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There exist a variety of multi-pulse NMR experiments for spectral assignment of complex
molecules in solution. The conventional heteronuclear multiple-quantum coherence (HMQC) NMR
experiment provides correlation between weakly coupled hetero-nuclei. The COSY is one of the most
popular two-dimensional NMR experiment which is used to correlate J-coupled homo-nuclei of spec-
tral assignment. The combination of the conventional HMQC and COSY NMR experiments yields a
new experiment called 3D HMQC-COSY NMR experiment. The product operator theory is widely
used for the analytical descriptions of multi-pulse NMR experiments for weakly coupled spin systems
in liquids. In this study, complete product operator theory for weakly coupled IS (I =1, S = 1) spin
system is presented by obtaining the evolutions of the product operators under the spin-spin coupling
Hamiltonian. As an application and a verification, analytical descriptions of 3D HMQC-COSY NMR
experiment are obtained for weakly coupled IS,I'S,, I =1'=1/2;S=8 =1;n=1,2,3; m=1,2)
multi-spin systems. Then the estimated spectra of this experiment for various multi-spin systems are

explained in detail.
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1. Introduction

It is well-known that the product operator theory
as a quantum mechanical method is widely used for
the analytical description of multi-pulse NMR experi-
ments on weakly coupled spin systems in liquids hav-
ing spin-1/2, spin-1 and spin-3/2 nuclei [1-16]. For
weakly coupled two-spin-1 systems, evolutions of the
Se> Sys LSy, ISz, 1:S2, 1S, 1,S2, IS and IS} product
operators under the weak spin-spin coupling Hamilto-
nian and analytical descriptions of the INADEQUATE
and DQC NMR experiments have been presented by
Chandrakumar and co-workers [6,10,17,18]. In our
recent study, the complete product operator theory for
the IS (I = 1/2, S = 1) spin system and application
to DEPT-HMQC and MAXY NMR experiments have
been presented [19,20]. By using product operator the-
ory in NMR experiments, experimental results can be
confirmed and also new experimental suggestions can
be made.

The conventional HMQC NMR experiment pro-
vides correlation between weakly coupled hetero-
nuclei [21,22]. The COSY is one of the most popu-
lar two-dimensional NMR experiment which is used

for the correlation of J-coupled homo-nuclei in or-
der to make spectral assignment [11]. In COSY NMR
experiment of complex molecules, the spin-spin cou-
pling multiplets of different chemically shifted nuclei
may overlap and then spectral assignment may become
too difficult. In order to simplify COSY NMR spectra
a new experiment called 3D HMQC-COSY was ob-
tained [23,24]. This experiment is the combination of
HMQC and COSY NMR experiments. The spectrum
of this experiment would contain H-H correlations in
the F2 and F3 planes. Third dimension (F1) would sep-
arate the planes based on '>C chemical shifts of di-
rectly bounded '3C atoms.

In the present study, the complete product oper-
ator theory has been presented for weakly coupled
IS (I =1, S = 1) spin system as it is presented be-
fore for weakly coupled IS (I = 1/2, S = 1) spin sys-
tem [19,20]. First, the evolutions of all product oper-
ators under the scalar spin-spin coupling Hamiltonian
have been obtained for the IS (I = 1, S = 1) spin sys-
tem. Then, for the first time in this study, the product
operator descriptions of the 3D HMQC-COSY NMR
experiment are obtained for weakly coupled IS,I'S),
I=I'=1/2;S=8=1;n=1,2,3; m = 1,2) multi-
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spin systems. It is shown that this experiment can be
used for spectral assignments of CD,,CD,, groups in
complex liquids. Therefore, after obtaining the com-
plete product operator theory for IS (I =1, S = 1) spin
system an application and a verification of this theory
is also presented.

2. Theory

The product operator formalism is the expansion of
the density matrix operator in terms of matrix repre-
sentation of angular momentum operators for individ-
ual spins. For the IS (I = 1, § = 1) spin system, the
nine Cartesian spin angular momentum operators for
I=1lare Ep, Iy, I, I, I?, [I., L]+, [Iy, ]+, [, ]] + and
(If - Iyz) [19,25]. Similarly, there are also nine Carte-
sian spin angular momentum operators for S = 1. So,
9.9 = 81 product operators are obtained with direct
products of these spin angular momentum operators
for the IS (I =1, S = 1) spin system. Depending on
the pulse experiment, the (I —I7) Cartesian spin an-
gular momentum operator is separated into two spin
angular momentum operators as If and I)%. In this case,
there should be 10- 10 = 100 product operators for this
spin system. In this study they are used in separated
form and the complete list of the product operators are
given in Table 1.

