Application of New Triangular Functions to Nonlinear Partial

Differential Equations

Emad A.-B. Abdel-Salam? and Dogan Kaya®

4 Assiut University, Department of Mathematics, New Valley Faculty of Education, El-Khargah,

New Valley, Egypt

b Ardahan University, Faculty of Engineering, 75100 Ardahan, Turkey
Reprint requests to D. K.; Fax: 0090-424-2330062; E-mail: dkaya36 @yahoo.com

7. Naturforsch. 64a, 1 —7 (2009); received March 14, 2008 / revised June 30, 2008

The results of some new research on a new class of triangular functions that unite the charac-
teristics of the classical triangular functions are presented. Taking into consideration the great role
played by triangular functions in geometry and physics, it is possible to expect that the new theory
of the triangular functions will bring new results and interpretations in mathematics, biology, physics
and cosmology. New traveling wave solutions of some nonlinear partial differential equations are
obtained in a unified way. The main idea of this method is to express the solutions of these equa-
tions as a polynomial in the solution of the Riccati equation that satisfy the symmetrical triangular
Fibonacci functions. We apply this method to the combined Korteweg-de Vries (KdV) and modified
KdV (mKdV) equations, the generalized Kawahara equation, Ito’s Sth-order mKdV equation and

Ito’s 7th-order mKdV equation.
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1. Introduction

It is well known that nonlinear partial differential
equations (NLPDEs) are widely used to describe com-
plex phenomena in various fields of sciences, particu-
larly in physics. The exact traveling wave solution of
NLPDEs is one of the fundamental objects of study
in mathematical physics. To find mathematical models
for the phenomena, the investigation of exact solutions
of NLPDEs will help to have a better understanding
of these physical phenomena. In recent years, various
powerful methods have been developed to construct
exact solitary wave solutions and periodic wave so-
lutions of the nonlinear evolution equations (NLEEs),
such as: the tanh function method [1, 2], the extended
tanh function method [3], the Jacobi elliptic function
expansion method [4], the F-expansion method [5],
the generalized Jacobi elliptic function method [6] and
other methods [7-11]. The symbolic software pro-
grams have been presented [12, 13] to find exact so-
lutions of NLPDE:s in terms of hyperbolic and elliptic
functions.

In [14], Conte and Musette presented an indi-
rect method to seek some solitary wave solutions of

NLPDEs that can be expressed as a polynomial in
two elementary functions which satisfy a projective
Riccati system [15]. By use of this method, some
solitary wave solutions of many NLPDEs have been
obtained [14, 16]. Recently, Yan [17] and Chen and
Li [18] further developed the Conte and Musette
method by introducing a more general projective Ric-
cati equation and obtained many exact traveling wave
solutions of some NLPDE:s.

The finding of a new mathematical algorithm to
construct exact solutions of NLPDEs is important
and might have significant impact on future research.
In [19], we constructed symmetrical hyperbolic Fi-
bonacci functions and found new solutions of the Ric-
cati equation by using these functions. Also, we de-
vised an algorithm called Fibonacci Riccati method to
obtain new exact solutions of NLPDEs. Here, we in-
troduce new triangular functions. We call them sym-
metrical triangular Fibonacci functions and use them
to obtain new solutions of the Riccati equation.

The present paper is organized as follows. In the
next section, we introduce the symmetrical triangular
Fibonacci functions and their properties. In Section 3,
we introduce the triangular Fibonacci Riccati (TFR)

0932-0784 /09 / 0100-0001 $ 06.00 (© 2009 Verlag der Zeitschrift fiir Naturforschung, Tiibingen - http://znaturforsch.com



2 E. A.-B. Abdel-Salam and D. Kaya - New Triangular Functions to NLPDEs

method to NLPDEs. In Section 4, we apply the TFR
method to NLPDEs such as the combined Korteweg-de
Vries (KdV) and modified KdV (mKdV) equation, the
generalized Kawahara equation, Ito’s Sth-order mKdV
equation and Ito’s 7th-order mKdV equation. Finally,
we give some features and comments.

