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The classical symmetry method and the modified Clarkson and Kruskal (C-K) method are used to
obtain the Lie symmetry group of a nonisospectral Kadomtsev-Petviashvili (KP) equation. It is shown
that the Lie symmetry group obtained via the traditional Lie approach is only a special case of the
symmetry groups obtained by the modified C-K method. The discrete group analysis is given to show
the relations between the discrete group and parameters in the ansatz. Furthermore, the expressions
of the exact finite transformation of the Lie groups via the modified C-K method are much simpler

than those obtained via the standard approach.
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1. Introduction

As it is well known the Kadomtsev-Petviashvili
(KP) equation [1] plays an important role in many
fields of physics, particularly in fluid mechanics,
plasma physics, and gas dynamics. David, Kamran,
Levi and Winternitz [2] studied the Lie point symme-
try group of the KP equation via the traditional Lie
group approach. Lou and Ma [3] developed the direct
method presented by Clarkson and Kruskal (C-K) [4]
to construct the finite symmetry group of the KP equa-
tion. However, recently more and more people study
the nonisospectral and variable coefficient general-
izations of completely integrable nonlinear evolution
equations.

In this paper, we will investigate the nonisospectral
KP equation [5, 6]

(4us 4 yutrer + Oyure +2xuy ) + 3yuyy +4u, =0, (1)

which may provide more realistic models, in the prop-
agation of (small-amplitude) surface waves in straits
or large channels of (slowly) varying depth and nonva-
nishing vorticity. Here the classical symmetry method
and the modified C-K method are used to obtain the Lie
symmetry group of this nonisospectral KP equation.

2. Lie Symmetry Group of the Nonisospectral
KP Equation Obtained by the Classical
Symmetry Method

In this section the classical symmetry method is
used to obtain the Lie symmetry group of the non-
isospectral KP equation (1). Then some special solu-
tions are given. At first we give a brief outline of the
theory of Lie’s one-parameter group of transformations
for invariance of a partial differential equation with
three independent variables [7]. Generalization to more
variables is straightforward.

We investigate a general partial differential equation
with one dependent variable u and three independent
variables x, y, and ¢:

H(xa)’ataux»uyautauxx»uw»uxrauyy»uytautt»- . ) (2)

Let one parameter € group of transformations of the
variables x, y, t and u be taken as

Y = glx,y,t,u;€),
u' = h(x,y,t,u;€).

xl :f(x7y7t7u;£)7

3
' = p(x,yt,u;€), ©

Let u = 6(x,y,t) be a solution of (2). If we replace the
variables u, x, y, t in (2) by v,x' = f(x,y,f,u;€), y =
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g(x,y,t,u€), t' = p(x,yt,u;€), respectively, (2) be-
comes

A
H(xvy»t7V»vx’vVy’vvt’»vx’x’»vx’y’» (4)

vX/t/,vy/y/,vy/,/,v,/t/ .. ) =0.

Then v = 6(x',y’,') is a solution of (4). That is to say
in the case of transformation (3), v= 0 (x,y’,#') is a so-
lution to (4) whenever u = 0 (x,y,t) is a solution to (2).
This condition implies if (2) and (4) have a unique so-
lution, then

0¥,y ,t") = h(x,y,t,0(x,y,1);€). (5)
Hence O(x,y,t) satisfies the one-parameter function
equation

0(f(x,5,1,0;€),8(x,,1,0;€),p(x,y,1,0;€)) ©

= h(x,y,t,0;¢€).

Expanding (3) about the identity € = 0, we can gener-
ate the following infinitesimal transformations:
¥ =x+e&(x,y,t,u) + O(?),
Y = y+en(xy,tu)+0(e),
' =t+et(x,y,t,u)+ 0(?),
W =u-+ed(x,y,t,u)+O0(e?).

