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We examine the critical behaviour of a finite alternating ferroelectric superlattice based on the
transverse Ising model within the framework of the mean-field approximation. The results indicate
that the features of the phase diagrams can be greatly modified by changing the transverse Ising
model parameters. The transition temperature of alternating superlattice is described as function of
the inter- and intra-layer exchange interactions, the strength of the transverse field, the superlattice
thickness and the polarizations. In addition, the effects of surface modification on finite superlattices
are also studied.
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1. Introduction

Ferroelectric superlattice films have attracted much
attention due to their potential applications to vari-
ous electronic devices, such as dynamic random ac-
cess memory and ceramic capacitors [1 – 6]. Espe-
cially, the fabrication of superlattice materials consti-
tutes a powerful method to control the crystal struc-
ture and ferroelectric properties artificially. As to the
ferroelectric superlattices, their physical properties in-
cluding the spontaneous polarization, the Curie tem-
perature, and the dielectric susceptibility, differ dra-
matically from simple solids formed from the same
ferroelectric materials. Their significant physical prop-
erties arouse people to devote much work to analyze
the effects of the interfacial coupling on ferroelec-
tric superlattices. Theoretically, the static properties
including polarization, susceptibility, and pyroelectric
coefficient have been studied for ferroelectric supper-
lattice using Ginzburg-Landau phenomenological the-
ory [7 – 10] and the transverse Ising model (TIM) [11 –
13]. Besides, by applying the mean-field approxima-
tion, Wang et al. investigated extensively the ferroelec-
tric phase transition of the superlattices [14, 15]. Zhou
et al. used the effective field theory with correlations
to calculate the Curie temperature of ferroelectric su-
perlattice formed from two alternating materials [16].
Kaneyoshi studied the phase diagrams of a transverse
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Ising superlattice based on the decoupling approxi-
mation in the differential operator technique [17]. In
most of these discussions of ferroelectric superlattice
films, the phase diagrams are usually described in two
ways: the relations between the Curie temperature and
the surface exchange interaction JS [18 – 22], as well
as the Curie temperature and the surface transverse
field ΩS [23 – 25]. However, the effects of various pa-
rameters on the phase diagrams of TIM have not yet
been addressed systemically.

In the present paper, we focus on the Curie tem-
perature of ferroelectric supperlattice by modifying the
transverse Ising model parameters of the surface layer.
The mean-field theory is employed and the equation
for the Curie temperature is obtained. Numerical re-
sults are given for the dependence of the Curie temper-
ature on the transverse field, the exchange interactions,
the thickness of the superlattice, and the polarizations.

2. Model and Formalism

We consider a finite ferroelectric supperlattice with
alternative slabs. The Ising model in a transverse field
within the framework of the pseudospin theory is ap-
plied. The Hamiltonian of the system is given by
[14 – 19]

H = −∑
i

ΩiSx
i −

1
2 ∑

i j
Ji jSz

i S
z
j, (1)
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Fig. 1. Schematic illustration of finite ferroelectric superlat-
tice modified with two surface layers.

where Sx
i and Sz

i are the x- and z-components of a
spin- 1

2 operator at site i, and Ji j is the two-pseudospin
exchange interaction constant between the ith and
jth site, where i and j run over only the nearest-
neighbouring sites, Ωi is the transverse field acting on
the spin i or tunnelling constant, representing the abil-
ity of a proton in a hydrogen bond to tunnel from one
site to the other. We consider a modified superlattice
which alternates as SSAB. . . AB (Fig. 1) and assume
that the superlattice has N = 2n+2 layers. We consider
different exchange interaction constants, with Ji j = Js
and Ωi = ΩS for the surface layers N = 1,2. Layers
N = 3,5, . . . ,2n + 1 consist of atoms of type A with
exchange interaction JA and the transverse field is as-
sumed to ΩA, whereas layers N = 4,6, . . . ,2n + 2 con-
sist of atoms of type B with exchange interaction JB
and the transverse field is assumed to ΩB. The ex-
change interactions between layers A and B are given
by J.

