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Investigations using surface acoustic waves provide information on the elastic properties of thin
films. Residual stresses change the phase velocity of the surface waves. We have calculated the
phase velocity and dispersion of surface waves in thin silver films with a strong [111]-fibre texture.
A non-linear description of surface waves propagating along the [110]-direction of the substrate
has been developed on the basis of an acoustoelastic theory, taking into account residual stresses.
The relative change∆v=v of the velocityv was found to be linear for large excitation frequencies.
The dispersion curves were measured using a photoacoustic method. For sputtered polycrystalline
thin silver films we found good agreement between the experimental and calculated dispersion
curves for frequencies up to 225 MHz.
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1. Introduction

The velocityv of elastic waves (ultrasonic waves)
within a medium depends on residual stress. The rel-
ative change∆v=v of the wave velocityv of the un-
stressed medium is of the order of∆v=v = 0.02. The
acousto-elastic theory relates the velocity change to
residual stresses for waves within a bulk medium.
For that particular case, Cauchy formulated a contin-
uum theory of small disturbances (ultrasonic waves)
superimposed on an elastically deformed body, as de-
scribed in [1]. Hayes and Rivlin [2] were the first
to develop a theory for surface waves in homoge-
neously deformed elastic materials. They considered
waves propagating in the direction of one of the princi-
pal stress axes. Their treatment has been generalized
by Iwashimizu and Kobiri [3] to the case in which
the propagation direction does not coincide with one
of the principal stress axes. In all these treatments
the material was assumed to be isotropic. Many ma-
terials commonly used in technology are, however,
anisotropic in nature. The behavior of isotropic and
anisotropic thin films has been treated by Farnell and
Adler [4].
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Surface acoustic waves (SAW) are a convenient
tool to study the mechanical properties and the stress
states of thin films, as they penetrate the material only
down to a depth of approximately one wavelength [5].
The purpose of this paper is to apply the theory pro-
posed by Farnell and Adler to thin silver films on
(001) silicon substrates in order to describe the effect
of the residual stress on the surface wave propagation
along these films. We consider the residual stress as a
perturbation on the surface wave propagation [6]. Our
theoretical results are compared with observed exper-
imentally data. By X-ray diffraction measurements,
residual stress has been detected in silver films de-
posited by sputtering.

2. X-ray Analysis of Thin Silver Films

2.1. Deposition

Using dc-magnetron sputtering, four polycrys-
talline silver films were deposited on (001) Si sub-
strates. Prior to the film growth, the chamber was
evacuated to a pressure of 10�7 mbar. Then argon
gas was introduced up to a pressure of 0.01 mbar.
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in which � is the density of the medium andC
ijkl

the elastic tensor. Each component in (1) is referred
to the coordinate system of Fig. 1 and the summation
convention on repeated subscripts is implied.

In the following, a quantity carrying a tilde des-
ignates a quantity of the film, and the same quantity
without a tilde refers to the substrate. Thus ˜� andC̃

ijkl

are the density and the elastic tensor of the layer ma-
terial and� andC

ijkl
are the density and the elastic

tensor of the substrate. We assume a straight crested
surface wave propagating in thex1 direction with

u
j

= u0j exp(ik�x3) exp[ik(x1 � vt)]; (2)

wherek is the wave vector,v the propagation speed
and� a complex constant. A surface wave is proposed
to be a linear combination of partial inhomogeneous
plane waves of the form of (2), which satisfy the
motion (1) and certain boundary conditions.

In order to have a nontrivial displacement,u
j
, �

andv must satisfy the characteristic equation

j�
il
� �

il
�v2
j = 0; (i; l = 1;2;3); (3)

where

�
il

= C
ijkl

n
j
n
k

(4)

is the Christoffel tensor andn
j
, n

k
are the compo-

nents of the vector~n(1;0; �). For a givenv, (3) is
an equation of order 6 in� and may be solved for
the six roots�(n) (n = 1 to 6). The six roots for�
are either real or occur in complex conjugate pairs.
All six roots are used for the calculation of the film
displacement, but only the three roots with positive
imaginary parts are taken for the substrate displace-
ment. For the textured Ag film, the interface plane,
i. e.x3 = 0, is isotropic. The elastic tensor for our Ag
films is that given in Section 2.2. The components
of the Christoffel tensor (4) under the assumption of
transverse isotropy symmetry (see Section 2.2) are