2. Definition and Properties of the Symmetrical
Triangular Fibonacci Functions

We know that the symmetrical hyperbolic Fibonacci
sine (sFs) function, the symmetrical hyperbolic Fi-
bonacci cosine (cFs) function and the symmetrical
hyperbolic Fibonacci tangent (tFs) function are de-
fined [20] as

o —o oot
sFs(x) = ———, cFs(x) = ——,
N \/g_x \/5 (1)
o —o
0= e

They are introduced to consider so-called symmetri-
cal representations of the hyperbolic Fibonacci func-
tions and they may present a certain interest for mod-
ern theoretical physics taking into consideration the
great role played by the Golden Section, Golden Pro-
portion, Golden Ratio, Golden Mean in modern phys-
ical research [20]. The symmetrical Fibonacci hy-
perbolic cotangent (cotFs) function is cotFs(x) =
ﬁ, the symmetrical hyperbolic Fibonacci secant

(secFs) function is secFs(x) = cl:;W’ and the symmet-
rical hyperbolic Fibonacci cosecant (csc Fs) function is

cscFs(x) = —i—. These functions satisfy the follow-
sFs (x)
ing relations [20]:

4 4
cFs?(x) — sFs?(x) = 3 1 —tFs?(x) = gsechz(x),

cotFs?(x) — 1 = gcsc Fs?(x). (2)

Also, from the above definitions, we give the deriva-
tive formulas of the symmetrical hyperbolic Fibonacci
functions as follows:

dsF dcF
sFs (x) =cFs(x)Ina, oFs (x) =sFs(x)Ina,
dx X
dtF 4
dsx(x) = gsechz(x) Ina. 3)

The above symmetrical hyperbolic Fibonacci functions
are connected with the classical hyperbolic functions

by the simple correlations

2 2
sFs(x) = —=sinh(xIna), cFs(x) = —=cosh(xIna),

V5 V5
tFs(x) = tanh(xIn o). “)

From the above definitions and properties of the sym-
metrical hyperbolic Fibonacci functions we can de-
fine the symmetrical triangular Fibonacci sine (sTFs)
function, the symmetrical triangular Fibonacci cosine
(cTFs) function, and the symmetrical triangular Fi-
bonacci tangent (tTFs) function as

a* — o a* + i
sTFs(x) = ——=—, cTFs(x) = .+7,
ivs Vs
TF
{TFs(x) = STEs(x). (5)
cTFs(x)
The symmetrical triangular Fibonacci cotangent

(cotTFs) function is cot TFs(x) = m the symmet-

rical triangular Fibonacci secant (sec TFs) function is
secTFs(x) = ARG and the symmetrical triangular
Fibonacci cosecant (csc TFs) function is csc TFs(x) =
m. These functions satisfy the following rela-
tions [20]:

4
CTEs?(x) + sTFs?(x) = 3
2 4 2

1 +tTFs*(x) = 5 secTFs (x), (6)

4
cotTFs?(x) +1 = Sese TFs?(x).

Also, from the above definitions, we give the deriva-
tive formulas of the symmetrical triangular Fibonacci
functions as follows:

dsTF

kil d;(x) =cTFs(x)Ina,

dcTF

deThs(x) _ —sTFs(x)Ina, (7
dx

dtTF: 4

Ti(X) = gsecTFsz(x) Ina.

The above symmetrical triangular Fibonacci functions
are connected with the classical triangular functions by
the simple correlations

2
sTFs(x) = —=sin(xIn ),

V5

cTFs(x) = 2 cos(xInar), ®)

V5

tTFs(x) = tan(xln ).
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3. The Triangular Fibonacci Riccati Method

The main idea of this method is to express the solu-
tion of an NLPDE as a polynomial in the solution of
the Riccati equation that satisfies the symmetrical tri-
angular Fibonacci functions. Consider a given NLPDE

H(”v”t»”x»”ttvutxvuxxv"'):O' (9)

The TFR method for solving (9) proceeds in the fol-
lowing four steps:

Step 1. We seek the traveling wave solution of (9)
in the form

u(x,1) = u(g),

where k and @ are the wave number and wave velocity,
respectively. Substituting (10) into (9) yields the ordi-
nary differential equation (ODE)

& = k(x— or), (10)

du
dg
where H is a polynomial of u and its various deriva-
tives. If H is not a polynomial of u# and its various
derivatives, then we may use new variables v = v(&)

which make A to become a polynomial of v and its
various derivatives.

