
A Complete Product Operator Theory for IS (I = 1, S = 1) Spin System
and Application to 3D HMQC-COSY NMR Experiment
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There exist a variety of multi-pulse NMR experiments for spectral assignment of complex
molecules in solution. The conventional heteronuclear multiple-quantum coherence (HMQC) NMR
experiment provides correlation between weakly coupled hetero-nuclei. The COSY is one of the most
popular two-dimensional NMR experiment which is used to correlate J-coupled homo-nuclei of spec-
tral assignment. The combination of the conventional HMQC and COSY NMR experiments yields a
new experiment called 3D HMQC-COSY NMR experiment. The product operator theory is widely
used for the analytical descriptions of multi-pulse NMR experiments for weakly coupled spin systems
in liquids. In this study, complete product operator theory for weakly coupled IS (I = 1, S = 1) spin
system is presented by obtaining the evolutions of the product operators under the spin-spin coupling
Hamiltonian. As an application and a verification, analytical descriptions of 3D HMQC-COSY NMR
experiment are obtained for weakly coupled ISnI′S′m (I = I′ = 1/2; S = S′ = 1; n = 1,2,3; m = 1,2)
multi-spin systems. Then the estimated spectra of this experiment for various multi-spin systems are
explained in detail.
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1. Introduction

It is well-known that the product operator theory
as a quantum mechanical method is widely used for
the analytical description of multi-pulse NMR experi-
ments on weakly coupled spin systems in liquids hav-
ing spin-1/2, spin-1 and spin-3/2 nuclei [1 – 16]. For
weakly coupled two-spin-1 systems, evolutions of the
Sx, Sy, IxSy, IxSz, IxS2

z , IySz, IyS2
z , IzS2

x and IzS2
y product

operators under the weak spin-spin coupling Hamilto-
nian and analytical descriptions of the INADEQUATE
and DQC NMR experiments have been presented by
Chandrakumar and co-workers [6, 10, 17, 18]. In our
recent study, the complete product operator theory for
the IS (I = 1/2, S = 1) spin system and application
to DEPT-HMQC and MAXY NMR experiments have
been presented [19, 20]. By using product operator the-
ory in NMR experiments, experimental results can be
confirmed and also new experimental suggestions can
be made.

The conventional HMQC NMR experiment pro-
vides correlation between weakly coupled hetero-
nuclei [21, 22]. The COSY is one of the most popu-
lar two-dimensional NMR experiment which is used
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for the correlation of J-coupled homo-nuclei in or-
der to make spectral assignment [11]. In COSY NMR
experiment of complex molecules, the spin-spin cou-
pling multiplets of different chemically shifted nuclei
may overlap and then spectral assignment may become
too difficult. In order to simplify COSY NMR spectra
a new experiment called 3D HMQC-COSY was ob-
tained [23, 24]. This experiment is the combination of
HMQC and COSY NMR experiments. The spectrum
of this experiment would contain H-H correlations in
the F2 and F3 planes. Third dimension (F1) would sep-
arate the planes based on 13C chemical shifts of di-
rectly bounded 13C atoms.

In the present study, the complete product oper-
ator theory has been presented for weakly coupled
IS (I = 1, S = 1) spin system as it is presented be-
fore for weakly coupled IS (I = 1/2, S = 1) spin sys-
tem [19, 20]. First, the evolutions of all product oper-
ators under the scalar spin-spin coupling Hamiltonian
have been obtained for the IS (I = 1, S = 1) spin sys-
tem. Then, for the first time in this study, the product
operator descriptions of the 3D HMQC-COSY NMR
experiment are obtained for weakly coupled ISnI′S′m
(I = I′ = 1/2; S = S′ = 1; n = 1,2,3; m = 1,2) multi-
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spin systems. It is shown that this experiment can be
used for spectral assignments of CDnCDm groups in
complex liquids. Therefore, after obtaining the com-
plete product operator theory for IS (I = 1, S = 1) spin
system an application and a verification of this theory
is also presented.

2. Theory

The product operator formalism is the expansion of
the density matrix operator in terms of matrix repre-
sentation of angular momentum operators for individ-
ual spins. For the IS (I = 1, S = 1) spin system, the
nine Cartesian spin angular momentum operators for
I = 1 are EI , Ix, Iy, Iz, I2

z , [Ix, Iz]+, [Iy, Iz]+, [Ix, Iy]+ and
(I2

x − I2
y ) [19, 25]. Similarly, there are also nine Carte-

sian spin angular momentum operators for S = 1. So,
9 · 9 = 81 product operators are obtained with direct
products of these spin angular momentum operators
for the IS (I = 1, S = 1) spin system. Depending on
the pulse experiment, the (I2

x − I2
y ) Cartesian spin an-

gular momentum operator is separated into two spin
angular momentum operators as I2

x and I2
y . In this case,

there should be 10 ·10 = 100 product operators for this
spin system. In this study they are used in separated
form and the complete list of the product operators are
given in Table 1.

