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We show that particular solutions of certain nonlinear field
equations can be constructed using Bécklund transformations,
recursion and Bessel functions.
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It is well-known that the modified Bessel differential
equation [1]
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admits as solution the modified Bessel function
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The modified differential equation (1) also admits the
Macdonald’s function as a solution. This solution is not
considered here. The modified Bessel function /,, satis-
fies the recurrence relation [1]
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Thus, if n=0 we have [, =dly/dr and for n=1 we
have
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For n =0 the modified Bessel differential equation (1)
takes the form
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The Riccati differential equation
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Note

is a nonlinear differential equation of first order and can
be linearized using the transformation [2]
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where w satisfies the modified Bessel differential equa-

tion with n = 0. Thus
(p( )_ I(r) ]
To(r) (8)

is a solution of the Riccati differential equation. We can
now use the relations to construct solutions of certain
nonlinear field equations which admit Biicklund trans-
formations [3].

As an example we consider the nonlinear complex
field equation [4]

Ay + ﬂ F sp-lyP)=0, ©)
where A :=0%dx* + 9%/dy*. Equation (9) admits the
Bicklund transformation

ta—+v—|u| v=0, (10a)

dz
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dz
when z = (x-iv)/2, Z=(x—1iy)/2, and u and v satisfy
(9). We have 0d/dz=0d/dx—id/dy and 0/97= dldx

+id/dy. System (10) is the Euclidian version of the
massive Thirring model [4]. The system of partial dif-
ferential equations (10) can be derived from the La-
grangian [3]
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Inserting the ansatz
Y(x.y) = P,(r) exp(in0) (12)

into the nonlinear equation (9), where r, @ are polar coor-
dinates and @, is real valued, yields

AP, 1do, D, (dd)n )2 n’
T ¥ ) ~ 5
dr rodr 1-a; dr r

+@,(1-D})=0. (13)
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Note 711

Let u=—i®,_,exp(i(n-1)0) and v= P, exp(in6).
Then we obtain the equivalent system

d®,_, n-1 2
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9P ng @, ,(1-d2)=0, (14b)
dr r

where @, and @,_, satisfy (12) withnand n'=n—1,
respectively. For n =1, (14a) is solved by @, = 1. For
this case (14b) takes the form of the Ricatti equation (6),
which admits the solution (8). Since
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we obtain
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and so on, where we have used relation (3).
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