�̃11 = c̃55�̃
2 + c̃11; �̃22 = c̃44�̃

2 + c̃66;

�̃33 = c̃33�̃
2 + c̃55; �̃13 = (c̃55 + c̃13)�̃; �̃12 = �̃23 = 0:

Writing the displacements as a linear combination of
terms having the phase velocityv, the displacement
field in the layer is given as

ũ
j

=
hX

n

Ã
n
ũ(n)

0j exp(ik�nx3)
i
�exp[ik(x1�vt)]; (5)

n = 1 to 6;

and in the substrate as

u
j

=
hX

n

A
m
u(m)

0j exp(ik�mx3)
i
� exp[ik(x1 � vt)];

m = 1;3;5; (6)

The coefficientsA
m

with even subscriptm are
omitted because they are not related to finite solutions.
ũ(n)

0j andu(m)
0j are the complex eigenvectors associated

with the characteristic equation (3) for the film and
for the substrate.̃A

n
andA

m
are the weighting fac-

tors for the linear combination of waves in the film
(5) and the substrate (6). Only one eigenvector exists
for each root�. ũ(n)

0j andu(m)
0j are the components of

the eigenvector corresponding to the eigen values ˜�v2

and�v2, respectively. The weighting factors must be
determined by the application of the boundary condi-
tions based on the displacements in (5) and (6). The
particle displacements and the traction components
caused by the stress components of the wave (T13,
T 23, andT 33) must be continuous across the interface
under the assumption of a rigid contact between the
two materials. Since the free surface is considered to
be mechanically stress free, the three traction compo-
nents of stress must vanish thereon and nine boundary
conditions are obtained. In order to obtain nontrivial
solutions of this set of homogenous equations, the
9�9 determinant of the coefficients̃A

n
andA

m
must

vanish.
For the substrate, the wave vector will be defined

asx1 = [110] direction. The elastic coefficients for
Si with respect to the crystallographic axes are given
in [10]. After transforming to the sample system (x1,
x2, x3) with x3= [001], the coefficients arec11 =
194.25 (GPa),c33 = 165.6 (GPa),c12 = 35.7 (GPa),
c13 = 63.9 (GPa),c44 = 79.53 (GPa) andc66 = 51.3
(GPa). It is obvious that the Christoffel tensor for the
substrate has the same form as for the silver film, since
the components� 12 = � 23 = 0. The secular equation
is therefore for both materials

[�22��v2] � [(�11��v2) � (�33��v2)�� 2
13] = 0: (7)

This secular equation separates into two parts. The
sagittal-plane displacements are completely uncou-
pled in the equations of motion from transverse dis-
placements. The solutions can always be separated
into two groups when the sagittal plane (x1, x3) fits
with the Si symmetry plane. The first group of solu-
tions has solely transverse displacements, which are
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called Love modes. The other group has sagittal dis-
placements, which are called Rayleigh modes. The
boundary conditions can be satisfied with two kinds
of solutions, those involvingA1, Ã1, andÃ2 (Love
modes) and those involvingA3,A5, Ã3, Ã4, Ã5 andÃ6
(Rayleigh modes). For both Love mode and Raleigh
mode it is often convenient to obtain the dispersive
curves by assuming fixed values of velocityv and then
solving the boundary-condition equation by search-
ing for a value of the productkh of the wave number
k and film thicknessh which vanishes the boundary
condition determinant.

3.2. Dispersion

We apply the above theory to the Ag/Si system.
First, we consider the system under residual stress
and the results thus obtained will be compared with
those for an unstressed film. We want to include the
effect of residual stresses on the film’s elastic con-
stants ˜c

ijkl
. For this purpose we can apply a correc-

tion of the elastic coefficients given in [6] which de-
pends on the residual strain tensor and hyper-elastic
constants ˜c

ijklmn
. Assuming the same geometry, the

elastic tensor ¯c
ijkl

including the stress effect is writ-
ten as

c̄
ijkl

= c̃
ijkl

+ c�
ijkl

; (8)

werec̃
ijkl

is the elastic tensor defined in the (x1, x2,
x3) coordinate system, andc�

ijkl
is the corresponding

perturbative correction due to the initial deformation
in the film.