In a liquid-state pulse NMR experiment of weakly
coupled ISn spin systems, the total Hamiltonian con-
sists of the r. f. pulse, the chemical shift, and the spin-
spin coupling Hamiltonians written as

H = ΩIIz +
n

∑
i=1

ΩSSiz + 2π
n

∑
i=1

JiIzSiz. (1)

Time dependence of the density matrix is governed by
Liouville-von Neumann equation:

dσ
dt

=
i
h̄

[σ ,H] . (2)

When the Hamiltonian is time independent, the solu-
tion of (2) is

σ(t) = exp(−iHt)σ(0)exp(iHt). (3)

Where σ(0) is the density matrix at t = 0. After em-
ploying the Hausdorff formula [5]

exp(−iHt)Aexp(iHt) = A− (it)[H,A]

+
(it)2

2!
[H, [H,A]]− (it)3

3!
[H, [H, [H,A]]]+ · · · ,

(4)

Table 1. Product operators in terms of direct products of spin
angular momentum operators in weakly coupled IS (I = 1,
S = 1) spin system. Only the diagonal and the upper terms
are shown and Iab = [Ia, Ib]+, Sab = [Sa,Sb]+ short notations
are used.

⊗ ES Sx Sy Sz S2
z Sxz Syz Sxy S2

x S2
y

EI E Sx Sy Sz S2
z Sxz Syz Sxy S2

x S2
y

Ix IxSx IxSy IxSz IxS2
z IxSxz IxSyz IxSxy IxS2

x IxS2
y

Iy IySy IySz IyS2
z IySxz IySyz IySxy IyS2

x IyS2
y

Iz IzSz IzS2
z IzSxz IzSyz IzSxy IzS2

x IzS2
y

I2
z I2

z S2
z I2

z Sxz I2
z Syz I2

z Sxy I2
z S2

x I2
z S2

y

Ixz IxzSxz IxzSyz IxzSxy IxzS2
x IxzS2

y

Iyz IyzSyz IyzSxy IyzS2
x IyzS2

y

Ixy IxySxy IxyS2
x IxyS2

y

I2
x I2

x S2
x I2

x S2
y

I2
y I2

y S2
y

evolutions of product operators under the r. f. pulse, the
chemical shift, and the spin-spin coupling Hamiltoni-
ans can be easily obtained [5 – 7, 10, 19].

For the IS (I = 1,S = 1) spin system the evolutions
of some product operators under the weak spin-spin
coupling Hamiltonian (HJ = 2πJIzSz) are known and
they are given in Table 2 [10, 17 – 20, 26]. In tables
and equations, cnJ = cos[nπJt], snJ = sin[nπJt], Iyz =
[Iy, Iz]+, Ixz = [Ix, Iz]+, Sxz = [Sx,Sz]+, Syz = [Sy,Sz]+,
Sxy = [Sx,Sy]+, I2

x−y = (I2
x − I2

y ) and S2
x−y = (S2

x − S2
y)

short notations are used. For example for IzS2
x the prod-

uct operator of IS (I = 1,S = 1) spin system can be
found as

exp(−i2πJIzSzt)IzS2
x exp(i2πJIzSzt)

HJt−−→
1
2

IzS2
x(c4J + 1)− 1

2
IzS2

y(c4J −1)+
1
2

I2
z Sxys4J.

(5)

The evolutions for the Ix, Iy, Ixz, Iyz, Ixy, I2
x , and I2

y prod-
uct operators will be similar to those of Sx, Sy, Sxz, Syz,
Sxy, S2

x , and S2
y product operators. For this spin system

E , Iz, Sz, I2
z , S2

z , IzSz, IzS2
z , I2

z Sz, and I2
z S2

z product op-
erators does not change under the spin-spin coupling
Hamiltonian. Evolutions of all nine Cartesian spin an-
gular momentum operators under the r. f. pulse and
the chemical shift Hamiltonians have been presented
in our previous work for spin-1 [19, 20].

At any time during the NMR experiments, the en-
semble averaged expectation value of the spin angular
momentum, e. g. for Iy, is

My(t) ∝ 〈Iy〉 ≡ Tr[Iyσ(t)], (6)
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Table 2. Evolutions of the product operators under the spin-
spin coupling Hamiltonian (2πJIzSz) for weakly coupled IS
(I = 1, S = 1) spin system [10, 17 – 20, 26].
Product Evolution of the product operator under the spin-spin
operator coupling Hamiltonian (H = 2πJIzSz)

Sx Sx + I2
z Sx(c2J −1)+ IzSys2J

Sy Sy + I2
z Sy(c2J −1)− IzSxs2J

Sxz Sxz + I2
z Sxz(c2J −1)+ IzSyzs2J

Syz Syz + I2
z Syz(c2J −1)− IzSxzs2J

Sxy Sxy + I2
z Sxy(c4J −1)− IzS2

x−ys4J

S2
x S2

x + 1
2 I2

z S2
x−y(c4J −1)+ 1

2 IzSxys4J

S2
y S2

y − 1
2 I2

z S2
x−y(c4J −1)− 1

2 IzSxys4J

IxSy
1
2 IxSy(c2J +1)+ 1

2 IyzSxz(c2J −1)+ 1
2 (IySyz − IxzSx)s2J

IxSz IxSzc2J + IyS2
z s2J

IxS2
z IxS2

z c2J + IySzs2J

IySz IySzc2J − IxS2
z s2J

IyS2
z IyS2

z c2J − IxSzs2J

IzS2
x

1
2 IzS2

x (c4J +1)− 1
2 IzS2

y(c4J −1)+ 1
2 I2

z Sxys4J

IzS2
y

1
2 IzS2

y (c4J +1)− 1
2 IzS2

x(c4J −1)− 1
2 I2

z Sxys4J

where σ(t) is the density matrix operator calculated
from (4) at any time. Since 〈Iy〉 is proportional to the
magnitude of the y-magnetization, it represents the sig-
nal detected on y-axis. So, in order to estimate the free
induction decay (FID) signal of a multi-pulse NMR
experiment, the density matrix operator should be ob-
tained at the end of the experiment.