Using mean-field approximation and assuming that
the pseudospins in the same layer have the same val-
ues, the spin average along the z-direction, 〈Sz

i 〉 can be
written as [14 – 19]:

〈Sz
i 〉 = (Hz

i /2|Hi|) tanh(|Hi|/2kBT, (2)

where

Hz
i = 4Ji j〈Sz

i 〉+ Ji,i+1〈Sz
i+1〉+ Ji,i−1〈Sz

i−1〉, (3)

|Hi| =
√

Ω2
i +(Hz

i )2. (4)

H(Ωi,0,Σ jJi j〈sz
j〉) is the mean field acting the ith spin,

kB is the Boltzman constant, and T is the temperature.

When the temperature approaches the Curie tempera-
ture, the spin average tends to zero. Therefore, we can
obtain a simple expressions from (2) – (4) for the finite
alternating superlattice.

For the two surface layers, we have

τSS1 = 4JSS1 + JSS2,

τSS2 = 4JSS2 + JSS1 + JS3
(5)

and for the alternating layers

τASi =4JASi + J(Si+1+Si−1),(i=3,5, · · · ,2n+1),

τBSi =4JBSi + J(Si+1+Si−1),(i=4,6, · · · ,2n+2),
(6)

where Si denotes 〈Sz
i 〉, and

τS = 2ΩS coth
(

ΩS

2kBT

)
, τA = 2ΩA coth

(
ΩA

2kBT

)
,

τB = 2ΩA coth
(

ΩB

2kBT

)
. (7)

Then, the following coefficient determinant equation
can be obtained:

det




XS −C
−C XS −1

−1 XA −1
−1 XB −1

. . .
−1 XA −1

−1 XB




(2n+2)×(2n+2)

= 0, (8)

where XS = (τS−4Js)
J , XA = (τA−4JA)

J , XB = (τB−4JB)
J , and

C = JS
J . We expand the equation above as

(X2
S −C2)D2n −XSC2n−1 = 0, (n ≥ 2), (9)

where the two determinants D2n and C2n−1 are defined
as:

D2n = det




XA −1
−1 XB −1

−1 XA −1
−1 XB −1

. . .
−1 XA −1

−1 XB




2n×2n

,

C2n−1 = det




XB −1
−1 XA −1

−1 XB −1
. . .
−1 XA −1

−1 XB




(2n+2)×(2n+2)

.

(10)
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The solutions to (10) have been evaluated as in [18]:

D2n =
sinh(n + 1)φ + sinh(nφ)

sinhφ
,

C2n−1 =
2sinh(nφ)(coshφ + 1)

XA sinhφ

(11)

and here

2coshφ = XAXB −2. (12)

If XAXB ≤ 2, then φ = iθ and the hyperbolic functions
become trigonometric functions of θ .

For XAXB ≤ 2 the solution of (12) is θ = 2π /
(2N + 1) and we have

XAXB −2 = 2cos[2π/(2N + 1)]. (13)

3. Results and Discussion

In order to facilitate the discussion, we take ad-
vantage of the definition of the ferroelectric dominant
phase diagram (FPD) and the paraelectric dominant
phase diagram (PPD), which are proposed by Teng and
Sy [21, 22].

In Figure 2, we show the dependence of the Curie
temperature of a finite ferroelectric superlattice on the
thickness n. The Curie temperature increases as N
increases. The Curie temperature of the superlattice
reaches quite rapidly, and for N → ∞, the bulk criti-
cal temperature of the infinite superlattice. Obviously,
the Curie temperature of the finite superlattice for (a) is

Fig. 2. Dependence of the critical temperature TC on the
thickness for ΩA/J = 4, ΩB/J = 1; (a): JA/J = 2, JB/J = 0.5;
(b): JA/J = 0.5, JB/J = 2.