In a liquid-state pulse NMR experiment of weakly
coupled IS, spin systems, the total Hamiltonian con-
sists of the r.f. pulse, the chemical shift, and the spin-
spin coupling Hamiltonians written as

L

n
H=Q+) QSi+21
i=1

L

n
Jil;Si;. (1)
=1

Time dependence of the density matrix is governed by
Liouville-von Neumann equation:

do i
EZE[G»H]- )

When the Hamiltonian is time independent, the solu-
tion of (2) is

o(t) = exp(—iHt)o(0) exp(iHt). 3)

Where 6(0) is the density matrix at + = 0. After em-
ploying the Hausdorff formula [5]

exp(—iHr)Aexp(iHt) = A — (it)[H,A]

in? it)* @)
%[H’ [#,A]] - ﬂ[H, [H, [, Al + -

* 3!
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Table 1. Product operators in terms of direct products of spin
angular momentum operators in weakly coupled IS (I =1,
S = 1) spin system. Only the diagonal and the upper terms
are shown and I, = [Iy,Ip)+» Sap = [Sa, Sp]+ short notations
are used.

® Es S S S S S. S Sy S 8

El E S S S S S S Sy 20082

L LSy LSy LS: LS? LS LSy LSy LS; LS}
I LSy LS. IS? LSe LSy LSy 5S2 IS
I, LS, IS? LS. LSy LSy ILS? LS?
? 2S? P2S,. XS IS, I2S? I2S2
I LcSe: LSy LSy LeS? IS
Ly LyeSyz Dz Syy I.VZS;% I},ZS)%
Ly LySy LyS? IyS?
? 12s? 12s?
BS;

evolutions of product operators under the r. f. pulse, the
chemical shift, and the spin-spin coupling Hamiltoni-
ans can be easily obtained [5-7, 10, 19].

For the IS (I = 1,8 = 1) spin system the evolutions
of some product operators under the weak spin-spin
coupling Hamiltonian (H; = 2nJLS;) are known and
they are given in Table 2 [10,17-20,26]. In tables
and equations, ¢,y = cos[nmJt|, 5,5 = sin[nnJt], I, =
[Iy»]z]+7 I = []x»]z}Jr’ N [Sanz}Jr’ Syz = [S%’7SZ]+’
SX)’ = [vasy]"r’ I)%fy = (1/3 _Iyz) and S)chy = (Sx - Sf)
short notations are used. For example for 1,52 the prod-
uct operator of IS (I = 1,S = 1) spin system can be
found as

exp(—iZﬂJIzSzt)Isz exp(i2nJL,S;t) M 5
1 1 1 )
EIZS_%(C4J +1)— 5&5‘3(6‘4} -1+ EIZZSX),SM.

The evolutions for the I, I, Iz, Iy, Ly, 12, and Iy2 prod-
uct operators will be similar to those of Sy, Sy, Sy, Syz,
Sxys S%, and S)z, product operators. For this spin system

E, L, S, I?, S2, IS, I.S?, I’S, and I2S? product op-
erators does not change under the spin-spin coupling
Hamiltonian. Evolutions of all nine Cartesian spin an-
gular momentum operators under the r.f. pulse and
the chemical shift Hamiltonians have been presented
in our previous work for spin-1 [19,20].

At any time during the NMR experiments, the en-
semble averaged expectation value of the spin angular
momentum, e. g. for [, is

My (1) o< (Iy) = Trllyo (1)), (©)



1. Saka et al. - Operator Theory for IS (I=1, S=1) Spin System and Application

Table 2. Evolutions of the product operators under the spin-
spin coupling Hamiltonian (27J1.S;) for weakly coupled IS
(I=1,8=1) spin system [10, 17 -20, 26].

Product Evolution of the product operator under the spin-spin
operator  coupling Hamiltonian (H = 27J1,S;)

Sy S +128:(cag — 1) + I, Sys2s

S, Sy + 128y (cay — 1) — LS50y

Sxz Sxz +1125xz(521 - 1) +1.8y2525

Sz Syz + 128y, (car — 1) — I,Sxz827

S)ry S)ry + IZZSX)’(CM - 1) - IZS)%—yMJ

52 S24+ 31282 (cay— 1) + S LSwysay

s2 S2- 11282 (cay—1)— 3LSuysa

LS, SISy (cog + 1) + 31y Sxe(c2g — 1) + 5 (BSy: — Lz S) 527

IS, LS;c0y +1,82s50)

I,S? LS2c2) + 1,852

1S, 1,S;co7 — 182525

1,52 L,S%co) — L:S2501

LS? 3182(cag +1) — 31.82(cay — 1) + 512 Sysay

LS? 3182(cag +1) — 31.82(cay — 1) — $12Sysay

where o(¢) is the density matrix operator calculated
from (4) at any time. Since (I,) is proportional to the
magnitude of the y-magnetization, it represents the sig-
nal detected on y-axis. So, in order to estimate the free
induction decay (FID) signal of a multi-pulse NMR
experiment, the density matrix operator should be ob-
tained at the end of the experiment.