Hud " " ,..)=0, u'=—, . et., (11)

Step 2. Suppose that u(&) can be expressed by a
finite power series of F(&):

W(E) =Y aiF (), an£0, (12)
i=0

where 7 is the highest degree of the series, which can
be determined by balancing the highest derivative term
(or terms) with the nonlinear term (or terms) in (11),
and a; are some parameters to be determined. The func-
tion F (&) satisfies the Riccati equation

d

F'(£)=A+BF*(&), /EE’ (13)

where A and B are constants.

Step 3. Substituting (12) with (13) into the
ODE (11), the left-hand side of (11) can be converted
into a polynomial in F(&). Setting each coefficient of
the polynomial to zero yields a system of algebraic
equations for ag,ay,as, ... ,a,,k and o.

Step 4. Solving the system obtained in step 3,
ap,ai,ay,...,a,,k and @ can be expressed by A and B.

Substituting these results into (12), a general formula
of traveling wave solutions of (9) can be obtained.
A and B in ODE (13) have to be choosen properly such
that the corresponding solution F (&) of it is one of the
symmetrical triangular Fibonacci functions given bel-
low.

Case 1. If A=Ina and B = In«, then (13) pos-
sesses the solution tTFs(&).

Case 2. If A=1Ina and B = —Ina, then (13) pos-
sesses the solution cot TFs(€).

Case 3. If A=2% and B = 2%, then (13) pos-

2
sesses the solutions tTFs(&) +sec TFs(&), %,

csc TFs(&) — cotTFs(&).

Case 4. If A = —I“T“ and B = —I“TO‘, then
(13) possesses the solutions cot TFs(&) & csc TFs(&),

T ey secTFs(€) — (TFs(E).
Case 5. If A=Ina and B = 4In¢, then (13) pos-
sesses the solution %5(5()@
Case 6. If A= —Inax and B = —4In«, then (13)
cotTFs(&)

possesses the solution Tl TR ()"

Now, we can apply the TFR method to some
NLPDEs.

4. Applications
4.1. The Combined KdV and mKdV Equation

We consider the combined KdV and mKdV equa-
tion

u,—|—6auux+6bu2ux+cuw( =0 (14)

with the constants A, b and c. Equation (14) is widely
used in various fields such as solid-state physics,
plasma physics, fluid physics and quantum field the-
ory [21,22]. It is clear that (14) is a combination of the
KdV and mKdV equations. As a result the combined
KdV and mKdV equation is also integrable, which
means that it has a Bicklund transformation, a bilinear
form, a Lax pair and an infinite number of conserva-
tion laws etc. The periodic wave solutions of (14) have
been studied in [23].

Now, we can apply the TFR method to the com-
bined KdV and mKdV equation (14). Substituting (10)
into (14) yields

—ou' + 6auu’ + 6bu’u’ + ck*u'" = 0. (15)
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Balancing " with u”u’ gives n = 1. Therefore, the so-
lution of (15) can be expressed as

u=ag+aF(&). (16)

With the help of the symbolic software Maple, substi-
tuting (16) into (15) yields a set of algebraic equations
with respect to F'(£). We set the coefficients of F'(§)
(i=0,1,2,3,4) in the obtained equation to zero. We
further obtain a system of algebraic equations. Solving
this set of equations for ag, a;, kK and @ with the aid of
Maple, we find

ap = _Zib’ aj :j:kB@/%C,

3a?
® = 2ck*BA — —
¢ 2b°

where k is an arbitrary constant. Thus, we obtain the
general formulae of the solutions of the combined KdV
and mKdV equation (14):

u= —Za—bikB\/;F(é),

2
<§=k<x— (2ckZBA—3zib)z>, be < 0.

Selecting some special values of A, B and the corre-
sponding function F (&), we have the following travel-
ing wave solutions of (14):

uy = —zib :I:kln(x“ %CtTFS(é)v
3d?