Fig. 3. Effect of ΩA on the phase diagram (ΩB > 2JB). All
curves are for ΩB/J = 3, JA/J = 2, JB/J = 1, and Ωs/J = 2;
(a): N = 4; (b): N = 8.

always less than that of the corresponding (b) and
reaches the last one for large values of N. The main rea-
son for this is that the exchange interaction JB for (a) is
larger than that of for (b) as the transverse field ΩB is
less than the transverse field ΩA.

Figure 3 gives the phase diagrams between the Curie
temperature and the exchange interaction on the sur-
face, i. e. the curves of JS versus TC for different val-
ues of transverse field ΩA. The larger the transverse
field ΩA, the larger the range of paraelectric phase; and
the smaller the parameter ΩA, the larger the range of
ferroelectric phase. It is obvious that when ΩA is less
than the crossover value ΩC

A , the phase diagram is in
the ferroelectric dominant phase diagram (FPD), and
now any J can result in a transition from ferroelec-
tric to paraelectric phase with increasing the temper-
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Fig. 4. Phase transition temperature of ferroelectric super-
lattice against the exchange interaction JA/J for different
layer-numbers. All curves are for ΩS/J = 1.2, JS/J = 0.8,
ΩB/J = 3, JB/J = 1.2, and ΩA/J = 2.

Fig. 5. Effect of layer-number N on the JS/J ∼ TC/J phase
diagram. All curves are for ΩA/J = 4, ΩB/J = 3, JA/J = 2,
JB/J = 1, and ΩS/J = 2.

ature. However, when ΩA is larger than the value ΩC
A ,

the phase diagram is in the paraelectric dominant phase
diagram (PPD), and only larger JS can result in a tran-
sition from ferroelectric to paraelectric phase with in-
creasing the temperature. Figures 3a and b also reveal
the effect of the lay number on the crossover value
of the parameter ΩA. The thicker the superlattice, the
larger the crossover value ΩC

A . Simultaneously, we find
that large ΩS will result in a larger range for the para-
electric state as well. In addition, the dependence of ΩA
on ΩS is similar to that of ΩB, and the dependence

Fig. 6. Effect of JS on the phase diagram. All curves are for
ΩA/J = 2, ΩB/J = 3, JA/J = 0.5, JB/J = 1, and N = 6.

of ΩB on the superlattice thickness is also similar to
that of ΩA, so we do not give a detailed discussion of
these situations.

Figure 4 shows the dependence of the Curie tem-
perature TC/J on JA for different layer-numbers. The
Curie temperature increases considerably with the in-
crease of JA and the layer-number N. When JA is
large enough, The Curie temperature increases approx-
imately linearly with the increase of JA. Besides, the
dependence of the Curie temperature TC/J on JB is
likewise similar to that of JA.

In Figure 5 we have plotted the critical tempera-
ture TC versus JS. The result is shown for cubic struc-
ture and for various number of layers. Note that the
dependence of TC on the layer thickness is significant
only for small JS and will not depend on the layer-
number with the Curie temperature increasing. That
is to say, while the Curie temperature is small, the
thicker the superlattice, the larger range the ferroelec-
tric phase; and the phase diagram will not depend on
the thickness of the superlattice when the Curie tem-
perature is large enough.

Figure 6 shows a graph of a maximum trans-
verse field on the surface as a function of Curie
temperature for different surface interaction JS. We
can see that with the increase of surface trans-
verse field ΩS, the transition temperature TC falls
from its maximum value. Otherwise, it indicates that
the larger the ratio JS/J, the larger the ferroelec-
tric range in the phase diagram; the smaller the ra-
tio JS/J, the larger the paraelectric range in the phase
diagram.
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The local value of the polarization is proportional to
the z-component of the pseudospin defined in (2) and
satisfying (5) and (6) for the two-surface-layer ferro-
electric superlattice, the polarization of the ith layer is

Pi = 2nµ〈Sz
i 〉, (14)

where n is the number of pseudospins in a unit volume.
And we also define the mean polarization as

P̄ =
1
N

N

∑
n=1

Pi. (15)

Physically, it is well known that studying the polariza-
tion is helpful for understanding the feature of the tran-
sition diagram. Therefore, we will investigate polariza-
tions in the following work.