)

The functions &, 1, T, ¢ are the infinitesimals of the
transformations for the variables x, y, t and u, respec-
tively. We shall denote the infinitesimals for uy, uy, u;,

.. by 0%, ¢, @', ¢, ¢, ¥, ...; for

example, we have

Uxx, Uxy, Uxt, -

0" =(¢— Suy— Nuy — Tu;)x + S+ MNiyx + Ty
= Ou + Puttx — (& + Eutt )ty — (M + Nuttx )y
— (T + Tuld ) g,
(Pt = (¢ —Eu— Nuy — Tup) + Sy + Nty + Ty
= O + Gutty — (& + Euttr )ux — (M + Mutty ) uy
— (% + Ty )y,
= (¢ — Eux — My — Taty )+ Sty + Nty +Tityx,
(¢ — Eue — Nuty — Tup)r + St + Nitysr + T,
= (¢ — Euy — Nuty — Ty )y + gy + Nityyr + Tl
(8)
Using these various extensions, the infinitesimals cri-

teria for the invariance of (2) under the group (3) is
given by

(Pxx
(th
¢

VH |p—0=0, 9)

9

where the prolongation of the tangent vector field V is
given by

5 9 9 a2 2
y:§a+n$+15+¢a+¢a—m

d d

3 (10)
y 4ot g T
o auy+¢ u,+¢ aum—i—m'

Here and in the following we denote all & (x,y,t,u),
n(x,y,t,u), T(x,y,t,u), ¢(x,y,t,u) by &, 1, 7, ¢. The
purpose is to solve &, 1, T, ¢ by taking (8) and (10)
into (9). Then we collect together the coefficients of u,
Uy, Uy, Uxy, Uyy, Uyy, ... and set all of them to zero. At
last we get a system of linear partial differential equa-
tions from which we can find &, 1, 7 and ¢ in practice.
Next we will use the above method to find the Lie
symmetry group of the nonisospectral KP equation (1).
The prolongation of the tangent vector field of (1) is

0 0 d d . 0
yzéa‘f'na-f—fg-f—(pa‘f'(ﬁ M
0 0 d 0
y_— XX __ 7 Xy xt
T T e T e, T e, (D
d d
yy— X.X)CX—
+¢ 8uyy+¢ S [T

Then (9) reads [here H = (4u; + Yuyrr + 6yuu, +
2xuy) 5 + 3yuyy +4uy:

40™ + y0 + 12yucd™ + 6yud™ + 6yu
+6¢7 +2x0 + 399" + sty + 6120 (12)
+ 6utg + iy & + 3uyyn = 0.

Substituting (8) and uyy = —%(4@, + 6yu’ +
6yutty, + 61y + 2xu,y, + 3yuyy) for ¢*, ¢, ¢, 07, ¢V,
¢, ¢ in (12), we get a system of linear partial dif-
ferential equations. We set all the coefficients of uy, u,,

Uz, Uxy, Uyy, Uy, ... to zero. Then we get

1
5=—Zy%gr(t)+y%h(t)+xﬁ(t)+gi(f) (13)
y3
_zyﬁt(t)v
n=2yf(t) +y35(0), (14)
T=f(t), (15)
0= %xh(ét) —oufi()— %ug(lt) %ht(;)
y3 y3 y3
(16)
(2ag() 4 ) 4al) 1 2s0)
9,5 3" 3,027 )
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So the infinitesimal operator of (1) is

0 0 d d
sza‘Fna—y‘H'g‘HPa:

; ! Lxglt) 9
(—2y~gt(t)+y~h(t);rxfr(t)Jr; )5
20 +ris0) 35+ 10,

1 xh(r) 2ug(t)  2h(t) 2xg()
3 —ufi(t) -t o3

(9 y§ 3 yj 3 y§ 9 y§

4 4g(t) 1 x*g(t)\ 0
LR S e T i

y3
dgu(t) 1 x°g(t) 2xg(r) 2ug(t)y d
+( R A A I N )3t
1 0 2 h(t)  1xh(r)\ 9
05 G450 )
=X(f)+Y(g)+Z(h). (17)

