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We propose an explicit finite  difference schem e to solve 
operator equations o f m otion  in quan tum  m echanics and 
in a quan tum  scalar field theory.

PACS num bers: 05.50. +  q, 02.60. +  y, 03.70. +  k

Bender and Sharp [1,2] have proposed a differencing 
schem e to solve the o p erato r equations in quantum  m e
chanics and in quantum  field theory. The m ain  property o f 
this m ethod is that the canonical equal-tim e com m utation 
relations (E T C R ’s) are preserved. On the o ther hand Mon- 
c rief [3] pointed out the com putational difficulties o f the 
B ender-Sharp differencing scheme due to its im plicit 
character. To avoid these problem s, M oncrief has proposed 
an explicit scheme which also preserves the ETC R ’s. Later 
Vazquez [4] suggested two new explicit finite difference 
schemes, which are related to the one o f M oncrief.

The purpose o f this p aper is to propose an explicit 
scheme, which is accurate to o rder r4, r being the fixed 
tim e increment. This schem e represents an im provem ent of 
the above explicit schemes because they are accurate only 
to o rder r 2.

Let us consider a one-dim ensional quan tum  system

H  = p 2/ 2 + V ( q ) .  (1)

T he Heisenberg equations o f  m otion are

d q ( t ) / d t  = p ( t ) , d p ( t ) / d t = f ( q ( t ) )  (2)

w hich also can be written

d 2q ( t ) / d t 2 = f ( q ( t ) ) .  (3)

/ ( # )  =  — dV/dq ,  and the operators p( t )  and q(t)  must 
satisfy the com m utation relation

(4)
To solve this problem  in the interval [0, T],  we divide it 

into N  intervals o f length r  and define qn and p n as the 
operators q and p  at tim e t = nx.
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The explicit scheme we propose is the following:

(9n + \ -Qn)^ = Pn, (5)
Pn+\ ^ 5p n 15p n — \ +Pn — 2

12 T

_ r /l4*7n — Qn + \ ~ Rn — \ \ .
~ J \  f 2 j ,  (6)

and our problem  is to iterate (5 ) - (6 )  w ith the initial 
condition

{q0,Po\ su c h th a t [q0, p 0] = i- (7)

Also we m ay reduce the Eqs. (5 ) - (6 )  to one equation  
which only contains the operators q„:

~  <7«+2+ 16<7„+i -  30<?„+ 16<7„_i -  q„_2

12 T-

n - <8)

This equation is a discrete analogue o f (3) and m ust be 
iterated with the initial condition

{q0,q\}  su c h th a t [<?0, <?i] =  / r , (9)
where the com m utation  relation  is ob tained from  (5), with 
n =  0, and (7).

Let us see the features o f the scheme.

1) Accuracy: From  calculus [5] we can see th at the left side 
o f (8) is a discretization o f the second derivative with 
accuracy o f order r4. Thus the present schem e is m ore 
accurate than  the explicit ones o f [3] and [4],

2) The E T C R ’s: Let us define, at each step nr,  the average 
position and m om entum  operators

q " =  —  ( l 4 q * - q ”+ i - q ”- ' )  ,

( \ 4 p n -  p n+] -  p n~') ,

12

1
P - 12

then from (5 ) - (6 )  and (8) we get

<?«+] ~ <7n

Pn + 1 -  Pn

Pn,

/(<?« +1) ,

<7«+i — 2 +  qn~\
= /(<?«) •

(10)

(11)

(12)

(13)

If the initial condition is {qo,Po) such that [<?o>Ä)] =  z it *s 
easy to check, in (11) and (12), that

[%-Pn] =  i- (14)

In the sam e way, when the initial condition is expressed 
only in term s of the operators q n:

{<?_,, <7o} su c h th a t [ q - \ , % ]  = i r ,
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we can see from  (13) that 

[qn,qn+\\ = ‘ t-
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then from (1 9 )-(2 0 ) we get the equations

(15)

Thus in our schem e the E TC R ’s are preserved, a t each 
step, by the averaged operators qn and p n.

0 n  + \ _ 0 n
— ------- — = n p , (22)

/ 7 / +1 — 77/ 0/VV -  2 0 / +1 + 0/_V 
Ä2 + / w +1)

O ur scheme is not selfstarting, since to iniciate the ite ra 
tion we need to know either the operators {c/o, Po-P-\ ,  P~2 ]i 
or { q \ , q o , q - \ , q ~ 2 } if  the com putations are m ade using
(5 ) - (6 )  or (8). respectively. However, the data operators which preserve the E TC R 's for the average operators: 
are either {qo,Po} or {q0, q i}. Let us analyze this problem
in term s only o f  .he  operators q In a sim ilar way it can be ,  #  a  .  0 = ‘ s
m ade for the operators qn and p n. W e m ade the sim ple 1 J kS 1 7 Ki L 7 ^ J h J
linear interpolation

(16)
<7_l =  9o ~  ( tf i-9 o )  = 2 q 0- q ] ,

<?-2 = % - 2 ( q \ - q o )  = 3qo-2<]\-  
Thus the following com m utation  relations are satisfied: 

[<7-2,q-\]  = i x ,  [q-\ ,qo\ = i r ,  [q . l , q 0] = iT.  (17)

And also we have the discreteness effect

= i — ö>jk

(23)

(24)

(25)

As before, we can reduce (1 9 )-(2 0 ) to one equation  which 
only contains the operators OJ'\

-  0 ln+2 +  16 0 ”+l -  30 0 n +  16 &.n~ l -  2
= /

14 0 / -  0 / +1 0 / - '

1 4 (0 "/+1

12

2 0 /  +  0 /_ ,)  -  ( 0 / +V -  2 0 / +1 -I- 0 ;"_V) -  (0/+V  -  2 0 / - ‘ +  0 /L l1)

T hat allows us to iterate (8).
Now we apply our schem e to a nonlinear quantum  

scalar field theory in tw o-dim ensional M inkowski space:

0 ,  =  /7 ,  7 7 , - 0 , , - / ( 0 )  =  O (18)

We discretize (18) by using a m esh o f  sizes At  = x and 
A x  = h as follows:

0"
— ^  = np (19)

h2

which shows that the accuracy o f the schem e is o f o rder r 4.
Finally, the problem  o f  starting the iteration  can be 

solved in the same way as before.
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12/7"

vr/ze/-? 0 /  and 77/ are the field operators at the point 
(t = n t, x  = j  h).

Now let us define in each point o f  the lattice the average 
operators:

0 /

n

(i4 0 ”- 0 " +l- 0 ; - 1) ,

J —  (1 4 /7 / —77;+ l —7 7 ; - ') ;
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