3. The Evolutions of Product Operators under the
Spin-Spin Coupling Hamiltonian

As mentioned in section 2, there exist 100 prod-
uct operators for IS (I =1, S = 1) spin system. Nine
of them does not change under the spin-spin coupling
Hamiltonian. The evolutions for 21 of them are known
in the literature and are given in section 2. In this sec-
tion the evolutions of 70 product operators under the
spin-spin coupling Hamiltonian will be obtained. By
using the Hausdorff formula given in (4), the evolu-
tions of product operators under the spin-spin cou-
pling Hamiltonian are derived for weakly coupled IS
(I =1, S=1) spin system. The weak spin-spin cou-
pling Hamiltonian, which is the secular part of the
scalar coupling, is H; = 2nJL,S,. As an example, evo-
lution of IS, product operator is obtained as follow-
ing, ([Iy,I;]+ = I; and [Sy,S;]+ = Sx):

2nJI. S t
LSy —

exp(—2TILS:t) S exp(ATILSt) = cSe: (7

oAty + B2 o) (2707

21 3! (3)+--
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where
A(1) = [IS:, LSk, (8)
A(2) = [IS,A(1)], ©)
A(3) = [I.S,,A(2)]. (10)

Commutation relations for S = 1 can be found else-
where [10]. Using the commutation relations

i i
A(l) = 5ljlxsyZ + EIyzsxsf, (11)
is obtained, where
2 1 -
Il = E(lx +ily;), (12)
, 1 .
A E(Sx—lSyZ). (13)

In this study, for the evolution of all product operators
for the IS (I =1, S = 1) spin system, we have used
some new relations between the angular momentum
operators of spin-1. These new relations are given in
the Appendix. After replacing all results in (7),

2nJIS;t . 1
L:Sk IR LSy — (1271?./1‘) 3 (IxSyZ + IyZSx)
i2nJt)? —1
%T(IYSY_IXZSXZ) (14)
i2nJt)? i
- % E(lxsyz +IyzSX) + e

is obtained. In order to get the generalized form for the
evolution of /Sy, product operator under the spin-spin
coupling Hamiltonian some additions and subtractions
can be made as follows:

. 1
(1221) 5 (IS + 1y2S.)

(i27Jt)? —1

+ - ‘Z
20 2
(i2mJt)3 i
312

1 1

+5 (I,Sy — I;Sx;) — 3 (IS,

2nJIS;t
L Sv; —— LpSi —

(IySy - Iszxz)
(15)

(LeSyz +1,28:) + -+
- Iszxz) .

Then, using sine and cosine series,

27JLS 1
Iszxz ﬂ—> EIXZSXZ(CZJ + 1)
(16)

1 1
_EIySy(CZJ - 1) + E(Ixsyz +1ysz) Sy
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Table 3. Evolution of the product operators under the spin-
spin coupling Hamiltonian (27J1.S;) for weakly coupled 1S
(I=1,8=1) spin system.

Product  Evolution of the product operator under the spin-spin
operator coupling Hamiltonian (H = 27JL.S;)
LSy 3LSc(cas+1) = 3hSyz(car — 1)+ 3 (hSue + LiSy) 52

LSy LLSe(coy+1) = A0Sy (coy — 1)+ S (1,Se + LSy ) 520
IxSyz %[xsyz(cll + ]) + %Iysz(CZJ - 1) + %(Iysy - Ixzsxz)SZJ
LSy LSeycos — 1S3 52

LS2 SIS (cos+1) = 3082 (o — 1) + 3152 (cos — 1)
+%([xzsxy +[)’SZ)S2J

LS2 3182 (cos+ 1) = 3182 (coy — 1) + 3182 (cos — 1)
- % (Ixzsxy - I_\'Sz) 8§27

IySy %[)’S)’(CZJ + 1) - %Ixzsxz(CZJ - 1) - %(lxsyz + Iysz)SZJ
1y Sx; %lysxz(cll +1)+ %Iszy(CZJ - 1) - %(IXSX - [)’ZSyZ)SZJ
LSy 35Sy (coy+1) = AeSe(ca = 1) = 3 (IeSy + L2 Sx:) 525
LSy LSeyeas —1:S% s

