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For weak dispersion and weak dissipation cases, the (1+1)-dimensional KdV-Burgers equation is
investigated in terms of approximate symmetry reduction approach. The formal coherence of simi-
larity reduction solutions and similarity reduction equations of different orders enables series reduc-
tion solutions. For the weak dissipation case, zero-order similarity solutions satisfy the Painlevé II,
Painlevé I, and Jacobi elliptic function equations. For the weak dispersion case, zero-order similarity
solutions are in the form of Kummer, Airy, and hyperbolic tangent functions. Higher-order similarity
solutions can be obtained by solving linear variable coefficients ordinary differential equations.
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1. Introduction

Nonlinear problems arise in many fields of science
and engineering. Lie group theory [1—3] greatly sim-
plifies many nonlinear partial differential equations.
Exact analytical solutions are nevertheless difficult to
study in general. Perturbation theory [4—6] was thus
developed and it plays an essential role in nonlinear
science, especially in finding approximate analytical
solutions to perturbed partial differential equations.

The integration of Lie group theory and perturba-
tion theory yields two distinct approximate symme-
try reduction methods. The first method due to Baikov
et al. [7, 8] generalizes symmetry group generators to
perturbation forms. For the second method proposed
by Fushchich and Shtelen [9], dependent variables are
expanded in perturbation series and the approximate
symmetry of the original equation is decomposed into
an exact symmetry of the system resulted from the per-
turbation. The second method is superior to the first
one according to the comparison in [10, 11].

The well-known Korteweg-de Vries-Burgers (KdV-
Burgers) equation

U + 6uny + Uty + Vg, = 0, (D)

with 4 and v constant coefficients, is widely used
in many physical fields especially in fluid dynamics.

The effects of nonlinearity (6uuy), dispersion (Utyyy),
and dissipation (Vu,,) are incorporated in this equation
which simulates the propagation of waves on an elastic
tube filled with a viscous fluid [12], the flow of liquids
containing gas bubbles [13], and turbulence [14,15],
etc.

Johnson [12] inspected the travelling wave solutions
of the weak dissipation (v <« 1) KdV-Burgers equa-
tion (1) in the phase plane by a perturbation method
and developed a formal asymptotic expansion for the
solution. Tanh function method was applied to (1) in
the limit of weak dispersion (it < 1) in a perturbative
way [16]. In [17, 18], perturbation analysis was also
applied to the perturbed KdV equations

N +6N N+ N+ 0C1 N+ 02 N+ 003 (N M) =0,
o<k, 2)

and

U+ Uty + Upry = QU+ EPBuy, €K1,  (3)

respectively.

Equation (1) can also be manipulated by means of
the approximate symmetry reduction approach. Sec-
tion 2 and Section 3 are devoted to apply this method
to (1) under the case of weak dissipation (v < 1) and
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weak dispersion (U < 1), respectively. Section 4 in-
cludes conclusion and discussion of the results.

2. Approximate Symmetry Reduction Approach to
Weak Dissipation KdV-Burgers Equation

According to the perturbation theory, solutions of
perturbed partial differential equations can be ex-
pressed as series solutions with respect to all powers
of a small parameter. Specifically, we suppose that the
weak dissipation (v < 1) KdV-Burgers equation (1)
has the solution

u="Yy vhu, (4)
k=0

where u;, are functions of x and ¢, and solve the follow-
ing system

k

Uiy +6 Y it + Mt e + U1 x = 0, 5)
i=0

(k=0,1,---)

with u_; = 0, which is obtained by inserting (4)
into (1) and vanishing the coefficients of different pow-
ers of v.

The next crucial step is to study the symmetry re-
duction of the above system via the Lie symmetry ap-
proach [19]. For this purpose, we construct the Lie
point symmetry transformations

Gk:XMk.x—'_Tuk,t_Uk» (k:()»l»)» (6)

where X, T, and Uy, are functions with respect to x, t,
and u;, (i =0,1,---). The linearized equations for (5)
are

k
Oks+6 Y (Orittix + Uh—iGix) + MOk yex +Ok—1.xx = 0,
i=0

with 6_; = 0. (7) means that (5) is invariant under the
transformations u;, — u; + €0, (k=0,1,---) with an
infinitesimal parameter €.

There exist an infinite number of equations (5)
and (7) and an infinite number of arguments in X, T,
and U (k=0,1,---). To simplify the problem, we start
the discussion for a finite number of equations.