3. The Evolutions of Product Operators under the
Spin-Spin Coupling Hamiltonian

As mentioned in section 2, there exist 100 prod-
uct operators for IS (I = 1, S = 1) spin system. Nine
of them does not change under the spin-spin coupling
Hamiltonian. The evolutions for 21 of them are known
in the literature and are given in section 2. In this sec-
tion the evolutions of 70 product operators under the
spin-spin coupling Hamiltonian will be obtained. By
using the Hausdorff formula given in (4), the evolu-
tions of product operators under the spin-spin cou-
pling Hamiltonian are derived for weakly coupled IS
(I = 1, S = 1) spin system. The weak spin-spin cou-
pling Hamiltonian, which is the secular part of the
scalar coupling, is HJ = 2πJIzSz. As an example, evo-
lution of IxzSxz product operator is obtained as follow-
ing, ([Ix, Iz]+ = Ixz and [Sx,Sz]+ = Sxz):

IxzSxz
2πJIzSzt−−−−→

exp(−2iπJIzSzt)IxzSxz exp(2iπJIzSzt) = IxzSxz

−(i2πJt)A(1)+
(i2πJt)2

2!
A(2)− (i2πJt)3

3!
A(3)+ · · ·

(7)

where

A(1) = [IzSz, IxzSxz], (8)

A(2) = [IzSz,A(1)], (9)

A(3) = [IzSz,A(2)]. (10)

Commutation relations for S = 1 can be found else-
where [10]. Using the commutation relations

A(1) =
i
2

I2
z IxSyz +

i
2

IyzSxS2
z , (11)

is obtained, where

I2
z Ix =

1
2
(Ix + iIyz), (12)

SxS2
z =

1
2
(Sx − iSyz). (13)

In this study, for the evolution of all product operators
for the IS (I = 1, S = 1) spin system, we have used
some new relations between the angular momentum
operators of spin-1. These new relations are given in
the Appendix. After replacing all results in (7),

IxzSxz
2πJIzSzt−−−−→ IxzSxz − (i2πJt)

i
2
(IxSyz + IyzSx)

+
(i2πJt)2

2!
−1
2

(IySy − IxzSxz)

− (i2πJt)3

3!
i
2
(IxSyz + IyzSx)+ · · ·

(14)

is obtained. In order to get the generalized form for the
evolution of IxzSxz product operator under the spin-spin
coupling Hamiltonian some additions and subtractions
can be made as follows:

IxzSxz
2πJIzSzt−−−−→ IxzSxz − (i2πJt)

i
2
(IxSyz + IyzSx)

+
(i2πJt)2

2!
−1
2

(IySy − IxzSxz)

− (i2πJt)3

3!
i
2
(IxSyz + IyzSx)+ · · ·

+
1
2
(IySy − IxzSxz)− 1

2
(IySy − IxzSxz).

(15)

Then, using sine and cosine series,

IxzSxz
2πJIzSzt−−−−→ 1

2
IxzSxz(c2J + 1)

−1
2

IySy(c2J −1)+
1
2
(IxSyz + IyzSx)s2J

(16)
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Table 3. Evolution of the product operators under the spin-
spin coupling Hamiltonian (2πJIzSz) for weakly coupled IS
(I = 1, S = 1) spin system.

Product Evolution of the product operator under the spin-spin
operator coupling Hamiltonian (H = 2πJIzSz)

