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We present linear transformations between the components 
of the electric and magnetic fields, E = F\ (H ) and H  = F2 (E ), 
which leave the expression for the density of electromagnetic 
field energy unchanged. If the coefficients occurring in these 
transformations are interpreted as the components of the 
momentum vector of the photon and use is made of the cor­
respondence principle W -*dt and p->dx, then these trans­
formations turn out to be Maxwell’s equations. In a similar 
fashion, when starting from the probability density associated 
with the Dirac wave function, then one can also arrive, via 
appropriate transformations between the components of the 4- 
spinor, at the Dirac equation.

Maxwell’s equation were first written in the Dirac form by 
Majorana by using a wave function the terms of which are the 
components of the electric and magnetic fields [1], [2], [3]. 
Since that time many workers have used this excellent idea and 
reformulated Maxwell’s equations in the spinor [4] or quater- 
nionic forms [5], [6]. This points out that a Maxwell-Dirac 
isomorphism exists which has been described in the works of 
Sallhofer [7], It was also found that if we put m0 = 0 in the 
Dirac equation, (y,p') if/ = 0, and associate the following 
electromagnetic field variables with the components of the 4- 
spinor if/ [8]:

y/\ = iE2 , if/2 = i{E\ -  iE ) , i//3 = Hy

V/i = + i Fl2 , 
then we arrive at Maxwell’s equations

\  x H  = E c ~ ] , \  H  = 0 ,
- 1

and

\  x E  = - H e  ' ,V • E  = 0 .

(1)

( l a )

( l b )

Equally well we can arrive at (la ) and (lb ) if we take the 
conjugate Dirac equation and put

i//i = - i E 2 , if/2 = -/(£■, -  i E 2) , y/y =  Hy and

= H \  — i H 2 .

The bilinear form, (8 n) ~  ’ if/,if/', represents the density of the 
electromagnetic field energy

1
e(x ,t)  = — (E i + E j + E i + H \ + H$ + H i) .

8 n
(2)

Next we shall show that it is possible to proceed in the reverse 
order, namely, to start from the expression for the density of 
the electromagnetic energy (2) and arrive at Maxwell’s 
equations via those linear transformations between the 
components of E  and H  which leave the expression (2) 
unchanged, the coefficients occurring in these transformations 
being considered as the components of the momentum 4-vector 
of photon. In a similar fashion, taking the probability density
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associated with the Dirac wave function we can also arrive, via 
the appropriate transformations between the components of the 
4-spinor, if/, at the Dirac equation.

Let us now look for the linear transformations of the form

E; = Fj ( //, , H 2, H y ) and //,  = F, ( £ , , E2, E y ) (3)

which leave expression (2) unchanged. The simplest but trivial 
transformations which meet this requirement have the form 
E  =  H  and H  = E.  By means of the direct substitution in (2) one 
can prove that the linear and non-trivial transformations which 
leave (2) unchanged are

aE\  -  b y H 2 -  B2Hy , 
a E 2 =  -  by //t + 6, Hy , 

aEy  = b 2H \  -  b\ H 2 ,

a — —by E 2 + b 2 Ey , 

a H 2 =  b y E \ -  B\ Ey , 
a Hy = — b 2 E\ + b\ E i  .

(4 a)

(4 c)

To these equations we must add the transversibility conditions
[1], PI

0 =  - b , H , - b 2H 2 - b 3 Hy

0 = b\ E\ 4- b2 E 2 + by Ey .
In (4a), (4b), (4c) and (4d) the equation a 2

(4 b) and 

(4 d)

b \  +  b 2 + by is to 
be satisfied. If we multiply (4c) and (4d) by -  i and add to them 
(4a) and (4b), we can write the transformations (4) in the 
compact form

a i f / + i b x i / / = 0  , 

i b  • if/ = 0  ,
(5)

where if/ = (if/  ̂ ,if/2 ,if/y), 1̂ 1 = E\ -  iH \ , i//2 = E 2 -  iH2, i//y = Ey 
— i Hy  and b  = (b, , b 2 , b y ) .  If we interpret the coefficients a, b \ , 

b 2 ,by  as the components of the momentum 4-vector of the 
photon, i.e. if we put a  = Wc ~ 1, b\  = p \ , b 2 = p 2, by = py and 
use the correspondence principle, W - > d t  and p - * dx, equations
(5) become Maxwell’s equations in the form written first by 
Majorana [1],

Now let us proceed in a similar way in the case of the Dirac 
equation. As is well known, the probability density of the Dirac 
wave function has the form