LS2 318 (cos+1) = 31,83 (coy — 1) + 51,52 (cas — 1)
- % (Iyzsxy — Isz) 27

LS2 318 (coy+ 1) — 30,82 (co — 1) + 51,52 (cos — 1)
+ % ([yzsxy + [sz) $27

LSy, I:Sx:c2y JFIzzSyzSZJ

LS. LISy.c21 — IZ?S.‘(ZSZJ

LSy LSycay — 1282 54y

S PSccu+LSysy

IZ?S)’Z IZ?S)*ZCZJ —L:Sy;507

Sy PSyeas— 152 say

1282 31282(cay+1) — 31282 (cay — 1) + 3 1.Sxys4y

1282 31282(cay+1) — 31282 (cay — 1) — A LSxys4y

LSy %[xzsxz(cll +1) - %[ySy(CZJ - 1) + %(Ixsyz + Iysz)SZJ
L Sy; %Isz_vz(CZJ + 1) - %IxS_v(CZJ - 1) + %(Iyz 'y *Ixsxz)SZJ
Iszx_v IszxyCZJ - I,'(S,%_ysZJ

[XZS,% %[XZS)%(CZJ + 1) - %[xzs)%(cﬂ - 1) + %[XZSZZ(CZJ - 1)

+3 (IeSey +1,2S:) 25
LS AeS2(cor+1) — 3182 (e — 1) + 3182 (cos — 1)
- % ([xSxy - IyzSz) $27

LSy, S0:Sy(coy+1) — SLSe(cay — 1) = S (I Sz + 1Sy ) 520
LSy LeSxycoy *I)’S)%—ysﬂ
LoS? 31:S2(cos+ 1) — 31,282 (o — 1)

+ 1082 (cor — 1)+ 2 (BSxy — 12S:) 525
L:S2 0 A1eS2 (o +1) — 35282 (coy — 1) + 34282 (cos — 1)
- % ([)’Sxy + [XZSZ) $27

LySy  LySy

LyS? LyS?+ 51082 (cay — 1) — 512 Sosay

IyS? LyS2+ 51082 (cay — 1) — 512 Sisay

2s2 22+ L2 S2 41282 ) (cas— 1)+ 2(I.Syy + 1S,
xOx X x+4(xfyz+z x—y (‘41 )+4 4X)7+ xy 4)s41
1282 P2S24 b2 S2 41282 ) (cay — 1)+ § (ISey + Ly S2) say
LSy ISy + f (I, ST+ ESE ) (car = 1)+ 3 (IS +1yS2) 54y

is obtained. For the remainder, the same procedure is
applied and the obtained results are presented in Ta-
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ble 3. The calculations are made only for the diagonal
and upper terms of Table 1. Because of the symmetry,
the evolutions for the lower terms can be written easily
from the evolutions of the upper terms. As an example,
evolution for 7,52 as given in Table 2 is

Hye 1 1
1,82 =4 zlySﬁ(ch +1)— 51ys§,(cz] —1)

1 1 a7
+§1ys§(cz, = 1) = 5 (heSoy = 1:S2) 52
Then, the evolution for I)%Sy will be
Hye 1 1
s, 5 51)%53,(@1 +1)— Elyzsy(cz =1
(18)

1 1
+ EIZZS,(CZJ = 1) = 5Ly Sy = LS 2.

4. 3D HMQC-COSY NMR Experiment for IS,IS;,
Multi-Spin Systems

For the analytical description of the 3D HMQC-
COSY NMR experiment of 1S,I’S,, multi-spin sys-
tems, the pulse sequence given in Figure 1 is used. As
shown in this figure, the density matrix operator at each
stage of the experiment is labelled with numbers where
13C is treated as spins I;I’ and 2H as spins S; 5.

In this pulse sequence, 7 is the evolution delay for
hetero-nuclei and its optimum value is 1/(2Js). t; is
the chemical shift delay for both spins I and I’. t; is
the homonuclear weak spin-spin coupling and chem-
ical shift delay for both spins-S and §'. t3 is the ac-
quisition time for both spins S and S’ along the x-
axis. During the t; and t3 homonuclear weak spin-spin
coupling between S and S’ spins takes place. Starting
from the density matrix operator at thermal equilib-
rium, one should apply the required Hamiltonians dur-
ing the pulse sequence and obtain the density matrix
operator at the end of the experiment. For this experi-
ment following r. f. pulse, chemical shift, and spin-spin
coupling Hamiltonians are applied:

Hop(LI) = 0pplp + 0rfly, (@ =x,y)  (19)
Hyr(S,8") = 0489 + a),fSip, (p=x,y) (20)
Hi(1,1') = I+ 1, Q2D
He(S,S') = QS + QS (22)
HJ(I_S,II_S,) :ZEJ[SIZSZ-FZEJI/S/IZ,S;, (23)

(is =Jry)
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90° 180° .
M\
g.5" T t t W‘/“/”v/ t: (Aca.)
| i .
0 1 2 3 4 5 6 7 8 9 IFJ“““\M‘\‘JN/“W gy
90° 90° }U“
I.r t DECOUPLER Fig. 1. 3D HMQC-COSY NMR pulse se-
quence [23, 24].
Hy(S—S") =2mJssS.S.. (24) In the last step, the density matrix consists of many

For multi-spin systems, to follow these processes (ap-
plications of required Hamiltonians during the pulse
sequence) by hand becomes too difficult. In order to
overcome this problem a computer program was writ-
ten in Mathematica for this study [27]. This program is
used to obtain the density matrix operator at the end of
the experiment for different multi-spin systems.

For ISI'S’ multi-spin system, the density matrix at
thermal equilibrium is 6y = S, + S_. By using the com-
puter program following density matrices are obtained
for each labelled point:

902(S,8’
o 2 (5.5)

—S,— Sy =0, (25)

o1 Hy(1-8)t+H; (I8 LS, + ZIZ,S;, where 26)

T= 1/(2.]13),

902(1,1')

0y = 21,8, 218, 27)

He (1) +1802(S,8")

03
—21,S, cos[;11] + 21Sysin[ 21 ]
2138, cos[ Q1] + 21,8, sin[2;11],

(28)

Og M —2I,S, cos[Qt1] 4 21.Sy sin[ Q11 ]

(29)
=218 cos[Qt;] + 2I.S. sin[ Q1 ],

Hy(1-8)t+H (I8t

07
—8ycos[Qyt1] + 2LSx, sin[€2;11]
—8y cos[ Q1] 4- 21,8, sin[Qr],

(30)

Hy(5—8ta+H (8,81

fo;
’ , G1)
90; (S,S ) Hj (S*S/)l‘_g +HC(S,S/)Y3
Oy 010 O11.-

product operator terms. So, for the simplification of
the density matrix only the observable terms should be
taken into account. As the acquisition is taken along
the x-axes for spins-S and S, at the end of the experi-
ment the following density matrix is obtained:

1
on =3 (28, — 887 — SeS7 — S:S2P)er(t1)es(t2) ss(13)

1
+t3 (28, — 838, — 858, — S284) ¢ (11)¢s(12)s5(13)
1
+5 (S48 + 8487 — 8uS2)cas (t2)ex (i )es(t2) ss(13)
1
+ 5 (538, + 878, — 828 )eas () (1)l (12)s5(13)
1
- E(sxs;2 =SSP (1 = cay(t2))es (13)er (1 )es (1)
| -s5(t3)hs(13)
- 5(535; — S5 (1= eas(t2))es (3)e) (11)cls
(t2)ss(13)cas(13)

+ %SxSf(l +car(t2))ear(t3)cr(tr)es(t2) ss(t3)

1

+ ESZZSQ(I + c2y(t2))eas (13)ch (1) s (12)s'5(13)

+ SxSZZSy (t2) 524 (13) ¢y (11) (1) s (13)

+ 8280527 (t2) s24 (t3)cx (11 )cs (12)s5 (£3). (32)
At above and in following equations ¢;(f;) = cos[€2;t;],
ci(t1) = cos[Qn], cs(ty) = cos[Qstr], () =
cos[Qtr), cus(t3) = cos[nQst3], ¢)4(13) = cos[nit3],
Sns(t3) = Sin[l’lﬂstﬂ, S;S(t3) = Sin[l’lﬂgtﬂ, an(tz) =
cos[nmJty], snj(ta) = sin[nmJny], cuy(t3) = cos[nmit)
and s,,7(#3) = sin[nJt3].

For 1S,I'S), multi-spin systems the ensemble aver-
aged expectation value of the spin angular momentum,
Y1 (Six) + X721 (S),), is proportional to the magni-
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Table 4. Results of the Y7 | Tr[S; O] calculations for the
observable product operators of 1S,I’S), multi-spin systems
k=x,y,2,1 = x,y,2; 0 = x,y,2).