Here f(t), g(¢) and h(t) are all arbitrary functions of 7.
Q is a general element of the Lie algebra of (1). The
commutation relations for this Lie algebra are easily to
obtain:

X(f1),X ()] =X (fifa= fif2),
XY () =7 (- 3fe).
XU, 20) = 2( = 371,

Plen)s¥ (82)] = $2(01g2 — 182),

(Y (g),Z(h)] =0, [Z(m),Z(hy)] =0,
where the dots indicate derivatives with respect to 7. To
solve (1), from (17) we can also get

d
&(x/vy/atlvu/) = Q(x/aylat/au/)v (18)
(xlvylvtlvu/)|8=0 = (x?yatvu)a

or

& dy A
Y L e (19)

& o 7 ¢

Here &', ', 7/, ¢’ are obtained by insteading x, y, ¢, u
iné,n, 7,0 byx,y,t, . From (19), (13), (14), (15)
and (16), we can get x', ¥, ', ', but their impressions
are too complicated. For simplicity, we only discuss
the case where f(¢) = g(¢t) = 0,h(¢) # 0. From (17),
we obtain

1 ad 2m(t) 1xh(r)\ 0
=Z(h(t))=y3h(t)=— - — —.
(20)
Then we solve the equations
dy’ dr
—=—=de 21
0" 0 ; 2D
L
— =3 22
3 =) ), (22)
d/ 2hy(¢) 1Xh(d
_“:_f(2)+_x (5). (23)
de 3 '3 9 V'3
The solution is
1 K (t 1 1 At
S S)82+—2(2ht(t)+— ()x)s
18 y3 3y3 3y 24)

+u(x —y%h(t)e,y,t).

That is to say if u(x,y,t) is a solution of (1), u’ in (24)
is also a solution of (1).

3. Lie Symmetry Group of the Nonisospectral KP
Equation Obtained by the Modified C-K Method

In this section we will use another method — a simple
direct method — to investigate (1). In [4], Clarkson and
Kruskal introduced a direct method to derive symme-
try reductions of a nonlinear system without using any
group theory. For many types of nonlinear systems the
method can be used to find all possible similarity re-
ductions. In [3], Lou and Ma modified the C-K direct
method to find the generalized Lie and non-Lie sym-
metry groups for the well-known KP equation. Here
we will use this modified direct method to discuss (1).

At first, we introduce the main idea of this modified
C-K direct method [3,8—10]. Given a general partial
differential equation (PDE) with the variables x; and u

F(Xiyu, Uy Uy ) =0, 1, j=1,2,...,n. (25)
The general form of solutions of (25) reads
U= W(-xlaXZa s ,xl’HU(XlaXZa s ,Xl’l))a

26
(Xi:Xi(x17x27"'7xn)7i:1’2""’n)' ( )
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It requires U to satisfy the same PDE (25)
under the transformation (u,x1,%2,...,%,) —
(U, X1,Xs,...,X,).

We can see that it is enough to suppose that the
group transformation has some simple forms, say

u(x1,x2, ..., xn) = 0(xX1,x2,...,%)

27
—l—ﬁ (x1 3 X2yt ,xn)U(Xl X2, ,Xn),

instead of (26) for various nonlinear systems espe-
cially for those models where the C-K direct reduction
method does work.

Next we will apply this method with the proof of the
generality of (27) to (1).