_ _ 2 2_ 7%
<§_k<x (ZCk Ina Zb)t>,
1y = —— FklInoty | —cot TFs(&),

2b b
34> ¢
E=k(x+ 2ck*Ina* = —— |t ), bc<O,
2b
__4 kino _—C[tTFs(é) +secTFs(&)]
BT T2V ’
__4 kina _—c[cscTFs(é) —cotTFs(&)]
“ET T T2 VT ’
a  klno [—c tTFs(&)

Us = —— + T L Toare |
2b 2\ b [1+£secTFs(&)
a klnoa |—c

__a /=S [cot TRs(€) + csc TF
us T 5 [cotTFs(&) +csc TFs(§)],

Uy = _Za_b T kl%a\/?[secTFs(é) —tTFs(&)],

a7

(18)

(19)
bc <0,

__a _klna [—cT cotTFs(S)
“ETT T2 VD {licscTFs(é)]’
2 2
§—k<x— (%maz—%)z), be <0, (21)
tTFs(&) }

T s
- [ Cot TFs(€) } |

a
Ug = 5 +4kIna

U0 = — - 4 4kIna

2b b [1—cotTFs*(&)
3 2
E=k (x— (80k21na2 - %) z> . be<0. (22)

Figures la—d show the characters of the new solu-
tions u1, u3, us, and u7, respectively, witha=3,b =1,
¢ = —2,and k = 0.25. It is easily seen that the obtained
solutions are periodic ones.

4.2. The Generalized Kawahara Equation
We consider the generalized Kawahara equation

Uy + Ottty + 1Pt + Uee — Upoee = 0, (23)
where o is a real constant. The generalized Kawahara
equation describes many different physical phenom-
ena, for example in the theory of magneto-acoustic
waves in plasmas [24].

Now, we can apply the TFR method to the gen-
eralized Kawahara equation (23). Substituting (10)
into (23) yields

—ou +oud +kuPd + 24" — K" = 0. (24)
Therefore, the solution of (23) can be expressed as

u=ap+a\F(E)+arF*(E). (25)
With the help of the symbolic software Maple, substi-
tuting (25) into (24) yields a set of algebraic equations
with respect to F'(£). We set the coefficients of F'()
(i=0,1,...,7) in the obtained equation to zero. We
further obtain a system of algebraic equations. Solving
this set of equations for ay, aj, as, k and @ with the
aid of Maple, we obtain the general formulae of the
solution of the generalized Kawahara equation (23):

(2—80k*BA+ 61/10) V10
20 (26)
+6V10BXPF2(E),

u—=—
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Fig. 1. The periodic solution of the combined KdV and mKdV equation (14) witha =3, b =1, ¢ = —2, and k = 0.25; (a) plots

of uy; (b) plots of u3; (c) plots of us; (d) plots of u;.

2
where & =k (x - (11—0 +24k*B%A? — GT) t). By se-
lecting the special values of A, B and the corresponding

function F (&), we have the following traveling wave
solutions of the generalized Kawahara equation (23):

(280K Ina® + 6/10) V10

uy = —

20
+6V/101n 02 k*(TFs? (€),
27
(2+80k*Ina? + 61/10) V10
Uy = —
20

+6v101In a*k>cot TEs?(€),

with & = k(v (f5+24k*Ina* ~ ) ). The re-
minder solutions are omitted for simplicity. Figure 2
shows the characters of the new solutions of the gener-
alized Kawahara equation (23) with 0 = 1 and k =2.5.

4.3. Ito’s 5th-Order mKdV Equation
We consider Ito’s Sth-order mKdV equation [24]
Uy + (61 + 106 (11t + un?) + 1o )x = 0, (28)

where o is a real constant. Now, we can apply the TFR

Fig. 2. The periodic solution of the generalized Kawahara
equation (23) with 0 = 1 and k = 2.5.

method to Ito’s Sth-order mKdV equation (28). Substi-
tuting (10) into (28) yields

/o1

—u' +30u*’ + 106k (durdu” + " + u)

+ k4um/ =0. (29)
Therefore, the solution of Ito’s S5th-order mKdV equa-
tion (28) can be expressed as

u=ag+aF(&). (30)

With the help of the symbolic software Maple, substi-
tuting (30) into (29) yields a set of algebraic equations
with respect to F¥(&). We set the coefficients of F(&)
(i=0,1,...,6) in the obtained equation to zero. We
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x 10 55 10 4

Fig. 3. The periodic solution of the 5th-order mKdV equa-
tion (28) with 0 = 1 and k = 2.5.

further obtain a system of algebraic equations. Solving
this set of equations for ag, a;, k and @ with the aid of
Maple, we obtain:

Casel. o=-1, a9p=0,

o = 6k*B’A%, a; = +kB. 1)
Case2. o=1, a9p=0,

® = 6k*B*A%, a, =ikB.