The above calculation requires the knowledge of
the hyper-elastic coefficients ˜c

ijklmn
expressed in the

(x1, x2, x3) coordinate system. Values of ˜c
ijklmn

are obtained by transforming the hyper-elastic co-
efficients of Ag single crystal [16] in the same way
as for c̃

ijkl
(see Sect. 2). Consequently, the effective

elastic coefficients (denoted by the bar) for the film
are:c̄11 = 149.8 (GPa), ¯c33 = 154.1 (GPa), ¯c12 = 80.4
(GPa),c̄13 = 73.9 (GPa); ¯c23 = 74.2 (GPa) and ¯c44 =
24.1 (GPa).

At this point, the elastic constants of both film and
substrate are available with respect to the same co-
ordinate system (x1, x2, x3). Then one can solve the
equation of motion (1) and deduce the sixth order sec-
ular equation. The results thus obtained are separated
into two sets: Love modes; which are polarized per-
pendicular to the sagittal plane (x1, x3), and Rayleigh
modes, polarized inside the sagittal plane.

3.2.1. Love modes

For a given velocity v, the resolution of the charac-
teristic equation, [�22 � �v2] = 0, and the boundary
conditions determinant has multiple solutions inkh.
We have found that the Love modes can propagate
only if v̄s < vL < vs, respectively ˜vs < vL < vs. From the
elastic constants for film and substrate we calculated
values for the shear velocity (v = (c66/�)1=2) in the
substrate, the stressed Ag film, and the unstressed Ag
film: vs = 4692 m/s, ¯vs = 1786 m/s and ˜vs = 1836 m/s.
Since Love modes are dispersive, it can be checked
that for h � � (hk ! 0) vL becomes very close
to vs. The other case corresponds toh� � (hk > 1).
Under this condition vL is close to ¯vs (respectively
ṽs). The calculated values of the shear wave velocity
along the silver film make up a difference which can
be experimentally confirmed in measurements at high
frequencies.

3.2.2. Rayle igh modes

For each material, the same approach as discussed
above leads to fourth order characteristic equations.
Besides, the remaining boundary conditions relative
to displacements and stress tensor components reveal
kh solutions of Rayleigh modes. Concentrating on the
first Rayleigh mode, it can be seen that the velocity
varies betweenvR = 5080 m/s and ˜vR = 1588 m/s.
These two values are associated to the Rayleigh ve-
locity, respectively, in Si and Ag. The residual stress
changes the Ag Rayleigh velocity from ˜vR to v̄R =
1518 m/s. The transition from the substrate velocity
vR to the film velocityv̄R is accomplished by chang-
ing from small values forkh to higher values.

In order to examine the effect of residual strain on
the ultrasonic surface waves propagation we present
for both modes (Rayleigh and Love) the relative ve-
locity change∆v=v as a function ofkh (Fig. 2). The
effect becomes more important for high values ofkh
(∆vR/vR

�= 4.5% and∆vL/vL
�= 2.5% forkh = 8 rd).

Unfortunately, these frequency regions are not acces-
sible with our experimental facility. Our ultrasonic
measurements have been carried out up to frequen-
cies of 250 MHz, which correspond to a value forkh
of � 0.1 rad.

Being interested in the first Rayleigh mode for fre-
quencies up to 225 MHz, we calculated theoretical
dispersion curves for this frequency range. Figure 3
shows the relative change∆vR=vR = 2 � [vR (un-
strained film) –vR (strained film)] / [vR (unstrained
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phase velocity at high frequencies. The shift of the
Love mode velocity becomes very close to 0.025 for
kh values up to 3 rd. For the Rayleigh mode, the
velocity change increases with frequencies, but it re-
mains small� 0.0003 for an excitation frequency up
to 225 MHz. Sinceh� 10�7 m, in the productkh of
the wave numberk and the film thicknessh, an usual
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