Confining the range of k to {k|k = 0,1,2} in (5),
(6), and (7), we see that X, T', Uy, U}, and U, are func-
tions with respect to x, ¢, ug, u, and uy. In this case,
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the determining equations can be obtained by substitut-
ing (6) into (7), eliminating ug;, u;;, and uy; in terms
of (5) and vanishing all coefficients of different partial
derivatives of ug, u;, and u. Some of the determining
equations read

73(: MOZTMIZTLQ:O?

from which we have T = T (¢). Considering this condi-
tion, we choose the simplest equations for X:

Xu() = Xu1 = Xuz =0,

from which we have X = X (x,7). Considering this con-
dition, we choose the simplest equations for Uy, Uy,
and U,:

UO.xuz = UO.uouo = UO.uoul = UO,uouz
= UO.M]M] = UO.M]Mz = UO,uzuz = 03

Ul,uou() = Ul,uoul =U gy = Ui U U
= Ul,uwz = Ul,uzuz =0,

oo — Y2.uouy = Y2upuy = Y2,uquy
%) %) Uz Uz
= UZ,uwz = U2,u2u2 =0

of which the solutions are
Uo = Fi(x,)uo + B (x,1)uy + F3(1)uz + Fax, 1),
U= F5(x,t)u0+F6(x,t)u1 +F7(x,t)u2 +Fg(x,t),

U, :Fg(x,t)uo—i-F]o(x,t)u] —|—F11(x,t)u2 +F12(x,t).

Under these relations, the determining equations are
simplified to

Xo=h=FK=F=F=FKR=F=Fo=F2
=Fy=Fn=Fy;=Fy=F1,=0,

’Tt = 3XX7 XZ‘ = 6F47 Fl,l‘ = _6F4,x»
Fey=—06Fy,, Fi1;=—06Fy,,
I, =X,—F, TIZZXX_FI"_F&

T, =X+ F1 —2F, T =2X,—Fs+ Iy,

which provide us with

X = 6at + cx+ xp,
Uy = —2cup+a,

T =3ct +1ty,

U =—cu, U;=0,

where a, ¢, x¢, and t are arbitrary constants.
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Similarly, limiting the range of k to {k|k =0,1,2,3}
in (5), (6), and (7), where X, T, Uy, Uy, U,, and U; are
functions with respect to x, t, ug, u, uz, and uz, we
repeat the calculation as before and obtain:

X =6at+cx+xg, T =3ct+1y,
U, =0,

Uy = —2cup+a,
Uy = —cuy, Us = cus,

where a, ¢, xo, and #( are arbitrary constants.

With more similar calculation considered, we see
that X, T, and Uy (k= 0,1,---) are formally coherent,
i.e.,

X = 6ar + cx+ xp,
U = (k—2)cux+ adyp,

T =3ct+1y,

(k:(_')’]’...)’ (8)

where a, ¢, X, and ty are arbitrary constants. The no-
tation & o satisfying 8o =1 and &9 = 0 (k # 0) is
adopted in the following text. Subsequently, solving
the characteristic equations

dv _dr o dup dr o dwp
X T U T U T’ ’
du _dr ®
U T’

leads to the similarity solutions of (5) which can be
distinguished in the following two subcases.

2.1. Symmetry Reduction of the Painlevé Il Solutions

If ¢ # 0, for brevity of the results, we rewrite the
constants a, xg, and #y as ca, cxg, and cty, respectively.
Solving % = % in (9) leads to the invariant

I(x,1) = & = (x—3at +xo — 3ato) (3t +10) 3. (10)

In the same way, we get other invariants

1
To(x,t,u0) = Po = ~ (3t +10)3 (2ug — a)

11
5 (11)
and
L(x,t,u) =P = uk(3t+t0)*.%("*2>, (k=1,2,--)
(12)
from %0 = %, and ‘}Jikk = % (k=1,2,---), respectively.

Viewing P, (k=0,1,---) as functions of &, we get the
similarity solutions to (5):

Uy = (3t+to)%(k72)Pk(§)+%aakp, (k=0,1,~~~)
(13)
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with the similarity variable
1

g :(x—3at+xo—3ato)(3t+t0)7§. (14)

Accordingly, the series reduction solution of (1) is
derived

a4 Nk L(k=2)
== Vi3t +19)3 P(&), 15
u 2+/§6 (3t+10) «(&) (15)
and the related similarity reduction equations are
k
WP ez +6) PPy —EP c+ (k—2)P (16)
i=0