At first, we will show that in the following &, 7,
T are functions of x, y, ¢ and that they are different
from &, 1, 7 in Section 2. There are no relations be-
tween them. Substituting

u= W(X,y,f’U(‘gan,T))

into (1) and requiring U(&,n, 7) is also a solution of
the nonisospectral KP equation but with independent
variables (U,&,7,7) [eliminating Uy and its higher-
order derivatives by means of (1)]. Then we get

(28)

—yZWUéx’CXSUéIO 29
+G(x,3,,U,Ug,...,Ugo,Up,Us,...) =0, 29)
where Ugn = g%{ and G is a complicated Ugio-
independent function. Equation (29) is true for an arbi-
trary solution U only for all coefficients of the polyno-
mials of the derivatives of U being zero. From (29) the
coefficient of Ugto should be zero. So we have

YWyér® =0. (30)

Obviously, Wy should not be zero, and one can prove
that there is no nontrivial solution for &, = 0; so the
only possible case of (30) is

T =0, i.e.,7="1(y1). 3D
Substituting (31) into (29), we get
yWU (31)’2UTT+HX4UT]4)+G1 (x’yat7U7U(: 3 ):0 (32)

Setting the coefficients of Uy; and Ups in (32) to zero,
we have
T=1(t),

n=nt). (33)

11

Using condition (33), (32) is reduced to
3yWyu & Uge® + Ga(x,y,1,U, Ug,....) = 0. (34)

Now vanishing the coefficient of Ué € 2 in (34), we have

Wyu =0. (35)
That is to say we can use
u=o(x,y)+pxy,0)U(E n,7) (36)

to substitute the general solution (28). Now, the sub-
stitution of (36) with (33) into the nonisospectral KP
equation leads to

BE(YES — umUsece + 28 V(2B + 3BEx) Ut
+6Y(B B+ B )U” + 6B E(yBE — un) U

+[6yB (4B:&x + yEx)Ue + 6BE(yBE — M) Uee
+2xBy + ¥Brcer + 60 B + 6B 0t + 3y By, + 6B,
+4By + 12y06xﬁx] U+ (3)’[3 éyy +4yBirr + 12y0 B €
+6yBuclix +4BE + 6)’[3)’53’ + 12yBa &, + 6 ‘gy
HyE, Brvx +6yABE YL Errex + 2xﬁy§x +4B.:&
+2xﬁx§y +4BEq +2xP éxt) Ug + (4Bxn, + 6 My
+3yBnyy — 6BE:7 + 6yByny 4 2xBin, ) Up + 4B 7 Ur
+(3YBEw +6yaBE’ +4BEE +3yBE,” +4yBEExxx
+12yB:Ec e + 6yﬁxx§x2 +2xp éxéy) Uee + 2p (25):71:
—&&m +2x8m, + 3y§y77y)U-§n +3p ( —&un
+y1My2) Unip + 2x 0y + 3y0tyy + 6Y 00y + Y e
+404 + 6y0,” + 60y, = 0. (37)

Setting the coefficients of the polynomials of U and its
derivatives to be zero, (37) can be read as

y§x3 —tn =0, 2B.&+3B&u=0,

! (38)
BBu+ ﬁx =0, 4Bx§x +y§xx =0,
zxﬁxy +y.Bxxxx + 6yaﬁxx + 6)7[3 Oy + 3yﬁyy
(39
+6ﬁy +4By + 12y S =0,
3y B éyy + 4)’ﬁx§xxx +12y O‘Bxéx +6y Bxxéxx
+4BEx +6ByEy + 12yB e +6BEy 40)

+4y éxﬁxxx +6yap éxx)’ﬁ E e + zxﬁyéx + 4BX§I
+2xﬁX€y +4BEu +2xP éJCy =0,
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4Bxn, + 68 ny+ 6)’ﬁyny +3yB Myy — 68 &+ zxﬁxny =0, Bt =0, Yﬁ‘gx —4n =0,

3YBEw + OyaBE’ +4BEE +3yBE” +AyBE ey + 129 e + Oy’ + 20BEL, =0,
281 — E&T + by +3y6my, =0, —&mn +ymy* =0,
20y + 30ty + 6y 0Oy + YOl + 40 + 6y06> + 604, = 0.