Here k is an arbitrary constant and i = /— 1. Therefore,
we obtain the general formulae of the solutions of Ito’s
Sth-order mKdV equation (28):

u = +kBF (k(x — 6k*B*A%r)), (32)
u=ikBF (k(x — 6k*B?A%r)). (33)

With o = 1, by selecting the special values of A, B and
the corresponding function F (&), we have the follow-
ing traveling wave solutions of Ito’s Sth-order mKdV
equation (28):

u; = +k InatTFs(k(x — 6k* In o)),

4y 4 (34)
uy = FkInocotTFs(k(x — 6k Ina* 1)),
and with 0 = —1, we have
u3 = ik In o tTFs(k(x — 6k* Ina* 1)),
; (k D s

uy = —ik In a cot TFs(k(x — 6k* Ina*1)).

The reminder solutions are omitted for simplicity. Fig-
ure 3 shows the characters of the new solutions of Ito’s
Sth-order mKdV equation (28) with 6 =1 and k = 2.5.

4.4. Ito’s 7th-Order mKdV Equation

We consider Ito’s 7th-order mKdV equation [24]
u + (200 u’ + 170 (u* g + 2u°u?)
—|—14G(u2uw¢x + 3uu)2£x 4 du ity + SM)ZCMH) (36)

+uxxxxxx)x =0,

200710

Fig. 4. The periodic solution of the 7th-order mKdV equa-
tion (36) with o = 1 and k = 2.5.

where o is a real constant. Now, we can apply the TFR
method to Ito’s 7th-order mKdV equation (36). Substi-
tuting (10) into (36) yields
—ou' +1400usu’
+70k> (8 u” + utu"” + 6utu’)
/1

+140kH (6un v + " 4+ 13u'u’?
+10uu//u/// + 914/214/”) + k6u////// =0.

(37)

Therefore, the solution of Ito’s 7th-order mKdV equa-
tion (36) can be expressed as

u=ap+aF(&). (38)

With the help of the symbolic software Maple, substi-
tuting (38) into (37) yields a set of algebraic equations
with respect to F¥(&). We set the coefficients of F(&)
(i=0,1,...,8) in the obtained equation to zero. We
further obtain a system of algebraic equations. Solving
this set of equations for ag, a1, k and @ with the aid of
Maple, we obtain:

Casel. o=-1, a9p=0,
® =20k°B’A3, a, = +kB.
(39)
Case2. o=1, ayp=0,
o =20kSB*A3, a; = ikB.

Here k is an arbitrary constant and i = v/ — 1. Therefore,
we obtain the general formulae of the solutions of Ito’s
7th-order mKdV equation (36):

u = +kBF (k(x — 20k°B3A%r)), (40)

u = ikBF (k(x — 20k°B3A%1)). (41)

With o = 1, by selecting the special values of A, B and
the corresponding function F (&), we have the follow-
ing traveling wave solutions of Ito’s 7th-order mKdV
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equation (28):

u; = +kIn o tTFs(k(x — 20k In a®1)),

uy = Tklnocot TFs(k(x — 20k8In 1)), “2)
and with 0 = —1, we have

u3 = ik In attTFs(k(x — 20k%In o8 1)), )

uy = —ik Inacot TFs(k(x + 20k® In a®1r)).

The reminder solutions are omitted for simplicity. Fig-
ure 4 shows the characters of the new solutions of Ito’s
7th-order mKdV equation (36) with 6 = 1 and k =2.5.

Remark 1. If o = e, the obtained solutions recover
the solutions obtained by the tan function method, gen-
eralized hyperbolic function method and so on.

Remark 2. To the best of our knowledge, the solu-
tion using symmetrical triangular Fibonacci functions
has not been found before.

Remark 3. To the best of our knowledge, the defini-
tions of the symmetrical triangular Fibonacci functions
have not been found before.
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