+Pk—1,-§-§:07 (k:()vlv)

with P_; =0.If k=0, (16) is equivalent to the Painlevé
II type equation. The nth (n > 0) similarity reduction
equation is actually a third order linear variable coeffi-
cients ordinary differential equation of P, if the previ-
ous Py, Py, ---, P, are known, since (16) is just

PP eee +6(PoPeg +PiPog) —EP ¢

(17)
+(k_2)Pk:fk(§)7 (k: 1727)7
where f} is only a function of {Py, Py, -+ ,Pr_1}:
k=1
fil6)=—6) PiPe—Pi e (18)
i=1

To see the behaviour of the series solution (15), we
simply take the first six polynomial solutions of (16):
Py=P =0, P =crp, Py =c31&, P =487,
1 3 (19)
Ps=cs0— o (2c4246¢2,0c3,1 +3¢50)8°,

0.60

0.55 -

0.50 -

045 -
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Fig. 1. Plots of truncated series solutions ):é‘:() u; of (13)
and (19) for k = 3 (dotted line), k = 4 (dashed line), and
k =5 (solid line) with v =0.1,a=xp =190 = 4 = 20 =
€31 =C42=C50= l,andt =0.
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where ¢; 0, ¢3 1, ¢42, and ¢5 ¢ are arbitrary constants. In
Figure 1, the truncated series solutions Z,'S:o u; (dotted
line), Zl oui (dashed line), and Zl o Ui (solid line) are
specified by taking v =0.1,a=xo =ty = U =20 =
€31 =c42 =cs50=1,¢t=0 of (13) and (19). If ¢ is
fixed, infinite point is an essential singular point of the
series solution (15) which is divergent. As ¢ increases,
the convergence is even worse, since the factor (3¢ +
to)%(k_z) in the series solution grows dramatically if
k is large enough.

2.2. Symmetry Reduction of the Painlevé I Solutions

If ¢ =0 and ty # 0, we rewrite a and xq as aty
and xofo, respectively. The similarity solutions are

U = (at+ )5ko+Pk(§) (k=0,1,---), (20)
with & = —x+ 3ar? + xot. Hence, the series reduction
solution of (1) is

x oo
u=ar+2+ Y V'R(E), 1)
k=0

in which P (&) satisfies

k

MPge+3 ZPk,iPi—Pk717‘: —adoE+Ar=0
i=0

(k=0,1,---),

" (22)

where P_; = 0 and A;, are arbitrary integral constants.
If £k =0, (22) is equivalent to the Painlevé I type
equation provided that a # 0.
If k=0, a=0, and Ay = Fpu’pi(m*> — 1 —m*),
(22) can be solved by the Jacobi elliptic function

2
Py = §#P%(1 —2m?) 4+ 2um* pien®(p1& + p2,m),

(23)
where p{, p», and m are arbitrary constants.
If k > 0, an equivalent form of (22) is
WP ge +6PPy=g(8), (k=1.2,---), (24)
where g (&) is a function of {Py, Py, -+, P} as fol-
lows:
k—1
gk(8)=-3Y PiPi+Pi¢—Ar (25)

i=1

679

From (24), we see that (22) is a second-order lin-
ear variable coefficients ordinary differential equation
of P, and can be integrated out step by step if a = 0.
The results read

Pe=Pyg {Ck"‘ﬂ / <Bk+/Po§gkd§)d§]

(26)

with arbitrary integral constants By and C.

The compact form of the general solution above is
nevertheless not capable of producing a formal com-
pact solution of (22), since the computation of integra-
tion often fails. We just find the first four polynomial
solutions of (22):

PO = 07
Pi=cio+ciié +Cl,2§2,
1
Py=cpo+ca &+l + —(cia— 301,001,1)53

3
3
2567

10“ c1,1¢€ 125 BET: YN

1
—@(C%ﬁ%uochz)g_ 10#

1
Py=c30+c31E+c306%+ Em (Cz,z —3c11020

—361.002,1) & —

1
12”2 (661.002,2# +3c10c1.1

1
+6¢1,102,1 4 +6¢1 202 014 — C1,2> o (66‘1,162,2H

20u?
+c%71 +4cipc12+6c1 202114 — 60%7001,1> &’
_ 1
602
+12¢1 20201)E° + ——

(7C1 1€12 — 1501 ()Cl 1= 6C1 0C1,2

420;12 (15"?71 +108cy gc11c12

3
—26c%.2) £+ s60p2°12 (1201,001,2 + 110%,1) g

an 7 C1,1C 125 +— 510 27

30;12 1502 iz
ifa=Ap=0,A1 =—2c1o1, A2y =c11— 3C%70 —2co0 M,
A3z =cp1 — 2301 — 6c1 0020, and ¢, €11, €12, €20,
€22, €30, €3,1, and c3 > are arbitrary constants.

