) 1, (d) 1/2, and (e) 1/4. For
the case (c), a linear relation can be obtained. As
jA increases, for the ratio of jB/ jA = 4, the value
of j0C rapidly increases.

Equation (11), with T0 from (7), gives the relation be-
tween J12 and the critical value of exchange constant
in the surface.

For general discussion and numerical works, it is
convenient to introduce the dimensionless quantities

jA =
Z0JA

ZJ
, jB =

Z0JB

ZJ
;

t0 =
kBT0

ZJ
=

1
2

{
( jA + jB)+

√
( jA − jB)2 + 16

}
.

(12)

Then (11) becomes

k2

16
j0C

2(t0 − j0C)(t0 − jB)

−2(t0 − j0C)2 +
1
8

j0C
2 = 0,

(13)

where

k =
J12

J
and j0C =

Z0JS

ZJ
.

j0C is the critical value of exchange constant in the sur-
face. k is an important parameter, which has a striking
effect on the value of j0C.

3. Results and Discussion

In Figure 2, we have plotted j0C as a function of
jA for k = 1 and ratios of jB/ jA equal to (a) 4, (b) 2,
(c) 1, (d) 1/2, and (e) 1/4. For case (c) when the bulk

lattice is uniform, that means jA = jB, a linear depen-
dence is obtained. However, for our alternating lattice
structure, case (a), case (b), case (d) and (e), the de-
pendence of j0C on jA has been modified by (13). All
results are based on the special case of a simple cubic
lattice, Z0 = 4, Z = 1.

In Figure 3, we have shown j0C as a function of k,
for jB = 1, and the ratios of jB/ jA equal to (a) 4, (b) 2,
(c) 1, (d) 1/2, and (e) 1/4. It is very interesting that if
the values of parameter k are near 6, the values of j0C
approach 1 for all cases of jB/ jA · j0C gradually de-
creases with increasing parameter k, which indicates
that the interlayer exchange constant J12 has an im-
portant effect on the surface transition. For the case of
k = 0, the two “surface layers” behave like a quasi-
two-dimensional system, this result agrees with earlier
works [12, 15, 16].

For the numerical works, the choice JS = cJA can be
taken into account by a single parameter for the surface
modification. Then (11) becomes an equation for the
critical parameter c,

c2(t0−c jA)(t0− jB)−2(t0−c jA)2 +
1
8

jA2 = 0. (14)

In Figure 4, c is considered as a function of jA for
ratios of jA/ jB equal to (a) 1, (b) 2, (c) 3, and (d) 4.
For all cases of jA/ jB, including the uniform one, c
starts at

√
2 for jA = 0, and decreases as jA increases.

This is because jA = 0 corresponds to non-vanishing
interlayer exchange constants and exchange constants
in the first two “surface layers”. When the value of
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Fig. 3. The dependence of j0C on k for jB/ jA
equal to (a) 1/4, (b) 1/2, (c) 1, (d) 1, and (e) 4. From
this figure, it can be seen that if the value of pa-
rameter k is near 6, the values of j0C approach 1
for all cases of jB/ jA.

Fig. 4. The dependence of c on jA for jA/ jB equal
to (a) 1, (b) 2, (c) 3, and (d) 4. It shows the corre-
lation between critical parameter c and exchange
constant jA, as well as the gradual trend of surface
modification. For all cases of jA/ jB, including the
uniform one, c starts at

√
2 for jA = 0, and de-

creases as jA increases.

jA/ jB equals 1, with jA increasing c is well close to
0.95, not 1.1 as in early result [12].

In Figure 5, we have shown the typical depen-
dence of kBTS on the surface modification parame-
ter c. For different values of JA/JB, we have choosen
J = 1/2(JA +JB) and used the simple cubic lattice, with
Z0 = 4, Z = 1. The unit JB = 1 is used. The four curves
are depicted for ratios of jA/ jB equal to (a) 2, (b) 1.5,
(c) 1, and (d) 0.5, respectively. As c increases, the sur-
face transition temperatures increase linearly, which
reflects the gradual effect of the surface modification.
In addition, under the condition of c = 1, we can obtain
the bulk transition temperatures that have been denoted
in Figure 5.

4. Conlusion

In summary, we have investigated a spin-1/2 Ising
model in an alternating superlattice. In the first
case, JS for the first two surface layers and the
interlayer exchange constant J01 have been modi-
fied. Through numerical calculations, we found that
the critical exchange constant j0C for surface mag-
netism depends on the bulk exchange constants,
which undoubtedly indicates that surface transition
relies on the bulk exchange constants. The linear
relation between j0C and jA is true for any lat-
tice structure, and for any interlayer exchange con-
stant J.
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Fig. 5. The relation between surface transition
temperature kBTS and critical parameter c for
jA/ jB equal to (a) 2, (b) 1.5, (c) 1, and (d) 0.5.
Under the condition of c = 1, the bulk transition
temperatures obtained are 10.92, 8.32, 5.73, and
3.17 corresponding to cases of (a), (b), (c), and
(e), respectively.

In the second case, we have presented the depen-
dence of j0C on k (∝ J12). Especially when k = 0
(J12 = 0) the first two “surface layers” behave like a
quasi-two-dimensional system. Under the condition of
k ≥ 6, the value of j0C approaches the constant 1 and
is independent of the interlayer exchange constant. We
have also discussed the connection between critical pa-
rameter c and bulk exchange constant; for all values of
the ratio jB/ jA, the critical values of c start at

√
2 for

jA = 0, which corresponds to non-vanishing interlayer
exchange constants and exchange constants in the first
two “surface layers”. As jA increases, for the case of
jA/ jB = 1, c is well close to 0.95. The surface transi-
tion temperatures in Figure 5 are specially sensitive to
the critical parameter c, particularly for large value of
jA/ jB, which provides the possibility for us to calcu-
late the value of c by measuring TS in the experiment.
A comparison with some theoretical works that only

consider modification of exchange constant JS and ne-
glect the effect of exchange constants J01 and J12, indi-
cates that the effect of the surface modification is more
gradual in our model.

Although a superlattice of alternating magnetic
monolayers has not been studied very well today in
experiments, with the progress of techniques, we be-
lieve such systems can be studied well both theo-
retically and experimentally. Therefore, it is worth
investigating such systems further by using more
elaborate theoretical frameworks and techniques of
fabrication.
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