Figure 7 gives the temperature dependences of the
polarizations for the superlattice film. For simplicity
and without loss of generality, we consider the situa-
tion of a four-layer ferroelectric supperlattice, and p1,
p2, p3, and p4 denote the polarization of the first layer
(the surface), the second layer (the next surface), the
third layer, and the fourth layer, respectively. It is ob-
vious that there always exist the spontaneous polariza-
tion for p1, p2, p3, and p4 irrespective of inter-layer
correlation J. Meanwhile, it indicates that these polar-
izations depend sensitively on J. The larger the inter-
layer correlation J, the larger the polarization for a
fixed layer not only the surface layer but also the inner
layer. Moreover, it is obvious that when J tends to zero,

Fig. 7. Polarizations of the four-layer superlattice film. The
solid lines are for J = 1.0 and the dashed lines are for J = 0.1.
All curves are for ΩS = 2.0, ΩA = 1.8, ΩB = 3.0, JS = 1.3,
JA = 2.0, and JB = 1.0.

Fig. 8. Mean polarizations of the superlattice film for differ-
ent layer-numbers. All curves are for ΩS/J = 5.0, ΩA/J =
1.8, ΩB/J = 3.0, JS/J = 1.3, JA/J = 2.0, and JB/J = 1.0.

p1, p2, and p3 always have spontaneous polarization,
which is due to ΩS ≤ 2JS, ΩA < 2JA (i. e., ΩS = 2.0,
ΩA = 1.8, JS = 1.3, JA = 2.0), but p4 tends gradually
to the paraelectric state, which is due to ΩB > 2JB (i. e.,
ΩB = 3.0, JB = 1.0).

In addition, we find that the polarizations are p3 >
p2 > p1 > p4 for a fixed J, the smallest polarization p4
may be ascribed to the small exchange interaction JB
and the large exchange interaction JA may result in the
largest polarization p4 physically. Obviously, the po-
larization of slab A is greater than that of slab B, which
is attributed to the fact that the exchange interaction of
slab A is larger than that of slab B. Furthermore, we
find that the phase transition temperature (Curie tem-
perature) depends sensitively on the exchange interac-
tions J. The large exchange interaction J can result in a
large phase transition temperature, i. e., the phase tran-
sition temperatures are approximately 1.9 and 2.0 for
J = 0.1 and J = 1.0, respectively.

Figure 8 shows the numerical result for the mean
polarization of the modified superlattice film on dif-
ferent layer-numbers. It can be seen from the figure
that the mean spontaneous polarizations gradually in-
crease with the increase of the layer-number N, and
the increment of spontaneous polarization decrease re-
markably. It also reveals the effect of the Curie tem-
perature on the superlattice film thickness. The larger
layer-number N, the larger is the value of the Curie
temperature, which is in accordance with the result in
Figure 2 above. Simultaneously, Figures 2 and 8 indi-
cate that when the layer-number N > 4, the Curie tem-
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perature just increase slightly with the increasing layer-
number N.

4. Conclusion

In conclusion, we have considered the ferroelec-
tric superlattice with surface modification. Using trans-
verse Ising Model (TIM), we have studied the ferro-
electric phase properties of a finite alternating super-
lattice described by the transverse Ising model. Mean-
while, the dependence of the transition temperature of
ferroelectric films on the interface exchange constants,
surface transverse field, and layer-number have been

calculated numerically. The method proposed here is
simple for numerical calculations and expected to be
able to study finite superlattices and impurity effects.
We hope that these results may provide some useful
information for theoretical and experimental work on
ferroelectric superlattice with the developments of the
experimental techniques in this field.
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