From (20) and (27), taking v =0.1,x0 = L =10 =
Cl1=Clp=C0=C1=Cp=C30=C31=cC32=1,
we construct the truncated series solutions ug + uj,
uo+uy +uo, and ug +uj + up + uz, which are displayed
for —5 < x < 6 and t = 0 in Figure 2, where the dot-
ted line, the dashed line, and the solid line represent
uy+uy, ug+uy + uo, and wug + uy + ur + us3, respec-
tively. It is easily seen that the superposition fraction
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Fig. 2. Plots of truncated series solutions ug + uy, ug +u; +
up, and ug +uy + up +usz of (20) and (27) with v =0.1, xg =
H=cClo=C11 =Cl2=C0=C =C2=C30=C3]1=
c3p=1l,anda=1r=0.

for the curves of truncated series solutions ugy + u; + uy
and uy + uy + up + uj is larger than that of up 4 u; and
uo + uj + up, implying that more terms in the trun-
cated series solutions means better approximation of
the exact solutions. Infinite point is an essential singu-
lar point of the series solution (21) if 7 is specified.

3. Approximate Symmetry Reduction Approach
to Weak Dispersion KdV-Burgers Equation

We search for series reduction solutions to weak dis-
persion (U < 1) KdV-Burgers equation (1). The pro-
cess is similar to Section 2. A system of partial differ-
ential equations

k

Uiy +6 Yttt x + Vitg e+ i1 eor = 0,
i=0

(k:()vlv'”)v

(28)

with u_; =0, is obtained by plugging the perturbation
series solution

u=Y ubu (29)
k=0
into (1) and vanishing the coefficients of different pow-
ers of W.

The linearized equations related to (28) are

k
Oy +6 Z (Ok—ittix + Ug—iCix)+VOp xx+Ok—1 xx =0,

i=0
(k=0,1,---), (30)
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with 6_; = 0. The Lie point symmetry transforma-
tions (6) satisfy the above linearized equations under
the approximate equations (28). Restricting the range
of k to {k|k =0,1,2} in (6), (28), and (30), we see
that X, T, Uy, Uy, and U, are functions with respect
to x, t, ug, uy, and up. The determining equations are
derived by substituting (6) into (30), eliminating u,,
ui ¢, and uy ; in terms of (28) and vanishing coefficients
of different partial derivatives of ug, u;, and u,. Some
of the determining equations are

73(: MOZTMIZTLQ:O?

from which we get T = T'(¢). Considering this condi-
tion, the simplest equations for X in the determining
equations are

Xuy = Xy, =Xy, =0,

from which we get X = X(x,7). Considering this con-
dition, we select the simplest equations for Uy and U;:

UO,uou() = UO,u() = UO,uz =0,
Ui Xug — Ui oy — Ul,u()ul = Ul,u|u| =U uy — 07

with the solution Uy = F (x,t)ug + F>(x,t) and U; =
F3(t)uo+ F4(x,1)uy + F5(x,t). In the reduced determin-
ing equations, the simplest equations for U, read as

U2.u0u0 = U2.M0M1 = Uz,uouz = U2.u1u1 = U2.u1u2 =
U2.M2u2 = Oa

leading to U, = Fﬁ(x,t)uo + F7(x,t)u1 + Fg(x,t)uz +
Fy (X,t).

Combined with these conditions, the determining
equations are simplified to

Xa=bB=F=FK=F=F=F=Fux=

F4,x:F8,x:07

EZZXM X :6F27 Fl,f:_6F2,x7

Py =V, Fy,;=-6F, F,=-60F,,
Li=X,—F, T =X,—2F+Fs,

I=3Xs—F+F, T=3X-FK+kK.

It is easily seen that

X = 6at + cx + xo,
U] :—2cu1,

T =2ct+1ty, Uy= —cup+a,
U, = —3cuy,

where a, ¢, x¢, and t are arbitrary constants.
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In the same manner, we obtain

X = 6at + cx + xp,
U1 = —20141,

T =2ct+1ty, Uy=—cuy+a,

U2 = —3cu2, U3 = —4cu3,

where a, ¢, xo, and #( are arbitrary constants.
Repeating similar calculation several times, we
summarize the solutions of the determining equations

X = 6at + cx + xp,

T =2ct + 1y,
(31)
U, = —(k—|— l)cuk+a5k70,

(k=0,1,---),
where a, c, xg, and #( are arbitrary constants. The sim-
ilarity solutions of (28) from solving the characteristic

equations (9) are discussed in the following two sub-
cases.