IxSx
1
2 IxSx(c2J +1)− 1

2 IyzSyz(c2J −1)+ 1
2 (IySxz + IxzSy)s2J

IxSxz
1
2 IxSxz(c2J +1)− 1

2 IyzSy(c2J −1)+ 1
2 (IySx + IxzSyz)s2J

IxSyz
1
2 IxSyz(c2J +1)+ 1

2 IyzSx(c2J −1)+ 1
2 (IySy − IxzSxz)s2J

IxSxy IxSxyc2J − IxzS2
x−ys2J

IxS2
x

1
2 IxS2

x (c2J +1)− 1
2 IxS2

y(c2J −1)+ 1
2 IxS2

z (c2J −1)
+ 1

2 (IxzSxy + IySz)s2J

IxS2
y

1
2 IxS2

y (c2J +1)− 1
2 IxS2

x(c2J −1)+ 1
2 IxS2

z (c2J −1)
− 1

2 (IxzSxy − IySz)s2J

IySy
1
2 IySy(c2J +1)− 1

2 IxzSxz(c2J −1)− 1
2 (IxSyz + IyzSx)s2J

IySxz
1
2 IySxz(c2J +1)+ 1

2 IxzSy(c2J −1)− 1
2 (IxSx − IyzSyz)s2J

IySyz
1
2 IySyz(c2J +1)− 1

2 IxzSx(c2J −1)− 1
2 (IxSy + IyzSxz)s2J

IySxy IySxyc2J − IyzS2
x−ys2J

IyS2
x

1
2 IyS2

x (c2J +1)− 1
2 IyS2

y (c2J −1)+ 1
2 IyS2

z (c2J −1)
− 1

2 (IyzSxy − IxSz)s2J

IyS2
y

1
2 IyS2

y (c2J +1)− 1
2 IyS2

x (c2J −1)+ 1
2 IyS2

z (c2J −1)
+ 1

2 (IyzSxy + IxSz)s2J

IzSxz IzSxzc2J + I2
z Syzs2J

IzSyz IzSyzc2J − I2
z Sxzs2J

IzSxy IzSxyc4J − I2
z S2

x−ys4J

I2
z Sxz I2

z Sxzc2J + IzSyzs2J

I2
z Syz I2

z Syzc2J − IzSxzs2J

I2
z Sxy I2

z Sxyc4J − IzS2
x−ys4J

I2
z S2

x
1
2 I2

z S2
x (c4J +1)− 1

2 I2
z S2

y (c4J −1)+ 1
2 IzSxys4J

I2
z S2

y
1
2 I2

z S2
y (c4J +1)− 1

2 I2
z S2

x (c4J −1)− 1
2 IzSxys4J

IxzSxz
1
2 IxzSxz(c2J +1)− 1

2 IySy(c2J −1)+ 1
2 (IxSyz + IyzSx)s2J

IxzSyz
1
2 IxzSyz(c2J +1)− 1

2 IxSy(c2J −1)+ 1
2 (IyzSy − IxSxz)s2J

IxzSxy IxzSxyc2J − IxS2
x−ys2J

IxzS2
x

1
2 IxzS2

x(c2J +1)− 1
2 IxzS2

y (c2J −1)+ 1
2 IxzS2

z (c2J −1)
+ 1

2 (IxSxy + IyzSz)s2J

IxzS2
y

1
2 IxzS2

y(c2J +1)− 1
2 IxzS2

x (c2J −1)+ 1
2 IxzS2

z (c2J −1)
− 1

2 (IxSxy − IyzSz)s2J

IyzSyz
1
2 IyzSyz(c2J +1)− 1

2 IxSx(c2J −1)− 1
2 (IySxz + IxzSy)s2J

IyzSxy IyzSxyc2J − IyS2
x−ys2J

IyzS2
x

1
2 IyzS2

x(c2J +1)− 1
2 IyzS2

y (c2J −1)
+ 1

2 IyzS2
z (c2J −1)+ 1

2 (IySxy − IxzSz)s2J

IyzS2
y

1
2 IyzS2

y(c2J +1)− 1
2 IyzS2

x (c2J −1)+ 1
2 IyzS2

z (c2J −1)
− 1

2 (IySxy + IxzSz)s2J

IxySxy IxySxy

IxyS2
x IxyS2

x + 1
2 IxyS2

z (c4J −1)− 1
2 I2

x−ySzs4J

IxyS2
y IxyS2

y + 1
2 IxyS2

z (c4J −1)− 1
2 I2

x−ySzs4J

I2
x S2

x I2
x S2

x + 1
4 (I2

x−yS2
z + I2

z S2
x−y)(c4J −1)+ 1

4 (IzSxy + IxySz)s4J

I2
x S2

y I2
x S2

y + 1
4 (I2

x−yS2
z + I2

z S2
x−y)(c4J −1)+ 1

4 (IzSxy + IxySz)s4J

I2
y S2

y I2
y S2

y + 1
4 (I2

x−yS2
z + I2

z S2
x−y)(c4J −1)+ 1

4 (IzSxy + IxySz)s4J

is obtained. For the remainder, the same procedure is
applied and the obtained results are presented in Ta-

ble 3. The calculations are made only for the diagonal
and upper terms of Table 1. Because of the symmetry,
the evolutions for the lower terms can be written easily
from the evolutions of the upper terms. As an example,
evolution for IyS2

x as given in Table 2 is

IyS2
x
HJt−−→ 1

2
IyS2

x(c2J + 1)− 1
2

IyS2
y(c2J −1)

+
1
2

IyS2
z (c2J −1)− 1

2
(IyzSxy − IxSz)s2J .

(17)

Then, the evolution for I2
x Sy will be

I2
x Sy

HJt−−→ 1
2

I2
x Sy(c2J + 1)− 1

2
I2
y Sy(c2J −1)

+
1
2

I2
z Sy(c2J −1)− 1

2
(IxySyz − IzSx)s2J .

(18)

4. 3D HMQC-COSY NMR Experiment for ISnnnIS′
mmm

Multi-Spin Systems

For the analytical description of the 3D HMQC-
COSY NMR experiment of ISnI′S′m multi-spin sys-
tems, the pulse sequence given in Figure 1 is used. As
shown in this figure, the density matrix operator at each
stage of the experiment is labelled with numbers where
13C is treated as spins I; I′ and 2H as spins S;S′.