Spin
Syftem Product Operator (O) " Te[SiO)
ISI'S' S, oy
SeS¢ 16
ISH1'S" S+ Sox 144
S1x(83, 4+ S2) + 524 (83, +5P) 192
S1eS5 S + ST 82 64
IS3I'S" Sy + 8o+ 83 648
S1x (3 + 53+ S2) + Sac(SY + 52+ SP2) 1296
+S3:(S7, + 85 +57)
8128385 + 55,577 +55.57) 864
+82c(S} 3 + STSP +5357)
+ 83(82,5%, + $2,5 + 83,57%)
§1:5%,83,82 + 83,82:5%, S22 + 52,853,535/ 192

Table 5. Results of the ¥, Tr[S), 0] calculations for the

observable product operators of IS,I'S), multi-spin systems
(k=x,y,2,1 =%,z 0=x,,2).

Spin System Product Operator (O') iy Tr[S, 0]
ISr's S, 24
528, 16
1S;I'S' St 7
(5% +53)S: 96
STS3S: 3
1S31'S’ S 216
(S + S5+ S35 432
(STS%, + STS3) + 5353)S; 288
$15353 Sk 64

tude of the x-magnetization at any time during the ex-
periment. So, the magnetization of 3D HMQC-COSY
NMR experiment can be written as following:

-
s

My(tl)tZ)t3) o< ) (Si) + <S}x>
o (33)
TI‘[S,'XG] 1} =+ Z TI'[S/]»XO'] 1].

=1

J

-

Now it is necessary to obtain the Y1, Tr[S;:O] and
i1 Tr[S',,0'] values of the observable product oper-
ators indicated by O and O'. The Y}, Tr[S;yO] and
"1 Tr[S),,0'] values are calculated by a computer
program in Mathematica and the results for several
multi-spin systems are given in Table 4 and Table 5, re-
spectively. For example, the trace value for the observ-
able product operator Sy of 18’S’ multi-spin systems is
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calculated as following:

Tr[Si0] = Tr[S.Sy] =

/ / / / (34)
Tr[(E; @Sy QE; QES)(Er® Sy ® E; Q Eg)] = 24.
By using Table 4 and Table 5,
8cay(ta) + 8cay(t3)
So)+ (81 = cr(t)es(t2) ss(t3
< x> < X> {+8C2j(t2)02j(t3) ( ) ( ) ( )
+ 16525 (12) 525 (t3)cr (11 ) cs (12)s(23) (35)
+ 1652, (12) 524 (13)c7 (11 )¢5 (12) 55(23)

8cas(tr) + 8cay(13)
+8c2(12)c2s(13)

} cp(t)cs(12)s5(t3)

is obtained for the 1S’S’ multi-spin system. This equa-
tion is divided into four parts which represents the
FID values of 8, 4, 4 and 8 signals for 3D HMQC-
COSY NMR experiment. The first part of (35) rep-
resents nine diagonal signals at the coordinates of
(.Q[,.QS —2nJ, — -QS — 2775.]), (.Q[,.QS —2nJ, — .Qs),
(.Q[,.QS —2nJ, — Qg+ 277.7.]), (.Q[,.Qs, — Qg — 277.7.]),
(.Q[, Qg, — .Qs), (.Q[, Qg, — Qg +27L'J), (.Q[, Qs+27J,
— Qg — 271?]), (Q[,QS +2nJ, — Qs), and (.Q[,QS +
2nJ, — Qg+ 2nJ) with the intensity distribution of
1:2:1:2:0:2:1:2:1, respectively. The second part
of (35) represents nine cross signals at the coordinates
of (.Q[,.QS —2nJ, — .Qé — 277.7.]), (.Q[,.QS - 2775.], —
.Qs), (.Q[, Qg—2nJ, .Q§+27tJ), (.Q[, Qg, — .Qg — 277.7.]),
(.Q[, Qg, — .Qév), (.Q[, Qg, — .Qév +27L'J), (.Q[, Qs+27J,
— .ng — 271?]), (Q[,QS +2nJ, — Qg), and (.Q[,QS +
2nJ, — Q¢+ 2nJ) with the relative intensities of
1:0:=1:0:0:0:—1:0: 1, respectively. The third part
of (35) represents nine cross signals at the coordinate
of (Q7,Q2¢—2nJ, — Qs —2nJ), (27,Q25— 21, — Qs),
(2,92 —2nJ, — Qs +21J), (27,24, — Qs —2nJ),
(Q[/v'Q./Sv - QS)’ (Q[/v'Q./Sv - QS"‘ZEJ)’ (Q[/ng"’_zﬂj»
— Qg —2nJ), (27,2 +2nJ, — Qs), and (2;,Q4 +
2nJ, — Qg+ 2nJ) with the intensity distribution of
1:0:—1:0:0:0:—1:0:1, respectively. The last part
of (35) represents nine diagonal signals at the co-
ordinates of (Q;,Q¢ —2nJ, — Q¢ —2nJ), (27,24 —
2rJ, — ), (27,Q¢—2nJ, — Q¢+ 2nJ), (2,9,
— Q¢ —2n)), (2,924, — Q5), (27,94, — Qt+2m]),
(2,Q(+2nJ, — Q{ —2nJ), (;,Q+21], — Q5),
and (Q7,Q{+2mJ, — Q¢+ 2rJ) with the relative in-
tensities of 1:2:1:2:0:2:1:2:1, respectively. The
appearance of 3D spectrum of the signals indicated
above is shown in Figure 2. In a COSY spectrum of
SS’ spin system all these 36 (12 with zero intensity)
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0)1 A L _J o Oo """""" O©® ..........
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............................................. / ®,
S o e L
S < 27]
o @O o o - Q;,
! -2z )
27 Fig. 2. Appearance of 3D HMQC-COSY
Qq NMR spectrum for ISI’S’ multi-spin system.
—2z/, The solid and open cycles represent negative
—27z] =-Qg 27J 27 —Q 2 (l)3 and positive signals, respectively.