3.1. Symmetry Reduction of the Kummer Function
Solutions

If ¢ # 0, for brevity of the results, we rewrite the
constants a, xg, and #y as ca, cxg, and cty, respectively.
Solving dx/X = dr/T in (9) results in the invariant

I(x,1) = & = (x — 6at — 6atg+x0) (2t +15) 2. (32)

Likewise, we get other invariants

Io(x,t,u0) = Py = (2t +10) % (uo — a) (33)

and

I, 10) = Pe= 1 (20 +10) 105D, (k=1,2,-+), (34)
from duy/Up = dt /T and duy. /U =dt /T (k=1,2,---),
respectively. Consequently, we get the similarity solu-
tions of (28)

1

g = (20 410) 29TV PU(E) +adp, (k=0,1,---) (35)

with & = (x—6ar — 6atg+x0) (2t +1o)~ 2, and the series
reduction solution of (1) is

u=a+y w+n) IR E), (6
k=0
where P (&) conform to
k
VPee +6) PPz —EPc — (k+1)P 37
i=0

+Pygee =0, (k=0,1,---),

with P_; =0.

681

If k =0, (37) has the Kummer function solution

3
2
a2l
{65 [CZKl (%(1 _30y), % %)
+ Kz(%(l —301),%, 52)] } Lo

where C; and C, are arbitrary constants, and the two
types of Kummer functions K;(p,¢,z) and K»(p,¢,z2)
solve the differential equation

2"(2) +(q—2)y'(z) — py(z) = 0.
If k > 0, we rearrange the terms in (37) as

VPiee +6(PoPie +PiPog) —EPg — (k+ 1)

k—1 (39)
=—6Y PiPe—Pyeez, (k=12,--),
i=1

which is a second order linear variable coefficients or-
dinary differential equation of P, if the previous Py, Py,
-++, P,_q are known.

The first six polynomial solutions of (37) are

g
Pozga P2:C2.1§a
Py =c32V+3c1 0021 + 3282,
Py=3(ca3v+2¢10032+651)§ +ca38,

Py =c1,0,

(40)
2 2 3 2
Ps = 9C1706‘271 +9Cl706‘372 + 56‘473 +3cs54V
+ (9¢c10ca3+6¢21¢32)V
+(9¢1.0c43+9¢2,1¢32 +6054V)EX + c54E2,

where c10, ¢2.1, €32, €43, and cs4 are arbitrary con-
stants.

From (35) and (40), taking 4 =0.1,a=v =xy =
fp =C10=1C21 =C32=0C43 =C54 = 1, we construct
truncated series solutions 21-3:0 u;, Z?:o u;, and Zf:() u;,
which are displayed for —50 <x <50 and# = 0,1 in
Figure 3, where the dotted line, the dashed line, and the
solid line correspond to Y3 u;, Y oui, and Y3 o u;,
respectively. In Figure 3, the superposition fraction for
the curves of truncated series solutions grows if 7 goes
from O to 1, in other words, the convergence region of
the series solution (36) extends as ¢ increases, which is
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30

20F

10F

20 L

45

t=1
Fig. 3. Plots of truncated series solutions Z" u; from (35)
and (40) for {k|k = 3,4,5} with u = 0.1, a,v,xO,;(),
clp=c1 =c3p=c43=0C54=1.

due to the fact that the powers of the terms containing ¢
in the truncated series solutions are nonpositive. The
singularity of infinite point for the series solution (36)
is an essential singularity if we fix z.

3.2. Symmetry Reduction of Airy Function and
Hyperbolic Tangent Function Solutions

If ¢ = 0 and 1y # 0, we rewrite the constants a and xg
as aty and xpto, respectively. It is easily seen that the
similarity solutions are

uk—(at+ )5ko+Pk(5) (k=0,1,---), (41)

with & = —x+ 3ar? + xot, and the series reduction so-
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lution of (1) is

u=ar+2+Y WR(E) 42)
k=0
with P (&) satisfying
k
VP g —3Y P iPi— Py eg +ad06 +Ac=0, 43)
i=0
(k=0,1,---),

where P_; = 0 and A, are integral constants.
If k =0 and a = —b, we get the Airy function solu-
tion of (43)

