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For a variable-coefficient Korteweg-de Vries equation we
obtain 4 new similarity reductions to the Painlevé type equa-
tions or the Weierstrass elliptic function equation.

In this note, we report the application of the Clark-
son-Kruskal direct method [1], which is powerful for
the constant-coefficient nonlinear evolution equations,
to a variable-coefficient Korteweg-de Vries equation
2].

u+f(uu,+g(t)u,,,=0, (1)

where f(1)#0 and g(r) #0.
Firstly, it is sufficient to seek a similarity reduction
of (1) in the form

ux,t)=alx, )+ b(x, 1) wlz(x, 1)], (2)

where the functions a(x, t), b(x, t), z(x, t) and w(z) are
to be determined, rather than the more general form
ofu(x, )=U {x, t, w[z(x, t)]} (proof ignored). Also, we
will consider the interesting case of z, #0.

After the substitution of (2), we impose the condi-
tion that (1) be an ordinary differential equation for
w(z), i.e., demand the ratios of the coefficients of differ-
ent derivatives and powers of w(z) to be functions
of z only. Computerized symbolic computation thus
leads to a set of conditions for a(x,t), b(x,t) and
z(x, t), based on which we find the following format of
similarity reductions:

FOx+6'() 90 20 oo
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z(x, )=0(1) x+ ¢ (1), (4)
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where the functions 6(t)#0, ¢(t), w(z), as well as the
constraints on f (t) and g(t), are given below case by
case:

Similarity reduction I:

0(t)=k, (5)

6 [t sgz(s]
¢>m={” [AG]] }dsdr when C#0,
M [ f(t)dt

A
otherwise , (6)

where C, k#0 and M are arbitrary constants, while
w(z) satisfies the ordinary differential equation
w"+ww+C=0, (7)
which is equivalent to either the first Painlevé equa-
tion as C #0 or the Weierstrass elliptic function equa-

tion as C=0.
The constraint on f (t) and g(z) is

g0 | _d
A [fm]—ﬂ, where A_dt In. (8)

Similarity reduction II:

9{:)=Em, 9)

g(1)
while ¢ (t) satisfies
£ [f'mq:»'{r) L2000 ¢"(r}]
GO 2060 f)6*) f()0()
=B ¢(t)+D, (10)

L]
where D and E #0 are arbitrary constants, while B is
a constant given by (13) below, and 6(t) by (9). w(z)

must satisfy
w’"+ww+Bz+D=0, (11)

which is equivalent to the first Painlevé equation
when B=0, or else, not of the Painlevé type.
The constraints on f (t) and g(t) are

g(1)
A| =— [#£0,
[f (r)];&

S {f’(rlﬂ‘{r}+ 20000 60"() }
g0 | P00 SO [f@)o()
= B=constant, (13)

(12)

with 6(t) given by (9).
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Similarity reduction III:

B()=—[34 [ g(t)dn) ™',

(14)
H -1/3
¢lf)=2—Az—[3A fg(0)dg13, (15)

where A#0 and H are arbitrary constants, while w(z)
satisfies
w'+ww +Aw—242z4+H=0, (16)
the solutions of which are known to be related through
a one-to-one transformation to those of the second
Painlevé equation.
The constraint on f(t) and g(t) is

Notiz

where N #0 and P are arbitrary constants, while R is
a constant given by (22) below, and 6(t) by (18). w(z)
satisfies

“.nr+,w w+Nw+R Z+P=Oy {20)

which is a form of the second Painlevé equation only
when R+2N?*=0.
The constraints on f (t) and g(t) are

glr)
Al == 20, 21
[fln}é )
R g o B
F=_2+9 0 [j 70 dt] (22)
_{3[1"‘{:}]2 IR AN MU KU }
30 29 20 fg®)

with 6(r) given by (18).
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g0 |_ _d
A[m]—& where A=drln. (17)
Similarity reduction IV:
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if P#0& R=0,
if P=0& R=0,

otherwise,

(19)
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