0 ( x , / )  =  * ?  + * 2 +  X 3 +  * 4 +<*’? + ^ 2 + ^ 3 + ^ 4  . (6 )

where X\ > X2> X4 and 0  1 , 0 2, ^ 3 > ^4 are the functions oc­
curring in the components of the 4-spinor if/. The most general 
linear transformations between the components X\ > *2> X3» 
and 0 , ,  <P2 , <Py, 0 4, which leave the expression (6) unchanged, 
have the form

and

Q X\ = (̂>\ + 3̂ *̂ 2 — 3̂ *̂*3 1̂ *̂*4 > 
a Xi — — 3̂ 0 t  +  bo &2 b\ *̂ *3 b2 04 >
O Xy =  b2 0 ]  — b\ 0 2 +  Öq i>y +  by 0 4  ,

Q ̂ 4  = — b\ 0 ] — b 2 0 2 — by 0 3 + Öq 0 4

a 0, = b 0 x ) -  byX 2 +  b 2Xi ~ b \ X i  , 
a<P2 = byX\-b0X2-b\X3-b2X4 <
a c p y =  - b 2 X \ + b i X 2 +  b0 X y - b y X 4  ,

ff04 = b\X\ +b2X2 + byXi + b0X4 .

(7 a)

(7 b)
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whereby the condition a 2 = b\  + b \  + b \  + b \  is to be satisfied. 
If we again interpret the coefficients a, bl , b 2, b 3 as the com­
ponents of the momentum of the particle with the positive rest 
mass m0 (Wc~  1, p \ , p 2, Pt, ) and choose the following combina­
tions of the functions x \ , Xi> Xa ar>d <£], <t>i, <£3 , <£4 , for 
the components of the 4-spinor t//: y/, = 1X3 + *4 . V2 = 
/( jfi  +  / X 2)' ^3 =  # 3 - / $ 4  ar>d ^ 4 = ^ i  +  / ^ 2 >  t*ie n we m a y  
write the transformations (7) in the compact form

W ' \
--------+ E  V/P' +  yo^oC 1 ^  =  0 > (8)

f  /-I  >

where

0 0 0 - 1 0 0 / 0
0 0 -1 0 0 0 0 -  i

= , yi =0 - 1 0 0 i 0 0 0
^-1 0 0 0 , .0 -  / 0 0.

0 0 -1 o' "l 0 0 0"
0 0 0 1 0 1 0 0= , y0 =-1 0 0 0 0 0 1 0
0 1 0 Oj 0 0 0 1,

are matrices which satisfy the relations

Yiyk + Ykyi = öik > i’ k =  0 ,1 ,2 ,3  .
When replacing the components of the momentum vector by 
the corresponding operator (8) becomes the Dirac equation.

Thus it is possible to obtain Maxwell’s equations and Dirac’s 
equation from such linear transform ations between the field 
components and the components of the 4-spinor which leave the 
expression for the density of the electromagnetic field and the 
probability density of the Dirac field unchanged, respectively 
when we interpret the coefficients in these transform ations as 
the components of the momentum 4-vector and of a massless or 
massive particle, and apply the correspondence principle. It is 
interesting to investigate what kinds of field equations arise if

we combine different field variables with the momentum 4- 
vector for massless and massive particles. Here four different 
cases can occur: (i) The connection of the electromagnetic field 
with the 4-momentum for the massless particle leads to 
standard Maxwell’s equations; (ii) The connection of the 
classical electromagnetic field with 4-momentum for the 
massive particle leads to the “ massive” variant of Maxwell’s 
equations which we obtain when inserting (1) into (8):

f /c  ~ 1 = V x E  +  k0E  ; V • E  = 0 , k0 =  m0c/h ,

E c ~ ] =  V x H + k 0H  ; \  H  =  0 .  (9 )

After eliminating E  or H  we have

( n  + k l0)E = 0 and (□  + k l ) H  = 0 ,

respectively; (iii) The Dirac field and the momentum for the 
massive particle lead to the standard form of the Dirac equa­
tion; (iv) The Dirac field and 4-momentum for the massless 
particle lead to the Weyl equation.

A special case occurs if we associate with the components of 
the 4-spinor 1// the field variables

y/| =  i E 3 +  q , v 2 =  i ( E , +  iE 2) ,

1//3 =  / / 3 +  ip , i//4 =  H\ + iH 2,

where q and p  are the new scalar field variables introduced by 
Ohmura [9], Inserting (10) into (8) we get the extended Maxwell 
equations in the form

E c ~ ' - X x H + \ p  = 0 , p c _1 + V -£ ' = 0 ,

/ / c _ 1 + V x £ + V <7 = 0 , q c ~ ] + V • H  = 0 .

These field equations have been used as the linear field equa­
tions in (he theory of gravitation [10], [11], [12].

From what has been said so far it follow that all important 
linear equations in physics can be derived from the transform a­
tions between the field components, which leave certain of their 
quadratic forms unchanged, when we appropriately interpret 
the coefficients occurring in them.

This can serve as a guiding heuristic principle for finding  new 
mathematical equations for the different physical fields.
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