The result reads

E= [T,% (25011}%)7%110 eyl +y1,%) x—25%02 1 — 28173 (3TN0, + 2T4Mo) 3
13 (chznozrn +6¢12 T, M0N0 — 361:,%50) i +65m0 (5770770t +C1Tt~%§0) y
+35,510> (201770710z +5C127t‘%§0> y%} / (Tt%y% (5y%fz-% +Clno>> :

2

n= (5012)7%1,% +n0>3, B= T,% (51}% + C11,10> ,

y3

4
o= {1,3110 (y Mo > 168> ’L’,?no 4y4+9¢,2 ’C,?y 170—1—1651’, y3n0 +26c1 7 3y3 +1401‘L',3y§>
14 10 4
+ [4C15Tt 3 (3Tt770r—27tt770)y3 +65* (—5%3504‘601 Ttn0n01—601 Tt Mo )y
2 4 8
86T Mo ‘1‘3517770”70—301’5:*50))’g

—1—81, (
—471377 (14C1n0 Tt1+95C] 1136()—"66']1177()”01) 3

\l

3(68¢1? Mo 27 +98¢,? TeNoMor — 6Tt§§0>)’

—471 Mo
23t (36c1r,e§0+6r,n0n0,+2n0 r,,)ys}er 127,

u
+88¢173 (181’,1’;,; Mo — 26T Mo — 12710 T + 97 n0tr)

w‘w

(ZTtTttt - 3Ttt2) yl374

1

Yl

1367 (51,31,,50—1%1 %Moo + 10127200 Mo + 10¢1 27, Ty Mo
—14e’ %00 — 81 3 Eor — 451,2n0t2> y*
+5,3 (—69651,1,, Noro? -+ 192¢1% ¥ 7m0 o + 4808 710> T — 216¢17, 3 Mo Eor
656610312 + 64887210 Mo — 720872 00,210 + 36¢17, ¢ nofé‘o) v

5 7 7 8
+73 (—4846’1 17()41';,«2 + 360c¢; Ttn04Tt1t + 10856’121} 3 17(),60170 — 5405C12Tt 3 7702§0t —-973 6()2

+360c11’, 770 Noi — 15840117, 770 No: +4325c1 7:,31,,110 50—312c1*c,n0 n(),r,,>
amo (1446c1 N0 T — 3680113 E2 — 7207 3102 Eyr — 3608ac1 252003 Now

4328¢1 20T Mo Mo -+ 7273 o EoMo — 20168¢127, 2102 N0r> — 1928¢1 210 1,2

152873 No> 1y éo) ¥
152 (—32n04r,,2 3728017 0021 &y — 542 T & — 54081 ¥ 1o Eor

F6720M03 T Nor — 72817 3 M0 M0rEo — 1584021002102 + 247,00 Tr — 6487210 noﬂ)
+36% 3107 (46‘12% 10210 Eo — 361273 EoMomor — 853 &% + 108¢110 T Moy
—6012% 31070 — 1081510 o — 20561Tt1102110z2> y3

0

oo

3

(41)

(42)
(43)
(44)

(45)

(46)
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4 1
+no* (—36&, 3102 Eor + 24873 10> Eo — 144¢1 20> Mo + 72¢1 100> T Mo
4 5
—36571 3 n()é()n()t — 9C] TZ‘ 3 603 — 72C12Ttn03nt1> yz} /

18 12 2 2 4 2\2 12 2
T 3y3 (25c1y31’,3no+c1 Mo —|—Tt3y3> (5y31}3 +Cl770> )

Here & = &y(1), no = no(r), T = ©(¢) are arbitrary
functions of time ¢, while the constants & and c¢; pos-
sess discrete values determined by

S§=1, -1,

—1+iv3  —-1-ivV3
7 , 5 (1:\/—_1).