In this pulse sequence, τ is the evolution delay for
hetero-nuclei and its optimum value is 1/(2JIS). t1 is
the chemical shift delay for both spins I and I′. t2 is
the homonuclear weak spin-spin coupling and chem-
ical shift delay for both spins-S and S′. t3 is the ac-
quisition time for both spins S and S′ along the x-
axis. During the t2 and t3 homonuclear weak spin-spin
coupling between S and S′ spins takes place. Starting
from the density matrix operator at thermal equilib-
rium, one should apply the required Hamiltonians dur-
ing the pulse sequence and obtain the density matrix
operator at the end of the experiment. For this experi-
ment following r. f. pulse, chemical shift, and spin-spin
coupling Hamiltonians are applied:

Hr f (I, I′) = ωr f Iϕ + ωr f I′ϕ , (ϕ = x,y) (19)

Hr f (S,S′) = ωr f Sϕ + ωr f S′ϕ , (ϕ = x,y) (20)

HI(I, I′) = ΩI Iz + Ω ′
II
′
z, (21)

HC(S,S′) = ΩSSz + Ω ′
SS′z, (22)

HJ(I −S, I′ −S′) = 2πJISIzSz + 2πJI′S′ I
′
zS

′
z,

(JIS = JI′S′)
(23)
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Fig. 1. 3D HMQC-COSY NMR pulse se-
quence [23, 24].

HJ(S−S′) = 2πJSS′SzS′z. (24)

For multi-spin systems, to follow these processes (ap-
plications of required Hamiltonians during the pulse
sequence) by hand becomes too difficult. In order to
overcome this problem a computer program was writ-
ten in Mathematica for this study [27]. This program is
used to obtain the density matrix operator at the end of
the experiment for different multi-spin systems.

For ISI′S′ multi-spin system, the density matrix at
thermal equilibrium is σ0 = Sz +S′z. By using the com-
puter program following density matrices are obtained
for each labelled point:

σ0
90◦x(S,S′)−−−−−→−Sy −S′y ≡ σ1, (25)

σ1
HJ(I−S)τ+HJ(I′−S′)τ−−−−−−−−−−−−−−→ 2IzSx + 2I′zS

′
x, where

τ = 1/(2JIS),
(26)

σ2
90◦x(I,I′)−−−−−→−2IySx −2I′yS

′
x, (27)

σ3
HC(I,I′)t1+180◦x(S,S′)−−−−−−−−−−−−−→

−2IySx cos[ΩIt1]+ 2IxSx sin[ΩIt1]
−2I′yS′x cos[Ω ′

I t1]+ 2I′xS′x sin[Ω ′
It1],

(28)

σ6
90◦x(I,I′)−−−−−→−2IzSx cos[ΩIt1]+ 2IxSx sin[ΩIt1]

−2I′zS
′
x cos[Ω ′

It1]+ 2I′xS′x sin[Ω ′
It1],

(29)

σ7
HJ(I−S)τ+HJ(I′−S′)τ−−−−−−−−−−−−−−→

−Sy cos[ΩIt1]+ 2IxSxz sin[ΩIt1]
−S′y cos[Ω ′

It1]+ 2I′xS
′
xz sin[Ω ′

It1],

(30)

σ8
HJ(S−S′)t2+HC(S,S′)t2−−−−−−−−−−−−−−→

σ9
90◦y(S,S′)−−−−−→ σ10

HJ(S−S′)t3+HC(S,S′)t3−−−−−−−−−−−−−−→ σ11.

(31)

In the last step, the density matrix consists of many
product operator terms. So, for the simplification of
the density matrix only the observable terms should be
taken into account. As the acquisition is taken along
the x-axes for spins-S and S′, at the end of the experi-
ment the following density matrix is obtained:

σ11 =
1
2
(2Sx −SxS′2x −SxS′2y −SxS′2z )cI(t1)cS(t2)sS(t3)

+
1
2
(2S′x −S2

xS′x −S2
yS′x −S2

z S′x)c
′
I(t1)c

′
S(t2)s

′
S(t3)

+
1
2
(SxS′2x + SxS′2y −SxS′2z )c2J(t2)cI(t1)cS(t2)sS(t3)

+
1
2
(S2

xS′x + S2
yS′x −S2

z S′x)c2J(t2)c′I(t1)c
′
S(t2)s

′
S(t3)

−1
2
(SxS′2x −SxS′2y )(1− c2J(t2))cJ(t3)cI(t1)cS(t2)

·sS(t3)c′2S(t3)

−1
2
(S2

xS′x −S2
yS′x)(1− c2J(t2))cJ(t3)c′I(t1)c

′
S

·(t2)s′S(t3)c2S(t3)

+
1
2

SxS2
z (1 + c2J(t2))c2J(t3)cI(t1)cS(t2)sS(t3)

+
1
2

S2
z S′x(1 + c2J(t2))c2J(t3)c′I(t1)c

′
S(t2)s

′
S(t3)

+ SxS2
z s2J(t2)s2J(t3)c′I(t1)c

′
S(t2)sS(t3)

+ S2
z S′xs2J(t2)s2J(t3)cI(t1)cS(t2)s′S(t3). (32)

At above and in following equations cI(t1) = cos[ΩIt1],
c′I(t1) = cos[Ω ′

It1], cS(t2) = cos[ΩSt2], c′S(t2) =
cos[Ω ′

St2], cnS(t3) = cos[nΩSt3], c′nS(t3) = cos[nΩ ′
St3],

snS(t3) = sin[nΩSt3], s′nS(t3) = sin[nΩ ′
St3], cnJ(t2) =

cos[nπJt2], snJ(t2) = sin[nπJt2], cnJ(t3) = cos[nπJt3]
and snJ(t3) = sin[nπJt3].

For ISnI′S′m multi-spin systems the ensemble aver-
aged expectation value of the spin angular momentum,
∑n

i=1〈Six〉+ ∑m
j=1〈S′jx〉, is proportional to the magni-
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Table 4. Results of the ∑n
i=1 Tr[SixO] calculations for the

observable product operators of ISnI′S′m multi-spin systems
(k = x,y,z; l = x,y,z; o = x,y,z).