signals will be in one plane. In this 3D HMQC-COSY
NMR experiment these signals will be observed in two
planes of Q; and Q] frequencies in F1 dimension as
shown in Figure 2. In this Figure ?D->D correlations
are shown in F»-F;3 planes. Chemical shifts of 13C are
in different planes. Intensity distributions for the diag-
onal peaks (1:2:1:2:0:2:1:2:1) and for the cross
peaks (1:0:—1:0:0:0:—1:0:1) in two planes are
in exact agreement with results predicted by Chan-
drakumar for COSY experiment [10].

For 1S,1'S’ multi-spin system, the density matrix at
thermal equilibrium is oy = Sy, + S, + S.. By using
the computer program following density matrices are
obtained for each labelled point:

902(S7,S,,5"
D8I, gy §y S,

=0, (36)
H]](I—Sl)T+H21(1—S2)T+H}(1/—S/)T

o1 37)

2181+ 21,5y + 218",

902 (1.1
o 2, ons —onSs —20S,  (38)

H(1.1)n+1803(51.52,8")

03
—21yS1xCOS[.Qﬂ1] +2]XS1xSiIl[.QII1] (39)
=218, cos[Q;t1] 4 21:S2, sin[ Q41 ]

—2IS, cos[ Q11| 4 21, S, sin[Qy11].

As one can guess, after this step product operator cal-
culations of IS,I'S’ multi-spin system will be more

complicated than those of ISI'S’ multi-spin system. By
using the trace values of the observable product oper-
ators in Table 4 and 5 we obtain following expression
for the magnetization at the end of the experiment:

2
Szx> +(S) =

486‘2] 15} +48C21(t3)
+48cy(t2)c2s(13)

}c,(n Jes(t2) ss(t3)

32595(t2) 524 (3) !
{+64321(t2) e (13)car (1) } cr(t))es(t2)sg(t3)
(40)
{3252j(t2) $27(t3)

+64s25(12)cas(12) 524 (13) } cy(t)cs(t2) ss(t3)

8¢3,(12) + 16¢a,(t2)cay(13)
+ 9 +16¢3,(t2)c2s(t3) + 8¢5, (t3)
+16¢2/(t2)c3,(t3) + 83 (t2)c3 (t3)

- ¢j(11)cs(r2) ss(13)-

This equation is also divided into four parts which rep-
resent the FID values of 8, 8, 8 and 25 signals for
3D HMQC-COSY NMR experiment. The signal co-
ordinates and intensity distribution of the expected 3D
HMQC-COSY NMR spectrum are presented in Fig. 3
for 1S,1'S" multi-spin system. 3D spectrum will be ob-
served in two planes for ; and Q; frequencies in F1
dimension as indicated in this figure.
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IO
1 0 1 1 4 6 1| 4
1 0 1 4 8 8 4 27
0 0 0 6 8 20 6| |- o
1 0 -1 4 8 8 4| -2
1 0 -1 1 4 6 1| —-4x/
Q] plane
1 2 1 -1 -1 0 1| 277
2 0o 2 0 0 0 0| Fa,
1 2 1 1 1 0 -1 -2 Fig. 3. Schematic signal coordinates
Q, plane and intensity distributions of the 3D
| | T — T | , T | » HMQC-COSY NMR spectrum for
-2 -0, 27/ —4n) -2z -Q, 27 4m , the 1S>I'S’ multi-spin system.