At last, we get, if U = U(x,y,7) is a solution of the
nonisospectral KP equation

0121,

2
u:a‘f'ft% <STI%+01?O> U(évnar) (48)
y§

with (45), (46) and (47), where &y, 1o, T are arbitrary
functions of ¢. From (48) with (45), (46) and (47) we
know that for the real nonisospectral KP equation the
symmetry group is divided into two sections: the Lie
point symmetry group which corresponds to

o=1,

Ccl1 — 1,
and a coset of the Lie group which is related to

6 = —1, Ccl = 1.

The coset is equivalent to the reflected transformation
of xandy,i.e., {y = —y,t — —t} accompanied by the
usual Lie point symmetry transformation.

We denote by S the Lie point symmetry group of
the real nonisospectral KP equation (NKP), by o the
reflection of {y — —y,r — —t}, by I the identity trans-
formation and by C, = {I,c} the discrete reflection
group. Then the full Lie symmetry group Grnkp of the
real nonisospectral KP equation can be expressed as

Ornkp =02 ®S.

For the complex nonisospectral KP equation, the sym-

metry group is divided into six sectors which corre-

spond to
o=1,

0121,

(47)

o0=1, c1 = —712\/\/_5
B C1V3
6=1, 7
5:—1, C1:1,
6:—17 CIZM

)

bl

2
o0=-1, ¢ = —7172\/5.

That is to say, the full symmetry group, Genkp, €X-
pressed by (48) with (45), (46) and (47) for the com-
plex nonisospectral KP equation, is the product of the
usual Lie point symmetry group S (6 = 1,¢; = 1) and
the discrete group D3, i.e.,

Genkp =D3® S,
D3 ={l,6",R|,R,,0"R|,6"R,},
where I is the identity transformation and

o’ {yt} = {-y -1},

Ry :u(x,y,t) —

_1+\/§iu —1+\/§ix_1+\/§i —1+\/§it
2 2 ) 2 y7 2 b

RzZM(X,y,t)_’

—14+/3i 1+v31 —1++31 1++3i
e A

We will show that the Lie symmetry group obtained
via the traditional Lie approach is only a special case
of the symmetry groups obtained by the modified C-K
method. When & = 1, ¢; = 1, we can find the Lie point
symmetry group from (48) with (45), (46) and (47) and
we can see its equivalence with the result obtained in
Section 2.

We set

(1) = 1-+ef (1), olr) = 3eh(0), (1) = seg(r), 49)

with an infinitesimal parameter €. Then (48) with (45),
(46) and (47) with 6 = 1, ¢; = 1 can be written as

u=U+ec(U)+0(e?),
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o(U) = {xﬁ(t) - %’%’) -

334

+{<g¢f)+zm>U%ﬁ”(mingy)+§gn(lr>+gxgt§r> _ L) 2m()

2y381(0) = 20 (1) +¥3h(t) } Ust {20010 +2(0)F U+ £ (),

27

y\

The equivalent vector expression of the above symmetry is

9

V= { (0~ 280) 5 + 208005+ £ 5+ (~2050) - 3 ) 3}

%m%+<

+ { (—Zyggz(t) + %xg(lt)) %ﬂ

y§

- {y%hmaa—x + (;h“) + g"h(”> %} = XUF0)+ Y (500)) + Z0h(0).

3
3

y y

We can see that (51) is exactly the same as (17) which
we have obtained by the standard Lie approach in Sec-
tion 2.

Remark: In [3], Lou and Ma have obtained the full
symmetry group of the complex KP equation. It can be
divided into six sectors. In our result, the full symmetry
group of the complex nonisospectral KP equation is
also be gotten, similarly to the KP equation, and it also
has six sectors. It is very interesting that the full Lie
symmetry groups of the isospectral and nonisospectral
KP equation have the similar algebraic structure.

4. Conclusions

Based on two methods: the classical symmetry
method and a simple direct method, two Lie sym-
metry groups of a nonisospectral KP equation have
been constructed. It has been shown that the Lie
symmetry group obtained via the traditional Lie ap-
proach is only a special case of the full symmetry
groups obtained by the modified C-K method. Using
the modified C-K method, we can also get more solu-
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