Spin
System Product Operator (O) ∑n

i=1 Tr[SixO]

ISI′S′ Sx 24
SxS′2k 16

IS2I′S′ S1x +S2x 144
S1x(S2

2k +S′2k )+S2x(S2
1k +S′2k ) 192

S1xS2
2kS′2l +S2

1kS2xS′2l 64

IS3I′S′ S1x +S2x +S3x 648
S1x(S2

2k +S2
3k +S′2k )+S2x(S2

1k +S2
3k +S′2k ) 1296

+S3x(S2
1k +S2

2k +S′2k )
S1x(S2

2kS2
3l +S2

2kS′2l +S2
3kS2

l ) 864
+S2x(S2

1kS2
3l +S2

1kS′2l +S2
3kS′2l )

+S3x(S2
1kS2

2l +S2
1kS′2l +S2

2kS′2l )
S1xS2

2kS2
3l S

′2
o +S2

1kS2xS2
3l S

′2
o +S2

1kS2
2lS3xS′2o 192

Table 5. Results of the ∑m
j=1 Tr[S′jxO′] calculations for the

observable product operators of ISnI′S′m multi-spin systems
(k = x,y,z; l = x,y,z; o = x,y,z).

Spin System Product Operator (O′) ∑n
j=1 Tr[S′jxO′]

ISI′S′ S′x 24
S2

kS′x 16

IS2I′S′ S′x 72
(S2

1k +S2
2k)S

′
x 96

S2
1kS2

2l S
′
x 32

IS3I′S′ S′x 216
(S2

1k +S2
2k +S2

3k)S
′
x 432

(S2
1kS2

2l +S2
1kS2

3l +S2
2kS2

3l)S
′
x 288

S2
1kS2

2l S
2
3oS′x 64

tude of the x-magnetization at any time during the ex-
periment. So, the magnetization of 3D HMQC-COSY
NMR experiment can be written as following:

My(t1, t2, t3) ∝
n

∑
i=1

〈Six〉+
m

∑
j=1

〈S′jx〉

=
n

∑
i=1

Tr[Sixσ11]+
m

∑
j=1

Tr[S′jxσ11].
(33)

Now it is necessary to obtain the ∑n
i=1 Tr[SixO] and

∑m
j=1 Tr[S′jxO′] values of the observable product oper-

ators indicated by O and O′. The ∑n
i=1 Tr[SixO] and

∑m
j=1 Tr[S′jxO′] values are calculated by a computer

program in Mathematica and the results for several
multi-spin systems are given in Table 4 and Table 5, re-
spectively. For example, the trace value for the observ-
able product operator Sx of IS′S′ multi-spin systems is

calculated as following:

Tr[SixO] = Tr[SxSx] =

Tr[(EI ⊗Sx⊗E ′
I ⊗E ′

S)(EI ⊗Sx ⊗E ′
I ⊗E ′

S)] = 24.
(34)

By using Table 4 and Table 5,

〈Sx〉+ 〈S′x〉 =

{
8c2J(t2)+ 8c2J(t3)
+8c2J(t2)c2J(t3)

}
cI(t1)cS(t2)sS(t3)

+ 16s2J(t2)s2J(t3)cI(t1)cS(t2)s′S(t3)
+ 16s2J(t2)s2J(t3)c′I(t1)c

′
S(t2)sS(t3)

+

{
8c2J(t2)+ 8c2J(t3)

+8c2J(t2)c2J(t3)

}
c′I(t1)c

′
S(t2)s

′
S(t3)

(35)

is obtained for the IS′S′ multi-spin system. This equa-
tion is divided into four parts which represents the
FID values of 8, 4, 4 and 8 signals for 3D HMQC-
COSY NMR experiment. The first part of (35) rep-
resents nine diagonal signals at the coordinates of
(ΩI ,ΩS − 2πJ, −ΩS − 2πJ), (ΩI ,ΩS − 2πJ, − ΩS),
(ΩI ,ΩS − 2πJ, − ΩS + 2πJ), (ΩI ,ΩS, −ΩS − 2πJ),
(ΩI ,ΩS, −ΩS), (ΩI ,ΩS, −ΩS +2πJ), (ΩI ,ΩS +2πJ,
−ΩS − 2πJ), (ΩI ,ΩS + 2πJ, −ΩS), and (ΩI,ΩS +
2πJ, − ΩS + 2πJ) with the intensity distribution of
1 : 2 : 1 : 2 : 0 : 2 : 1 : 2 : 1, respectively. The second part
of (35) represents nine cross signals at the coordinates
of (ΩI ,ΩS − 2πJ, − Ω ′

S − 2πJ), (ΩI ,ΩS − 2πJ, −
ΩS), (ΩI,ΩS−2πJ,Ω ′

S +2πJ), (ΩI ,ΩS,−Ω ′
S−2πJ),

(ΩI ,ΩS, −Ω ′
S), (ΩI ,ΩS, −Ω ′

S +2πJ), (ΩI ,ΩS +2πJ,
−Ω ′

S − 2πJ), (ΩI ,ΩS + 2πJ, −Ω ′
S), and (ΩI,ΩS +

2πJ, − Ω ′
S + 2πJ) with the relative intensities of

1 : 0:−1 : 0 : 0 : 0 :−1 : 0 : 1, respectively. The third part
of (35) represents nine cross signals at the coordinate
of (Ω ′