For the 1S31'S’ multi-spin system, the FID values of
3D HMQC-COSY NMR experiment are obtained ap-
plying the same procedure as above. At the end of the
experiment following FID values are obtained:

Mu

(Six) +(S1) =
1

216¢7,(12)

+216¢24(13)

+216¢25(t2) ey (13)
48525 (t2) 524(t3)
+192s55(12) 24 (83) 2 (13)
+192525(12) 524 (13) 3, (13)
48s25(12) $24(13)
+192s25(t2)cay(12) 525 (13)
+192855(t2) ¢35 (12) 525 (13)

8c3,(12) + chj(fs) +24¢3,(t2)c2s (13)

cr(ti)es(t2) ss(ts)

cr(tr)es(t2)ss(13)

(41)

c(t1)cs(t2) ss(t3)

This equation is also divided into four parts which
represents the FID values of 8, 12, 12 and 49 signals for
3D HMQC-COSY NMR experiment. The signal coor-

dinates and intensity distribution of the expected 3D
HMQC-COSY NMR spectrum are shown in Fig. 4 for
the 1531'S’ multi-spin system. Again 3D spectrum will
be observed in two planes for ©; and Q] frequencies
in F1 dimension. The calculations for the other multi-
spin systems such as IS,I'S) and IS3I'S), can be also
made.

5. Conclusion

As a result, a complete product operator theory for
IS (I =1, S =1) spin system has been presented and
applied. For this spin system, first the evolutions of
all the product operators under the spin-spin coupling
Hamiltonian were obtained. This is the first complete
presentation of product operator theory for this spin
system in the literature. Therefore, it will be useful
for the future studies on product operator theory and
pulse NMR experiments. For example theoretical re-
sults found here can be used for the confirmation of
experimental results in some pulse NMR experiments.
Then, as an application and a verification, the product
operator description of 3D HMQC-COSY NMR ex-
periment was obtained for IS,I'S, (I =1' = 1/2; S =
§'=1;n=1,2,3; m = 1,2) multi-spin systems. The
spectra of 3D HMQC-COSY NMR experiment contain
2D-?D correlations in F»-F3 planes. Also the chemi-
cal shifts of different CD,, groups will be in different
planes. By presenting the estimated spectra of IS,I'S),
groups, it is shown that NMR experiment can be used
for the spectral assignments of CD,CD,, groups in
complex liquids.
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AQ,
-1 0 1 1 6 15 20 15 6 1 — o6z
-2 0 2 6 24 42 48 42 24 6 — 4z)
2 0 2 15 4 81 108 81 42 15| | 2w
0 0 0 20 48 108 96 108 48 20 - Qf
2 0 -2 15 42 81 108 81 42 15 — -2z
2 0o -2 6 24 42 48 42 24 6| | -4w
1 0 -1 1 6 15 20 15 6 1 — —o6x/
Q; plane
1 2 1 -1 -2 -2 0 2 2 1 — 2z
2 0 2 0 0 0 0 0 0 0 — Qg
1 2 1 1 2 5 0 5 I I Fig. 4. Schematic signal coordinates
and intensity distributions of the 3D
: | : 2 ‘Pla“e : : : I | | > HMQC-COSY NMR spectrum for the
-2 -q, 24 —6n) —4n] -2 -qQ, 24 4w 6 0, IS31'S' multi-spin system.
Appendix: Some New Relations between the Angu- S,S; = %([S)(,SZ]Jr —1iS))
lar Momentum Operators for Spin-1 S.Sy = %([Sy, S.] ¢ —iSy)
. _ 1 :
.82 = 1S, +i[Sk, $y)4) SyS; = zl([Sy,Szh +iSy)
§25. = 1(S. —i[Sy,5,]+) SyS: = 7S +1lSx.Sil4 )
882 = 1(5. ~i[S.,8,]1) Sy = ?(Sy —i[8x,82)+)
Sgsz - %(Sz + i[Sx,S),]+) S;Sz = ?(SX - ?[S)”SZ}Jr)
(2= 53)8. = —i[Se. )]+ S:Sy = 7 (S 4115y, 52l )
(82 52) = 50,5, SelSy Sel = 58y = ilSe SiJ1)
— _i(S§2 — 52 [Syvsz}+sz: _(Sy+1[smsz}+)
SZ[S)MS)’]"F - I(Sx Sy) % .
Q2 _ Q2 SZ[SMSZ]"F: Z(Sx+1[syvsz}+)
[SX»S)’}+SZ *1(Sx Sy) [S S} S — I(S I[S S} )
SZSXZ%([SX,SZ]J,.-"-iSy) Xy 9z|+0z7 — 7 Wx yyz]+
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