PO:{(Bbv) [C1A1< 5 (bv) (Ao—b§)>
—|—Bi(1,3§(bv)_%(Ao—b<§))”/

{ {CIA1(3%(bv)*%(Ao—b§))

+ Bi (3 (bv)~ (4o —bg))} }

where Cj is an arbitrary constant. The Airy wave func-
tions Ai(z) and Bi(z) are linearly independent solu-
tions for y(z) in the equation y”(z) — zy(z) = 0. Ai(n,z)
and Bi(n,z) are the nth derivatives of Ai(z) and Bi(z)
evaluated at z, respectively.
The hyperbolic tangent function solution of travel-
ling wave form
V3 V3

Py = ——-ptanh[—=p(5 +d)]

with d an arbitrary constant, can be obtained from a =

0 and p = +/Ap.

If k > 0, an equivalent form of (43) is

(44)

(45)

VPk§_6P0Pk:gk(§)’ (k:1727)7 (46)
where
k—1
&(&)=3Y P iPi+ P ez —Ar (47)

i=1
From (46), it is easily seen that the kth similarity re-
duction equation in (43) is a first order linear variable
coefficients ordinary differential equation of P;. Fur-
thermore, all equations in (46) can be solved step by
step. The results read

P, = exp (g/Pod§>
. H/gkexp (—%/Pod§>d§+3k}, (“48)

(](:1’2’...)7

where By, are arbitrary integral constants.
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Fig. 4. Plots of truncated series solutions ug + uy, ug +uj +
uy, and ug +uy +uy +u3 of (41) and (49) with u =0.1, xg =
V=(,‘170 =Cl,1=C0=0C1=C30=C31= 1, anda=1=0.

We can find polynomial solutions for the first four
similarity equations in (43):

Ph=0, Pi=cio+cii&,

3 1
Pz=Cz,o+02,1§+;C1,001.152+;C%,153»

3
P3:C370—|—C371§—‘,—W(Cmclov—i-c%l+C170c271v)€2
2 2063, 0 0 g
+oacni(earv+3eig)8’ + Sreroct 8

o€, (49)
witha=A9g=0,A| =—c11V,Ay = 30%70 —02,1V,A3 =
6c1,0020 — 3,1V + %C1,061,1, and ¢y, 1,1, €20, C2,1,
3,0, and c3 1 are arbitrary constants.

Figure 4 demonstrates the truncated series solutions
uo + uy (dotted line), uy + u; + uo (dashed line), and
uy + uy + up + usz (solid line) when we take u = 0.1,
Xo=V=cip=ci1=c0p=0c1=co=c1 =1,
t =0 from (41) and (49). It is easily seen that the series
solution (42) with respect to all powers of & is diver-
gent except that |£| is small enough. The singularity of
infinite point for the series solution (42) is an essential
singularity when ¢ is specified.

4. Conclusion and Discussion

In summary, by applying the approximate symmetry
reduction approach to (1+1)-dimensional KdV-Burgers
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equation under the condition of weak dispersion and
weak dissipation, we found that the similarity reduc-
tion solutions and similarity reduction equations of dif-
ferent orders are coincident in their forms. Therefore,
the series reduction solutions and general formulas for
the similarity equations are summarized.

For the weak dissipation case, the zero-order simi-
larity solutions are equivalent to Painlevé II, Painlevé I
type, and Jacobi elliptic function solutions. For the
weak dispersion case, the zero-order similarity solu-
tions are in the form of Kummer function, Airy func-
tion, and hyperbolic tangent function solutions.

k-order similarity reduction equations are lin-
ear variable coefficients ordinary differential equa-
tions with respect to Pi(&). Especially, for the pe-
riod solutions (expressed by Jacobi elliptic func-
tions) with solitary waves as a special case under
weak dissipation, Airy function and hyperbolic tan-
gent function solutions under weak dispersion, higher-
order similarity solutions are expressed as general
formulas.

We investigated truncated series solutions graphi-
cally from the polynomial solutions of similarity re-
duction equations. For symmetry reduction of the
Painlevé I solutions under weak dissipation, approxi-
mation of the exact solutions can be improved by in-
creasing terms in the truncated series solutions. For
symmetry reduction of the Kummer function solu-
tions under weak dispersion, larger value of r means
wider convergence region for the truncated series
solutions.

The approximate symmetry reduction approach can
be used to search for similar results of other perturbed
nonlinear differential equations and it is worthwhile
to summarize a general principle for the perturbed
nonlinear differential equations holding analogous
results.
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