I ,Ω ′
S −2πJ,−ΩS−2πJ), (Ω ′

I ,Ω ′
S−2πJ,−ΩS),

(Ω ′
I ,Ω ′

S − 2πJ, −ΩS + 2πJ), (Ω ′
I ,Ω ′

S, −ΩS − 2πJ),
(Ω ′

I ,Ω ′
S, −ΩS), (Ω ′

I ,Ω ′
S, −ΩS +2πJ), (Ω ′

I ,Ω ′
S +2πJ,

−ΩS − 2πJ), (Ω ′
I ,Ω ′

S + 2πJ, −ΩS), and (Ω ′
I ,Ω ′

S +
2πJ, − ΩS + 2πJ) with the intensity distribution of
1 : 0 :−1 : 0 : 0 : 0 :−1 : 0 : 1, respectively. The last part
of (35) represents nine diagonal signals at the co-
ordinates of (Ω ′

I ,Ω ′
S − 2πJ, −Ω ′

S − 2πJ), (Ω ′
I ,Ω ′

S −
2πJ, − Ω ′

S), (Ω ′
I ,Ω ′

S − 2πJ, − Ω ′
S + 2πJ), (ΩI ,Ω ′

S,
−Ω ′

S −2πJ), (ΩI ,Ω ′
S, −Ω ′

S), (Ω ′
I ,Ω ′

S, −Ω ′
S + 2πJ),

(Ω ′
I ,Ω ′

S + 2πJ, − Ω ′
S − 2πJ), (Ω ′

I ,Ω ′
S + 2πJ, −Ω ′

S),
and (Ω ′

I ,Ω ′
S + 2πJ, −Ω ′

S + 2πJ) with the relative in-
tensities of 1 : 2 : 1 : 2 : 0 : 2 : 1 : 2 : 1, respectively. The
appearance of 3D spectrum of the signals indicated
above is shown in Figure 2. In a COSY spectrum of
SS′ spin system all these 36 (12 with zero intensity)
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Fig. 2. Appearance of 3D HMQC-COSY
NMR spectrum for ISI′S′ multi-spin system.
The solid and open cycles represent negative
and positive signals, respectively.

signals will be in one plane. In this 3D HMQC-COSY
NMR experiment these signals will be observed in two
planes of ΩI and Ω ′

I frequencies in F1 dimension as
shown in Figure 2. In this Figure 2D-2D correlations
are shown in F2-F3 planes. Chemical shifts of 13C are
in different planes. Intensity distributions for the diag-
onal peaks (1 : 2 : 1 : 2 : 0 : 2 : 1 : 2 : 1) and for the cross
peaks (1 : 0 :−1 : 0 : 0 : 0 :−1 : 0 : 1) in two planes are
in exact agreement with results predicted by Chan-
drakumar for COSY experiment [10].

For IS2I′S′ multi-spin system, the density matrix at
thermal equilibrium is σ0 = S1z + S2z + S′z. By using
the computer program following density matrices are
obtained for each labelled point:

σ0
90◦x(S1,S2,S′)−−−−−−−→−S1y−S2y −S′y ≡ σ1, (36)

σ1
H1J(I−S1)τ+H2J(I−S2)τ+H′

J(I′−S′)τ−−−−−−−−−−−−−−−−−−−−−−−→
2IzS1x + 2IzS2x + 2I′zS

′
x,

(37)

σ2
90◦x(I,I′)−−−−−→−2IyS1x −2IyS2x −2I′yS′x, (38)

σ3
HC(I,I′)t1+180◦x(S1,S2,S′)−−−−−−−−−−−−−−−→

−2IyS1x cos[ΩIt1]+ 2IxS1x sin[ΩIt1]
−2IyS2x cos[ΩIt1]+ 2IxS2x sin[ΩIt1]
−2I′yS′x cos[ΩIt1]+ 2I′xS

′
x sin[ΩIt1].

(39)

As one can guess, after this step product operator cal-
culations of IS2I′S′ multi-spin system will be more

complicated than those of ISI′S′ multi-spin system. By
using the trace values of the observable product oper-
ators in Table 4 and 5 we obtain following expression
for the magnetization at the end of the experiment:

2

∑
i=1

〈Six〉+ 〈S′x〉 =

{
48c2J(t2)+ 48c2J(t3)
+48c2J(t2)c2J(t3)

}
cI(t1)cS(t2)sS(t3)

+

{
32s2J(t2)s2J(t3)

+64s2J(t2)s2J(t3)c2J(t3)

}
cI(t1)cS(t2)s′S(t3)

+

{
32s2J(t2)s2J(t3)
+64s2J(t2)c2J(t2)s2J(t3)

}
c′I(t1)c

′
S(t2)sS(t3)

+




8c2
2J(t2)+ 16c2J(t2)c2J(t3)

+16c2
2J(t2)c2J(t3)+ 8c2

2J(t3)

+16c2J(t2)c2
2J(t3)+ 8c2

2J(t2)c
2
2J(t3)




· c′I(t1)c
′
S(t2)s′S(t3).

(40)

This equation is also divided into four parts which rep-
resent the FID values of 8, 8, 8 and 25 signals for
3D HMQC-COSY NMR experiment. The signal co-
ordinates and intensity distribution of the expected 3D
HMQC-COSY NMR spectrum are presented in Fig. 3
for IS2I′S′ multi-spin system. 3D spectrum will be ob-
served in two planes for ΩI and Ω ′

I frequencies in F1
dimension as indicated in this figure.



384 İ. Şaka et al. · Operator Theory for IS (I=1, S=1) Spin System and Application

Fig. 3. Schematic signal coordinates
and intensity distributions of the 3D
HMQC-COSY NMR spectrum for
the IS2I′S′ multi-spin system.

For the IS3I′S′ multi-spin system, the FID values of
3D HMQC-COSY NMR experiment are obtained ap-
plying the same procedure as above. At the end of the
experiment following FID values are obtained:

3

∑
i=1

〈Six〉+ 〈S′x〉 =




216c2J(t2)
+216c2J(t3)
+216c2J(t2)c2J(t3)


cI(t1)cS(t2)sS(t3)

+




48s2J(t2)s2J(t3)
+192s2J(t2)s2J(t3)c2J(t3)

+192s2J(t2)s2J(t3)c2
2J(t3)


cI(t1)cS(t2)s′S(t3)

+




48s2J(t2)s2J(t3)
+192s2J(t2)c2J(t2)s2J(t3)

+192s2J(t2)c2
2J(t2)s2J(t3)


c′I(t1)c

′
S(t2)sS(t3)

+




8c3
2J(t2)+ 8c3

2J(t3)+ 24c2
2J(t2)c2J(t3)

+24c2J(t2)c2
2J(t3)+ 24c3

2J(t2)c2J(t3)

+24c2J(t2)c3
2J(t3)+ 48c2

2J(t2)c
2
2J(t3)

+24c3
2J(t2)c

2
2J(t3)+ 24c2

2J(t2)c
3
2J(t3)

+24c3
2J(t2)c

3
2J(t3)




· c′I(t1)c
′
S(t2)s

′
S(t3).

(41)

This equation is also divided into four parts which
represents the FID values of 8, 12, 12 and 49 signals for
3D HMQC-COSY NMR experiment. The signal coor-

dinates and intensity distribution of the expected 3D
HMQC-COSY NMR spectrum are shown in Fig. 4 for
the IS3I′S′ multi-spin system. Again 3D spectrum will
be observed in two planes for ΩI and Ω ′

I frequencies
in F1 dimension. The calculations for the other multi-
spin systems such as IS2I′S′2 and IS3I′S′2, can be also
made.

5. Conclusion

As a result, a complete product operator theory for
IS (I = 1, S = 1) spin system has been presented and
applied. For this spin system, first the evolutions of
all the product operators under the spin-spin coupling
Hamiltonian were obtained. This is the first complete
presentation of product operator theory for this spin
system in the literature. Therefore, it will be useful
for the future studies on product operator theory and
pulse NMR experiments. For example theoretical re-
sults found here can be used for the confirmation of
experimental results in some pulse NMR experiments.
Then, as an application and a verification, the product
operator description of 3D HMQC-COSY NMR ex-
periment was obtained for ISnI′S′m(I = I′ = 1/2; S =
S′ = 1; n = 1,2,3; m = 1,2) multi-spin systems. The
spectra of 3D HMQC-COSY NMR experiment contain
2D-2D correlations in F2-F3 planes. Also the chemi-
cal shifts of different CDn groups will be in different
planes. By presenting the estimated spectra of ISnI′S′m
groups, it is shown that NMR experiment can be used
for the spectral assignments of CDnCDm groups in
complex liquids.
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Fig. 4. Schematic signal coordinates
and intensity distributions of the 3D
HMQC-COSY NMR spectrum for the
IS3I′S′ multi-spin system.

Appendix: Some New Relations between the Angu-
lar Momentum Operators for Spin-1

SzS2
x = 1

2(Sz + i[Sx,Sy]+)
S2

xSz = 1
2(Sz − i[Sx,Sy]+)

SzS2
y = 1

2(Sz − i[Sx,Sy]+)
S2

ySz = 1
2(Sz + i[Sx,Sy]+)

(S2
x −S2

y)Sz = −i[Sx,Sy]+
Sz(S2

x −S2
y) = i[Sx,Sy]+

Sz[Sx,Sy]+ = −i(S2
x −S2

y)
[Sx,Sy]+Sz = i(S2

x −S2
y)

SzSx = 1
2([Sx,Sz]+ + iSy)

SxSz = 1
2 ([Sx,Sz]+− iSy)

SzSy = 1
2([Sy,Sz]+ − iSx)

SySz = 1
2([Sy,Sz]+ + iSx)

SyS2
z = 1

2 (Sy + i[Sx,Sz]+)
S2

z Sy = 1
2 (Sy − i[Sx,Sz]+)

SxS2
z = 1

2 (Sx − i[Sy,Sz]+)
S2

z Sx = 1
2 (Sx + i[Sy,Sz]+)

Sz[Sy,Sz]+ = 1
2 (Sy − i[Sx,Sz]+)

[Sy,Sz]+Sz = 1
2 (Sy + i[Sx,Sz]+)

Sz[Sx,Sz]+ = 1
2(Sx + i[Sy,Sz]+)

[Sx,Sz]+Sz = 1
2(Sx − i[Sy,Sz]+)
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